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HIGHER-DIMENSIONAL GENERAL JACOBI IDENTITIES I

HIROKAZU NISHIMURA

Abstract. It was shown by the author [International Journal of Theoretical Physics
36 (1997), 1099-1131] that what is called the general Jacobi identity, obtaining
in microcubes, underlies the Jacobi identity of vector fields. It is well known in
the theory of Lie algebras that a plethora of higher-dimensional generalizations of
the Jacobi identity hold, though they are usually established not as a derivation
on the nose from the axioms of Lie algebras but by making an appeal to the so-
called Poincaré—Birkhoff-Witt theorem and the like. The general Jacobi identity
was rediscovered by Kirill Mackenzie in the second decade of this century [Geometric
Methods in Physics, Birkhduser/Springer, 2013, 357-366]. The principal objective
of this paper is to investigate a four-dimensional generalization of the general Ja-
cobi identity in detail. In a subsequent paper we will propose a uniform method
for establishing a bevy of higher-dimensional generalizations of the general Jacobi
identity under a single umbrella.

1. INTRODUCTION

It is known in synthetic differential geometry (cf. [2] and [4]) that vector fields on
a microlinear space M form a Lie algebra, for which the following antisymmetry
holds:

(X1, Xo] + [X2, X1] = 0.
It was shown in [3] that a somewhat deeper theorem below underlies the above
identity.

Theorem 1.1. Let M be a microlinear space. Given microsquares vyiz, Y1 :
D? — M with y12 | D (2) = y21 | D (2), we have

(712 - 721) + (’721 - 712) =0.
Now we consider the famous Jacobi identity
(X1, [X2, Xa]] + [ X2, [X5, Xu]] + [X5, [X1, Xo]] = 0.

It claims that the sum of [X7,[X2, X5]]’s with the three cyclic permutations of
{1,2,3} applied vanishes. We note in passing that the three cyclic permutations
of {1,2,3} are no other than the three even permutations of {1,2,3}. It has been
demonstrated in [6], [7], [8] and [10] that the following deeper theorem underlies
the above identity.
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Theorem 1.2. (General Jacobi identity) Let M be a microlinear space. Given
microcubes Y123, 7132, V213, Y231, 1312, V321 : D? — M with

Yi23 | {(d1,da,d3) € D? | dads = 0} = 132 | {(d1,d2,d3) € D* | dad3 =0},
Yos1 | {(dy,d2,d3) € D* | dads = 0} = 7321 | {(d1,d2,d3) € D* | dad3 =0},
Yos1 | {(d1,da,d3) € D? | dyds =0} = ya13 | {(d1,d2,d3) € D* | dyds =0},
Y312 | {(d1,d2,d3) € D* | dids = 0} = y132 | {(d1,d2,d3) € D* | did3 =0},
Y312 | {(d1,da,d3) € D? | dydy =0} = y301 | {(d1,d2,d3) € D* | dydy =0},
Y123 | {(dy,d2,d3) € D* | didy = 0} = va13 | {(d1,d2,d3) € D* | didy = 0},

we have

<<7123 T7132> - <7231 T7321>> + <<7231 ;7213> - <7312 ;7132>)
+ ((’Y312 ;7321> - (’Y123 g 7213)) = 0.

The general Jacobi identity was rediscovered by Kirill Mackenzie [5] in a some-
what different context. We add that the general Jacobi identity plays a funda-
mental role in a combinatorial or geometric proof of Jacobi-like identities in the
so-called Frolicher—Nijenhuis calculus (cf. [9]).

Now we consider the following four-dimensional analogue of the Jacobi identity.

(X1, [X2, [X3, Xu]]] + [ X1, [ X5, [ Xy, Xo]]] + [ X0, [Xy, [Xo, Xs])] +

(X, [X1, [Xa, X3]]] + [ X2, [X3, [ X1, Xa]]] + [Xo, [ Xy, [X3, X1])] + w1
[Xs, [ X1, [Xa2, X4]]] + [ X5, [Xo, [Xa, Xa]]] + [ X5, [X4, [X71, Xo]]] + .
(X4, [X1, [ X3, Xo]]] + [ X4, [ X2, [X1, X3]]] + [ X4, [ X3, [X2, X1]]] = 0.

It claims that the sum of [X7, [Xa, [X3, X4]]]’s with the twelve even permutations
of {1,2,3,4} applied vanishes.

The principal objective in this paper is to establish a four-dimensional version
of the general Jacobi identity underpinning the above identity (1.1). Below we
will discuss a slew of higher-dimensional general Jacobi identities underlying the
higher-dimensional Jacobi identities discussed in [1] and [12] (the former called
them generalized Jacobi identities) from a coherent standpoint. For a good in-
troduction to generalized Jacobi identities, the reader is referred to Chapter 8 of
[11]. We know well that various higher-dimensional Jacobi identities are logical
consequences of the three-dimensional Jacobi identity, but we guess that higher-
dimensional general Jacobi identities are by no means logical consequences of the
three-dimensional general Jacobi identity. We assume the reader to be familiar
with [4] up to Chapter 3.

2. STRONG DIFFERENCES

First we introduce the notion of a simplicial small object after [6], though in
a somewhat generalized form.
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Notation 2.1. (Simplicial small objects) Let n be a natural number. Given
a subset p of

{(i,j) eENxN|1<i<n,1<j<n,i#j}
and a subset £ of
{ieN|1<i<n},
D™ {p,£} denotes the set
{(d1,...,d,) : D" | d;id; = 0 for any (i,j) € p, d; =0 for any i € £},

which is surely a small object. By way of an example, we have

D(2) = D*{(1,2)},

D(3) = D*{(1,2),(1,3),(2,3)}
and D?{1,3} can be identified with D via the canonical isomorphism

de D (0,d,0) € D3{1,3}.

The notion of strong difference in synthetic differential geometry is based upon
the following lemma.

Lemma 2.2. (cf. the first Lemma in §3.4 of [4]) The diagram
D*{(1,3),(2,3)}

D? D?

D?*{(1,2)}

with the lower two arrows being the canonical injections and the upper two arrows
being

3?1 (d1,ds) € D? = (dy,da,dyd2) € D*{(1,3),(2,3)},

j2 i (d1,ds) € D* + (dy,ds,0) € D*{(1,3),(2,3)}
from left to right is a quasi-colimit diagram.

Corollary 2.3. Let M be a microlinear space with two microsquares 1,7y :
D? — M abiding by
1| D*{(1,2)} =2 | D*{(1,2)}.

Then, there exists a unique mapping

nf i DP{(1,3),(2,3)} = M

(V1,72

2

such that n? o ]% =1 and Ny ) © ]% = 7s.

(71,72)

Notation 2.4. In the above notation, in Corollary 2.3 we write ~y; - v for the
mapping
2
d€Dw—ni, ..,(0,0,d).

The notion of strong difference can easily be relativized.
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Lemma 2.5. Let n be a natural number. The diagram
D" {(n+1,n+3),(n+2,n+3)}

Dn+2 Dn+2 (2'1)

N /"
D2 {(n+1,n+2)}

with the lower two arrows being the canonical injections and the upper two arrows
being
j?+2 : (d17 weey dn7 d’n+17 dn+2) S Dn+2 = (d17 eeey dn7 dn+17 dn+2; dn+1dn+2) S
e D" {(n+1,n+3),(n+2,n+3)},

j;+2 : (dl, ...,dn,dn+1,dn+2) S l)n-"_2 — (dl, ...,dn,dn+1,dn+2,0) S

e D" {(n+1,n+3),(n+2,n+3)}

from left to right is a quasi-colimit diagram.

Corollary 2.6. Let n be a natural number. Let M be a microlinear space with
two mappings y1,7v2 : D2 — M abiding by

N D" {(n+Ln+2)} =9 | D" {(n+1,n+2)}.

Then, there exists a unique mapping

n@t?w) D" {(n+1,n+3),(n+2,n+3)} =M
such that n?’Yt?’Yz) oj;’+2 = and n?;f’m) Ojg =72

Notation 2.7. Let n be a natural number. Let M be a microlinear space.
Given v : D™ — M and a permutation o of {1,...,n}, we write 77 for the mapping

(dh ,dn) e D" — Y (dg*1(1)7 ~--ad0*1(n)) € M.

Notation 2.8. Let n be a natural number. Let M be a microlinear space.
(1) Given 71,79 : D""2 — M with

7 | pnt? {(n+1,n+2)} =7 | D"+2{(n+ 1,n+2)}

we write v, — ~o for the mapping
l..n

(dis ey dpy dnin) € D" 2 (dy, oy, 0,0, ) € M.

(2) Given a permutation o of {1,....,n,n+1,n+ 2} and 71,72 : D"*2 — M
with
N D" {(o(n+1),0(n+2))} =72 | D" {(o(n+1),0(n+2))}

we write v, - 72 for (’)’1)(I - (’72)U~
(

o(1)...0(n) l..n

The following result is well known.
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Lemma 2.9. ( cf. Proposition 6 in §2.2 of [4]) The diagram
D?{(1,2)}
N

D*{1} D? {2}
N /
1

with the four arrows being the canonical injections is a quasi-colimit diagram.
Corollary 2.10. Let M be a microlinear space. Given 1,72 : D?> — M,
| D*{(1,2)} =2 | D*{(1,2)}
is obtained iff both
| D*{1} =72 | D*{1}
and
| D*{2} =72 | D*{2}
obtain.

It can readily be relativized and generalized.

Lemma 2.11. The diagram

Dn+m1+m2
1 S ] S my,
1 <7< my
v N
Dn+m1+mz Dn+m1+m2
n+1,..., n+m;+1,..,
n+m n-+my + me
N e
D’II

with the four arrows being the canonical injections is a quasi-colimit diagram.

Corollary 2.12. Let M be a microlinear space. Given i,y : DPTmitmz
M

v | DA (g i n4+my +7) [ 1<i <mq, 1< j < mp}
=y | D" f(n in 4 my 4+ 5) | 1 <i<my, 1< j < ma}
1s obtained iff both
i | DM Ly 1 my =y | DT Iy 1 n g}
and
1 | D™ L om0+ my + me )
=y | D" Ay oy + 1, n g e}
are obtained.

Proposition 2.13. Let M be a microlinear space. Then, we have the following
two statements:



H. NISHIMURA

(1) Given
v : DY = M,y : D* = M,~3: D* — M,~y,: D* = M
if it holds that

| DH(3,4)} =72 | D*{(3,4)},
v | DH{(3,4)} = | D*{(3,4)},
n | D(2,3), (2,4} =3 | D*{(2,3),(2,4)},
72 | D*{(2,3), (2.4} =7 | D*{(2,3),(2,9)},

Then, all of

Al - VY2, V3 - V4, <71 ’Y2) - (73 - ’)’4)
12 12 1

are well defined.

(2) Given
Y1 : DY = M,y : D* — M,y3: D* = M,~4: D* — M,
vs: DY — M,~g : D* = M,~y7 : D* — M,~g : D* = M
if it holds that

1 | D*{(3,4)} =2 | D*{(3,4)},

3| DU{(3,4)} = | D*{(3,4)},

v | DH{(3,4)} =6 | D*{(3,4)},

v7 | DH(3,4)} =5 | D' {(3,4)},

| DH(2,3), (2,4)} =73 | D*{(2,3),(2,4)},

v | D*{(2,3),(2,4)} = 71 | D*{(2,3),(2,4)},

7 | DU{(2,3),(2,4)} =77 | D*{(2,3),(2,4)},

v | D*{(2,3),(2,4)} = s | D*{(2,3),(2,4)},

| DH{(1,2),(1,3).(L,4)} =5 | D*{(1,2),(1,3), (1, 4)}
72 | DU{(1,2),(1,3), (1,4)} = 7% | D*{(1,2),(1,3), (1,4)}
v | D*{(1,2),(1,3),(1,4)} = 77 | D*{(1,2),(1,3),(1,4)}
v | D{(1,2),(1,3),(1,4)} = s | D*{(1,2),(1,3),(1,4)}

Then, all of

71 727 3 - V4, 75 '767 Y7 - 8
12 12
(71 72) : <’Y3 - %) , (75 - %’) - (77 — '78) s
1 12 12 1 12
((’h ’72) - (’73 "Y4>> - <(75 .76> - <’Y7 .’Ys)>
12 1 12 12 1 12

are well defined.

Proof. We deal with the above two statements in order.
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(1) For the first statement, we have to show that

() 1080230 = (30 5 m) 1 9*(2:3)

which is, by dint of Corollary 2.12; equivalent to showing that

(m22) 1D* (2= (v ) 1 0% 22, (2.9
() 1026 = (mm) 12°E) (2.9)
because of the quasi-colimit diagram
D*{(2,3)}
/
D? {2} D? {3}
N /
D? (2,3}

with the four arrows being the canonical injections (Lemma 2.11 with
n =mj = ms = 1). Due to the quasi-colimit diagram

D*{(2,3),(2,4)}

/ N
D* {2} D*{3,4}
N e
D*{2,3,4}
with the four arrows being the canonical injections (Lemma 2.11 with n =
my1 = 1 and mgy = 2), the condition (2.2) is equivalent to the conditions

21| D2} =5 | DU {2}, (2.10)

71 | DV 3,4} =5 | D' (3,4} (2.11)
while the condition (2.3) is equivalent to the conditions

2 | D*{2} = | D* {2}, (2.12)

2| D' {3,4} =74 | D' {3,4}. (2.13)

In order to show that (2.8) is obtained, we note that the quasi-colimit
diagram in (2.1) with n = 2 is to be restricted to the quasi-colimit diagram

D°{2,(3,5),(4,5)}
/ N
D* {2} D* {2}

N /
D*{2,(3,4)}

so that the conditions (2.10) and (2.12) imply (2.8). It is easy to see that
((wg) 107 @) ot = (01 D 49 03 = (| D" 3D o
((ra5) 10731 ) 0t = (o | D' 3.4 08 = (| D 3.41) 01



50 H. NISHIMURA

are obtained with
i3 : (d1,ds) € D* + (dy,d,0) € D,
i : (d1,ds) € D* — (dy,d2,0,0) € D*

so that (2.11) and (2.13) imply (2.9).
(2) For the second statement, we have to show that

(o) (o)) 0
() = (o)) 12242

which is equivalent to showing that

((”EW) T (73;74» | D*{1} =
B ((75 1;276) T (WS’VS)) | D2{1}, (2.14)

()5 (o)) 102
- <<75 1§76> I (W 1'278>) | D2{2} (2.15)

because of the quasi-colimit diagram

D%{(1,2)}
/ N
D? {1} D? {2}
N
D?{1,2}
with the four arrows being the canonical injections (Lemma 2.9). Due to
the quasi-colimit diagram

D*{(1,2),(1,3),(1,4)}
S N
D*{1} D*{2,3,4}

N S
D*{1,2,3,4}

with the four arrows being the canonical injections (Lemma 2.11 with
n =0, m; =1 and my = 3), we have
e the condition (2.4) is equivalent to the conditions

| D*{1} =75 | D*{1}, (2.16)
v | D*{2,3,4} =5 | D*{2,3,4}, (2.17)
e the condition (2.5) is equivalent to the conditions

2 | D*{1} =6 | D* {1}, (2.18)
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Yo | D*{2,3,4} = 6 | D*{2,3,4}, (2.19)

e the condition (2.6) is equivalent to the conditions
3 | DU{1} =7 | D' {1}, (2.20)
v3 | D*{2,3,4} = v7 | D*{2,3,4}, (2.21)

e the condition (2.7) is equivalent to the conditions
v | D1} =~ | D' {1}, (2.22)
v4 | D*{2,3,4} = s | D*{2,3,4}. (2.23)

In order to show that (2.14) is obtained, we note first that the quasi-
colimit diagram in 2.1 with n = 2 is to be restricted to the quasi-colimit
diagram

D°{1,(3,5),(4,5)}
/ N
Dt {1} D* {1}
D{1,(3,4)}

so that we have
e the conditions (2.16) and (2.18) imply

() 107000 = (35 5 20) 12 0. (220
e the conditions (2.20) and (2.22) imply
(0 52) 107000 = (v 5 20) 1 2. (229

We note also that the quasi-colimit diagram in (2.1) with n = 1 is to
be restricted to the quasi-colimit diagram

D*{1,(2,4),(3,4)}
a N

D {1} D* {1}
D3{1,(2,3)}

so that the conditions (2.24) and (2.25) imply the condition (2.14). It is
easy to see that

(o) (o) 1)
((( )'D 2 3})” —(<V34%)D3{2,3})oz3
= (%

| D* {234})0@ = (2 | D*{2,3,4}) 0 *
| D*{2,3,4}) o' = (ya | D*{2,3,4}) 0i*
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) (o)) 1)
(( >ID3{2,3})0¢3:<(771;278)D3{2,3}>023

(s | D4 {2,3,4}) 0i* = (6 | D*{2,3,4}) o 4*
:(77\1:) {2,3,4}) 0i* = (v3 | D*{2,3,4}) 0 ¢*
are obtained with
i?:d e D (d,0) € D* {2},
i*:d e Dw (d,0,0) € D*{2,3},
i*:d € D (d,0,0,0) € D*{2,3,4}
so that (2.17), (2.19), (2.21) and (2.23) imply (2.15).
O

Notation 2.14. Let M be a microlinear space.

(1) We denote by X (M) the totality of vector fields on M. It forms a Lie
algebra. We take the third viewpoint of a vector field in the essentially
equivalent three discussed in §3.2 of [4]. Namely, a vector field X on M is
a mapping d € D — Xg € MM with Xy = idy.

(2) Given X, ..., X,, € X (M), we denote by X,, *... * X; the mapping
(dl,...,d )ED" (X’ﬂ)d (Xl)d GM

(3) We recall (cf. Proposition 8in §3 4 of [ D that

[Xl,Xg] = X2 * X1 — (Xl * X2)021

12
0921 — 21 .

We recall (cf. Proposition 2.7 of [6]) that

with

0, ) = (X2 X0 S (e X = X7 -

<(X1 * X3 * Xg)g%l * (Xl * X2 * X3)6321>
1
with

123 123 123
0132 = 132 , 0231 = 312 , 0321 = 391 .

We note that
(X1, [ X2, [ X3, X4]]]

(X4 * X3 * X2 * Xl — (Xg * X4 * X2 * X1)01243) —
12 1

<(X2 * X4 * X3 *X1)01342 _ (Xy * X3 % X4 *X1)01432>
12
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((Xl * X4 * X3 * X2)02341 1—2 (Xl * Xg * X4 * XQ)UMM) —

((Xl * X2 * X4 * X3)03421 * (X1 * XQ * Xg * X4)U4321)
12

with

01243

g

1234 3
1243 ) 01342 -
1234 B
4132 ; 03421 =

1234
1423

1234
4312

) ) 01432

(1234
—\ 1432

> y 04321 =

1234
4321 /-

)a 02341:<

3. A FOUR-DIMENSIONAL GENERAL JACOBI IDENTITY

1234
4123

93

)

Theorem 3.1. The diagram whose underlying directed graph consists of ver-

tices

1234 1243 1324 1342 1423 1432 2134 2143 2314 2341 2413 2431
P7Q aQ 7Q aQ 7Q aQ 7@ 7Q 7@ 7Q aQ 7Q )

Q31247 Q3142 Q3214 Q3241, Q34127 Q3421 Q41237 Q41327 Q4213 Q42317 Q4312; Q43217

3421,4321 152134,2143
, Ri5 R

1234,1243
R12

1243,1423 3241,3421 2431,4231 3124,3142 2413,4213 1423,1432 1234,1324
R R R R R Rl R

4231,4321 2341,3241 4123,4132 2314,3214 2314,2341 2143,2413 3142,3412
R RE R RE RE R R

1432,4132 3214,3241 1423,4123 2413,2431 2134,2314 4132,4312 1342,3142
R R ,RL: , R4 R RA ,RL3

4213,4231 1324,3124 3412,3421 3124,3214 4123,4213 1243,2143 4312,4321
R22 Ry R R R  R}2 R3S

1234,2134
R3;

and edges
f1234
J1423
fo314
f3124
f3412

f4213 :

1342,1432 [52341,2431
, Ri5 R

12

Q254 5 P fions -
1 QM — P, fias
1 QM = P, fasm
1 Q% = P, fs1a

1 QP12 5 P, faum

Q4213 — P, fa231

. Q2341

. Q3421
. Q4231

12

Q™" = P, fizoa :
1 QM = P, for34:
— P, foa3 :
1 Q%M = P, fan1a:
— P, fa123 :

— P, faz12:

Q1324 — P, fi342 :

Q2134 — P, fo1a3 :

Q*' = P, fouz

Q3214 — P, f3241

QY'* = P, fus2

Q"% = P, fazor

3412,4312 151324,1342
, Ry R

13 ’

)

b

b

)

Q1342*>P,
Q2143—>P,
:Q2431 N P7
:Q3241 N P,
Q4132*>P,
:Q4321 N P,

1334,1243 . R1234 1243 N Q1234 h1234 1243 . R1234 1243 N Q12437
};’;42,1432 . R1342 1432 Q1342 h1342 1432 : R1342 1432 N Q1432,
334172431 . R?;’>41,2431 Q2341 h2341 2431 : R%§41’2431 N Q24317
§§21,4321 . R3421 4321 Q3421 h3421 ,4321 . R3421 4321 N Q4321,
5534,2143 . R2134 2143 Q2134 h2134 2143 . R2134 2143 N Q2143,
?31274312 . R3412 ,4312 Q3412 h3412 4312 . R3412 ,4312 N Q43127
}324,1342 . R1324 1342 Q1324 h1324 1342 | R1324 1342 N Q1342,
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13

3241,3421
13

2431,4231
13

13

13

14

14

4231,4321
14

2341,3241
14

14

14

2314,2341
23

23
23

23

3214,3241
23

23

2413,2431
24

2134,2314
24

24

24

4213,4231
24

24

3412,3421
34

3124,3214
34

4123,4213
34

34

4312,4321
34

1234,2134 |

34

1243,1423 |

3124,3142

2413,4213

1423,1432 |

1234,1324

4123,4132

2314,3214

2143,2413
3142,3412

1432,4132

1423,4123 |

4132,4312

1342,3142

1324,3124

1243,2143 |

1243,1423
R

3241,3421
'R

13

2431,4231
i g

3124,3142
Ry;

2413,4213
Ri5

1423,1432 _,
Ry

1234,1324
Ry

4231,4321
C Ry

2341,3241
'R

14
4123,4132
Ry,

2314,3214
Ry

2314,2341
: Ro,

2143,2413
Ry;

3142,3412
R5;5

1432,4132
Ry

3214,3241
: Ry

1423,4123
Ry,

2413,2431
Ry,

2134,2314
i

4132,4312
Ry,

1342,3142
Ry

4213,4231
s Ry,

1324,3124
Ry,

3412,3421
t Ry,
. 3124,3214
t R3y

4123,4213
'R

34
1243,2143
R3;

4312,4321
t Rgy

1234,2134
R3;
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Q1243 h1243 1423 .
Q3241 h3241 3421 .
Q2431 h2431 ,4231 .
Q3124 h3124 3142 .

Q2413 h2413 4213

1423 h1423,1432 .
- Q7 -

Q1234 h1234 1324

Q4231 h4231 4321

Q2341 h2341 3241 |
Q4123 h4123 4132

Q2314 h2314 3214 |

2314 h2314,2341
- Q7

QN h2143 2413
Q312 h3142 3412
QU2 h1432 4132 |
214,3241
Q4 h3 3241,

1423,4123
N Q1423 h .

2413 1.2413,2431
= Q7 hay
Q2134 h2134,2314 .

) 1924 .
4132,4312

N Q4132, h .
1342,3142

o QI3 pl3 :
4213,4231

N Q4213 h .

Q1324 h1324 3124 |

3412,3421
_> Q3412 h3s :
3124 ;3124,3214
= Q iy :
4123 14123,4213
—Q ) :

Q1243 h1243 2143

Q4312 h4312 4321

Q13 h1234 2134

1243,1423
R
5241,3421
Ry5
2431,4231
Ris
3124,3142
Ri3

2413,4213
RIS

1423,1432
Ry

1234,1324
Ry

4231,4321
Ry

2341,3241
R14

4123,4132
Ry,

2314,3214
Ry

. p2314,2341
» Ry

R2143 2413
R3142 3412
R1432 ,4132
R3214 ,3241

1423,4123
Ry,

2413,2431
Ry,

R2134 ,2314
R4132 4312
R1342 3142
R4213 ,4231

1324,3124
Ry,

3412,3421
R;,
3124,3214
R,
4123,4213
R )

34
1243,2143
R3;

4312,4321
s Rgy

1234,2134
R3;
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with P being labelled

(1,5),(2,5),(1,6),(3,6),(1,7),(4,7),(2,8),(3,8),(2,9),(4,9),
(3,10),(4,10),(5,6),(5,7),(5,8),(5,9),(6,7),(6,8),(6,10),(7,9),
(7, 10) (8 9) s (8, 10) s (9 10) (1 211 15) s (2 211 15) s (3 7,11 15)
(5,%11,15) , (6,911,15) 5 (7, 411,15) , (8, 411,15) 5 (9, 911,15) » (107211,15) ;
(1,416,20) 5 (2,%16,20) , (4, 916,20) 5 (B, 416,20) 5 (6,%16,20) , (7, %16,20)
(8,416,20) (9, %16,20) 5 (10,416,20) , (1,921,25) (3, 921,25) , (4, 421,25) ,
(5,421,25) , (6,21,25) 5 (7,921,25) , (8, 421,25) , (9, 421,25) , (10, 421,25) ,
(2,1426,30) » (3,426,30) , (4,%26,30) » (5, 926,30) 5 (6,%26,30) , (7, 726,30) »
(8,126,30) , (9,%26,30) , (10,426,30) , (i11, 15 i11.15) » (11,15, 716,20) »

D33 (411,15, %21,25) » (411,15, 926,30) (116 20, 8¢ 20) (416,20, 21,25) »
(116,20, 126,30) 5 (i21,257 i’21,25) , (21,25, 126,30) (i267307 ilzﬁ’go) ,
(1,431,53) , (2,431,53) 5 (3,431,53) , (4,931,53) , (5, 31,53) » (6,%31,53) ,
(7,431,53) , (8,431,53) , (9, 431,53) , (10,431 53) , (411,15, 131,53)
(116,20, 131,53) » (121,25, %31,53) , (426,30, 931,53 » (i31,537 iél,53)
| 111,15, 411,15, 116,20, 916,20 121,25, 191 25, 126,30, 126 305 131,53 131 53 € N,
1 <idyp15 < 15,11 <49y 15 < 15,16 <'igg 20 < 20,

16 < i116,20 < 20,21 <9105 <25,21 < 7721’25 < 25,
26 <'i26,30 < 30,26 < 7;/2&30 < 30,31 <3153 < 53,
31 < il 55 < 53

all of

95

Q1234, Q1243, Q1324, Q13427 Q1423, Q14327 Q2134, Q21437 Q2314; Q23417 Q2413; Q24317

Q3124, Q31427 Q3214, Q3241, Q3412, Q3421, Q4123; Q4132, Q4213; Q4231, Q4312; Q4321

being laballed D*, all of
1234,1243 51342,1432 152341,2431 13421,4321 p2134,2143 13412,4312
R , Ry , RT5 , Ris , R75 , Ri5

being labelled D* {(3,4)}, all of

1324,1342 1243,1423 3241,3421 2431,4231 3124,3142 2413,4213
RiZ2I32 Q2131423 pidilaidl paislazl paizesiiz pad

being labelled D* {(2,4)}, all of
Rl423.1432 pl2341324 pd2314321 p23413241 pd123.41s2 p2314,3214

being labelled D* {(2,3)}, all of
RIS142341 p2l32413 pSLA23412 plAs24132 32143241 plA23.4123

being labelled D* {(1,4)}, all of
R2413.2431 p21342314 pdl324s12 pld4231az pd2134231 pl324,3124

being labelled D* {(1,3)}

3412,3421 3124,3214 4123,4213 1243,2143 4312,4321 1234,2134
R34 R34 ’ R34 ’ R34 ) R34 ) R34

being labelled D* {(1,2)}, the edges

f12347 f12437 f13247 f13427 f14237 f14327 f21347 f21437 f23147 f23417 f2413a f2431a

f3124, f3142, f32147 f32417 f34127 f34217 f41237 f41327 f42137 f42317 f43127 f4321
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standing for mappings

f1234 (d1,d2,ds,ds)
- (dl,dz,dg,d4,0,..., o) :
553

f12a3 (d1,d2,d3,ds)
( di,d,ds, ds,0, ...,0,dsds, 0, ..., 0,didsds, 0, ..., 0, dadsds, 0, ..., 0, )
5 9 10 11 20 22 25 27 30

didadsds, 0, ..., 0
32 53

f1324 (d1,d2,ds3,ds)
( dy,dsa,ds,dy,0,...,0,d2ds,0, 0,d1da2ds, 0, ..., 0,d2dsds, 0, ..., 0, )
5 7 9’10 12 26 28

didadsds, 0, ..., 0
33 53

f13a2 (d1,d2,d3,ds)
( dy,dz,d3,ds,0, ..., 0,dzds, dads, 0, dvdads, 0, ..., 0, didods, 0, ..., 0, )
5 7 10 15 27

12 17
d2d3d4, 0,..., 0,d1de3d47 0,...,0
29 32 34 53

f1a2s (d1,d2,ds3, ds)
dy,da,ds,dys,0,...,0,dads,dsds, 0, ..., 0,d1dady, 0, ..., 0,d1dsdy,
_ 578 11715 1777720
0,00, dadsds, 0., O, didzdsds, 0., 0 )

22’ 30 33 35 53

f1as2 (di1, d2, ds, ds)
di,da,ds,dy,0,...,0,d2ds, dads, dsds, d1d2ds3, 0, ..., 0,d1d2ds, 0, ..., 0,
_ 5 7 1277715 16
dydsds, 0, ..., 0,dadsdy, 0, ..., 0,d1d2dsdy, O, ..., O ’
22’ 29 317" 34 36”7 53

f2134 (d1,d2,ds,ds)
( di,da,ds,ds,d1d2,0, ..., 0,did2ds, 0, ..., 0, did2ds, )
_ 611 13”77 16

0,..,0,d1dadsds, 0, ..., 0
18 35 37 53

f2143 (d1,d2,ds3, ds)

di,da,ds,ds,d1d2,0,...,0,dsds, 0,d1d2ds, 0, ..., 0,d1d2ds, 0, ..., 0,
_ 69 11 13777 16 18”7 20

dvdsds, 0, ..., 0,dadsda, O, ..., 0, didadsda, O, ..., O ’
22" "7 25 27’ "7 36 38’ 753

fos14 (d1, d2, ds, da)

dy,ds, ds, da, dvds, dvds, 0, ... 0, dvdads, 0, ... 0, didada, O, ... 0, didsda,
_ 771 147 16 18721

0,...,0,d1d2dsdy, 0, ..., 0 ’
37 39’ 753

23

fa3a1 (d1,d2,ds, ds)
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di,dz,ds,ds,d1da, d1ds, d1da, 0, ..., 0,d1d2ds, 0, ..., 0,d1d2d4, 0, ..., 0,
_ 812 147717 19’7 22
dvdsda, 0, ... 0, drdadsda, 0, ..., 0 )
24’ 38 40’ 53

foa13 (d1,d2,ds3, ds)
< dy,da,ds,ds,d1d2,0,d1d4,0,0,dsds, 0,d1dads, 0, ..., 0,d1d2ds, 0, ..., 0, >
_ 6 8’9 11 13 17 19 23 ,

didzds, 0,d2d3ds, 0, ..., 0,d1d2d3ds, 0, ..., O
25 27’ "7 39 41" 53

f2a31 (d1,d2,d3,ds)
( d1,da,ds,ds,d1da, d1ds, d1d4,0,0,d3ds, 0, 0,d1dads, 0, ..., 0, did2ds, >
— 8 9 11 12 14 17

- 0,..,0,d1dsds,dadsds, 0, ..., 0, didadsds, 0, ..., 0
24 27 40 42

19 53

fa124 (d1, d2, d3, ds)
di,da,ds,ds,0,d1ds,0,d2ds, 0, ..., 0,did2ds, 0, ..., 0,d1dsds, 0, ..., 0,
_ 5 7 913 15721 23" 26
dadsds, 0, ., 0, didadsds, 0, ... 0 )

28 43’ " 53

fa142 (di, d2,ds, ds)
( di,da,ds,ds,0,d1ds,0,d2ds, d2ds, 0, ..., 0,d1d2ds, 0,d1d2dy, 0, ..., O, >
_ 5 7 107713 15 177" 21

didsds, 0, ..., 0,d2adsds, 0, ..., 0,d1d2d3ds, 0, ..., 0
23 27 29 42 44 53

fa214 (d1, d2, d3, ds)

d17d27d37d47d1d2,d1d3,0,d2d3,0, ceny O,d1de37 0,d1d2d4, 0,..., O7
= 7 9 14 16 18 21

didsdys, 0, ..., 0,d2dsds, 0, ..., 0, didzdsds, 0, ..., 0 ’
23 26 28 43 45 53
f3241 (d1,d2,ds,ds)
< d17d27d37d47d1d27d1d3,d1d4,d2d3,0, ceey 0,d1d2d3, 0, 0,d1d2d4, 07...7 07 )

— 9 14 16 17 19 22

didzds, 0,...,0,dadsdys, 0, ..., 0,d1d2dzds, 0,..., 0
24’ 7 26 28" " 44 46" 53

f3a12 (d1,d2,ds,ds)
dv,ds, d3,ds,0,d1ds, dvda, dods, dods, O, ..., 0, didads, 0, ..., 0, didada,
— 5 10 13 15 18
0,..., 0,d1dsds, 0, ..., 0,dodsds, 0, ..., 0, didadsds, 0, ..., O )
20 22 24 27 29 45 47 53
f3421 (dl,dQ,d3,d4)
di,dz, s, ds, didy, drds, drda, dads, dada, 0., 0, didads, 0,..., 0, didads,
- 0,0,d1dsds, 0, ..., 0,dadsds, 0, ..., 0, didadsda, 0, ..., O ’
21 22 24 27 29 46 48 53

fares (d1,d2,d3, da)
di,da,ds,ds,0,0,d1d4,0,0,d2ds,dsdy, 0, ..., 0,d1d2ds, 0, ..., 0,d1d3d4,
56 77 18 e

11 20

o 0,..., 0,dodzdys, 0, ..., 0,d1dadsdy, 0, ..., O ’
28 47

25’ 30 49 53
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fa132 (d1,d2,ds, ds)

d17 d2: d37 d4» (5)7 (6)7 d1d47 d2d3, d2d47 d3d4, d1d2d3, 102, ceny 1%’ d1d2d4, 200, vy 203,
- didsds, 0,..., 0,dadsds, 0, ..., 0, didadsds, 0, ..., 0 ’
25 29 31 48 50 53

fa213 (d1,d2, ds3, ds)
( di,da,ds,ds,d1dz2,0,d1ds,0,d2ds, dsds, 0,d1dads, 0, ..., 0, d1d2ds, )
_ 6 8 11 13 19

0,...,0,d1d3ds, 0, ..., 0,d2d3ds4, 0, ..., 0,d1d2d3ds, O, ..., 0
2177723 25" "7 28 30" 49 5177 53

fa231 (d1,d2,ds,ds)
di,da,ds,ds,d1dz,d1ds, d1ds,0,dads, dsdy, 0, 0,d1d2ds, 0, ..., 0, )
8 11712 1477 19

_< didady, 0, ..., 0,d1dsds, 0, ..., 0, dadsds, 0, ..., 0, d1dadsds, 0, 0
21 24 26 28 30 50 52" 53

Saz12 (d1,d2,ds, ds)
di,d2,ds3,d4,0,d1d3, dida, d2ds3, dada, d3da, 101, e 103, didads, 1057 - 1%7
- didady, 0, ..., 0,d1d3ds, 0, ..., 0,d2d3ds, 0, ..., 0,d1d2dsds, O ’
20" 21 26 29 31 51 53

fazer (d1,d2,d3, da)
di,d2,ds,ds, drd2, d1ds, dids, dods, d2ds, d3dy, Pl,...,&,dldzdg, 1%, - 1%,
= didads, 0, ... 0, drdsda, 0, ..., 0, dodsda, 0, ... 0, dydadsda )
21 24 26 29 31 52

respectively, and all the other edges standing for the identity mappings (e.g., both
9534’1243 nd h12‘54’1243 standing for the mapping (dy,ds,d3,ds) € D*{(3,4)}
(d1,da,ds,dy) € D4 while both 91324 1342 ond h1324 1342 ctanding for the mapping

(d1,ds,ds,dy) € D*{(2,4)} — (dl,dg,dg,d4) D4) is a quasi-colimit diagram.

Proof. Let 1231 . Q1234 _, R 91243 . 1243 _, R 1324 , Q1324 _, R (1342
Q1312 R U2 . QU R 791432 QU2 R792134 Q23 ]R7 92143 .
Q>3 R7 314 . (2314 R’ 341 . 2341 _, R7 213 . 213 R’ 92431 .

2431 " p3124 . 3124 " 93142 3142 " p3214 3214 " 3241 .
Q - R, 0 :Q - R, 0 2 Q — R, 0 :Q - R, 0 :

3241 3412 . 3412 3421 3421 4123 . 4123 4132 .
Q - R, 0 1 Q - R, 0 1 Q - R, 0 1 Q - R, 0
Q4132 S R 94213 . Q4213 S R 94231 Q4231 N R 94312 Q4312 S R and
64321 . Q4321 5 R be mappings, which are to be of the following forms by dint of
the general Kock-Lawvere axiom (cf. §2.1.3 of [4]):

0'%%% (dy, da, ds, dy)

=a'? + al?d) + ad®dy + a§234df +al®dy + alZtdyds + a%§34d1d3+

1234d1d4 =+ a2§34d2d3 + &2334d2d4 =+ a3334d3d4 + a12§4d1d2d3 =+ a1§i4d1d2d4+

al23dydzdy + ad23dadsdy + al2sidydadsdy,

01243(d17d27d33d4)

1243 1243 1243 1243 1243 1243 1243
a +a17"dy + ay™Pday + a3 ds + a7 dy + ay; Cdids + a3 dids+
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a13B3dydy + a3 dads + adiBdody + a3i dzdy + 133 didads + aiayidydady+

1243 1243 1243
a134 d1d3d4 + (1234 d2d3d4 + 01234d1d2d3d4,

0132% (dy, dy, d3, dy)
= a4 a}¥d) + ad¥dy + a3 dy + aP*dy + al3Pdids + al3*dyds+
al3?dydy + a33* dods + a3 dody 4 ad3 dsdy + al33tdydads + alsitdydady+

1324 1324 1324
a134 d1d3d4 + CL234 d2d3d4 + 0,1234d1d2d3d4,

01342 (dy, dy, d3, dy)
= a4 a}32d; + al*2dy + a3 dy + ap®*?dy + ai3Pdids + a3 dyds+
al3?dydy + ay3*dods + a3iPdody 4 adiPdsdy + al3s didads + alsiidydady+

1342 1342 1342
a134 d1d3d4 + (1234 d2d3d4 + 0,1234d1d2d3d4,

01423 (dy, dg, d3, dy)
= a4 a}"d; + a}'®dy + a3 dy + ay*®3dy + a5 dids + a3 dyds+
al3Bdidy + a33?Pdods + a3;?3dody 4 adiPdsdy + al533dydads + alsiPdydady+

1423 1423 1423
aq134 d1d3d4 + ag34 d2d3d4 + a1234d1d2d3d4,

0432 (dy, da, ds, ds)
= a2 4 a}®%d; + a}*2dy + a3 dy + ay*¥2dy + ai5Pdids + a153dyds+
a%332d1d4 + a%§32d2d3 + a%332d2d4 + a§132d3d4 + a%ggzdldgdg =+ a%§22d1d2d4+

1432 1432 1432
CL134 d1d3d4 —+ CL234 d2d3d4 —+ a1234d1d2d3d4,

%1% (dy, da, ds, dy)
_ a2134 + a%134d1 + a§134d2 + a§134d3 + ail34dl + a%%34d1d2 + a%§34d1d3+
aﬂ34d1d4 + a%é34d2d3 + a§i34d2d4 + a5134d3d4 + a%égéldldgdg =+ a%%i4d1d2d4+

2134 2134 2134
11134 d1d3d4 + CL234 d2d3d4 —+ a1234d1d2d3d4,

0% (dy, ds, d3, dy)
_ a2143 + a%143d1 + (13143d2 + a§143d3 + aiMBdl + a%é&i’)dldz + a%§43d1d3+
aﬂ43d1d4 + a%é43d2d3 + a§i43d2d4 + a§i43d3d4 + a?%ngldgdg + a%fgdldgdﬁ-

2143 2143 2143
11134 d1d3d4 + CL234 d2d3d4 =+ a1234d1d2d3d4,

0731 (dy, ds, d3, dy)
_ a2314 + a%314d1 + ag314d2 + a§314d3 + a2314d1 + a%glzldldg + a%§14d1d3+
a%il4d1d4 + a%gudgd?} + a%il4d2d4 + a§§114d3d4 + a§g§4d1d2d3 + a%‘;’}fdldgdﬁ-

2314 2314 2314
11134 d1d3d4 + (1234 d2d3d4 —+ a1234d1d2d3d4,

02241 (dy,da, d3, dg)
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— a2341 + a%341d1 + a%341d2 + a§341d3 + ai341d1 + a%géﬂdldz + a1g41d1d3+
2241d1d4 + a§§41d2d3 + a§i41d2d4 + a§i41d3d4 + a%géﬂdldgdg + a%541d1d2d4+

a33itdydzdy + a333 dadsdy + adsgidydadsdy,

02413 (dy, dy, d3, dy)

a®* 13 4 o334y + a3 3dy + a3 3dy + a3 3dy + a3 Pdidy + a33t3dyds+
a23B3dydy + a3 dyds + a2 3dady + a2iBdsdy 4 02533 dydads 4 a5y dydady+
a33k3dydsdy + a3333dodsdy + a333idydodzdy,

02431 (dy, dy, d3, dy)
_ a2431 4 a2431d 4 a2431d + a2431d + a2431d1 + a2431d1d2 + a2431d1d3+
a3 dydy + a333  dods + a3 dody 4 a333 dady + algstdidads + atestdydady+

a233 dydsdy + a333 dodsdy + a33asdidadsdy,

03'2% (dy, dy, d3, dy)
a3124 + 0?124d1 + a§124d2 + a§124d3 + a’2124d1 + a§%24d1d2 + a1§24d1d3—|—
a3 dydy + a3i* dods + 33 dody 4 a3 dsdy + a3ii i dads + a3hidydady+

a13i d1d3d4 + a2§i4d2d3d4 + a?%§3d1d2d3d47

93142 (dh d27 d37 d4)
a3142 4 a3142d + a3142d + agl42d + aZMle + a3142d1d2 + a?é42d1d3+
a3iPdydy + a3 dads + a3y dody + a3y dzdy + @333 dydads 4 adhiidydadyt

alzﬁ didsdy + ag’gj dodsdy + a§232d1d2d3d4,

03214 (d17 d27 d3a d4)
_ a3214 + a3214d + a3214d2 + a3214d + a3214d1 + a‘;’§14d1d2 + a32 4d1d3+
a3y dy + adatdads + a3idady + a33  dady 4 a3 dydads 4 a3t dydadyt

3214 3214 3214
a/134 d1d3d4 + a/234 d2d3d4 + a1234d1d2d3d4,

03241 (d17 d27 d3a d4)
a3241 + a3241d + a3241d2 + a; 241d + a3241d1 + CL324 d1d2 4 a3241d1d3+
a2 dydy + a2t dads + a33 M dody + a3 dzdy 4 0323 dydads 4 a323 dydady+

a32V dydzdy + a323 dadsdy + aasidydadsdy,

0°42 (dy, da, ds, dy)
_ a3412 4 a3412d 4 a3412d + a3412d + a3412d1 4 (L3412d1d2 4 a3412d1d3+
a?312d1d4 + a§312d2d3 + ag412d2d4 + a§412d3d4 + a123 d1d2d3 + a1242d1d2d4+

a33i2dydsdy + a33idedsdy + atssididadady,
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03421 (dy, dy, d3, dy)
a3421 + a3421d + a3421d2 + a3421d + a3421d1 + a:1§42121d1d2 + a?421d1d3+
a3y dydy + a33? dods + a3i? dody 4 a33 dady + adyatdidads + adastdydady+

a13i d1d3d4 + a§’421d2d3d4 + a?ggid1d2d3d4,

04123 (dy, do, d3, dy)

—_ a4123 + a4123d + a4123d2 + a4123d3 + a4123d1 + a4123d1d2 + a‘f§23d1d3+
ajiBdidy + a5i?Pdods + 33?3 dody 4 a353 dsdy + aisi dydads + ajsiPdidady+
a13i d1d3d4 + CL23§ d2d3d4 + 0,123id1d2d3d4,

02 (dy, da, ds, dy)
_ a4132 + a4132d + a4132d + a4132d + a4132d1 + a4132d1d2 + a1332d1d3+
aﬁ32d1d4 + CI,Q%’ 2d2d3 + a§432d2d4 + a3432d3d4 + Cng didods + a1242d1d2d4+

ai332dydsdy + a5s3idedsdy + albsadidodsdy,

0"'% (dy, ds, d3, dy)
a®?13 ¢ a4213d + a§213d2 + a4213d + a4213d1 + a‘ﬁlgdldz + a‘f§13d1d3+
aiit3didy + a33 P dads + asiBdady + a33 P dady + a3y didads + atayidydady+

ai2l3didsdy + a3333dodsdy + aidiididodsdy,

0% (dy, da, ds, dy)
_ a4231 + a411231d1 + a421231d2 + a§231d3 + aZLQ?)ldl + aﬁllg?)ldle + a1331d1d3+
a4i31d1d4 + a%ggldgdg + a%igld2d4 + a§231d3d4 + alggldldgdg =+ a1%21d1d2d4+

ai2 dydsdy + a533 dodsdy + aisaididodsdy,

0312 (dy, dy, ds, dy)
— a4312 + a4312d + a4312d + a4312d + a4312d1 + a4312d1d2 + a1312d1d3+
a%212d1d4 + a2:§) 2d2d3 + a/2412d2d4 + a3412d3d4 + a123 d1d2d3 + a1242d1d2d4+

ai3i2dydsdy + a5y dodsdy + ai3iididodsdy,

0% (dy, ds, d3, dy)
=a®?! +at®'dy + 3> dy + a3 dz + i dy + aly dido + a3 dids+
at32 dydy + a3 dods + a53tdody + a3t dzdy + atsatdydads + ajsitdydady+

ai32 dydsdy + a53atdodsdy + aisaididodsdy.

The conditions

1234 _ 1234,1243 _ 51243 _ ;1234,1243 1342 _ 1342,1432 _ 1432 _ ; 1342,1432
0 ° 915 =0 o his ,0 0 g1y =40 o hiy ,

2341  2341,2431 __ 2431 _ 72341,2431 53421  3421,4321 _ 44321 1 3421,4321
0 © 912 =0 o hy; 0 © 912 =0 o hyy

)
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92134 9%534,2143 — 92143 h%%34’21437 93412 gf§12’4312
91324 gi§24,1342 _ plsaz h}§24’1342791243 o gi§43,1423
93241 gf§41’3421
3124 9%24,3142 _ 3142
91423 ° 9323,1432 _ 91432
94231 9?231,4321
94123 gﬁ23’4132 _ 4132
92314 95314,2341
93142 gg§42,3412 _ 3412
3214 93314,3241
92413 95213,2431
94132 g§i32,4312 _ 312
91213 93213,4231
93412 93212,3421
94123 9§i23’4213 — pr213 h§123’4213791243 o g§243’2143

4312 4312,4321
0 O Gay

— 93421

_ 321

— 62341

— 93241

— 92431

— 04231 °

— 93421

H. NISHIMURA

13

14

14

14

24

24

24

34

o h?§41’34217 92431 gf§31’4231
o h3124,31427 92413 gf§13’4213
o h1423’1432791234 o 9}234,1324
o h4231’4321,02341 o 95241,3241
o h4123’4132,92314 o 9%214,3214
o h§§14’234l792143 o 9531)43,2413
o h§§42’3412, 1432 9%332,4132
o hg§14,3241791423 o g%§23’4123
o h2413’2431792134 o 9§i34’23l4
o h4132’4312791342 o 9%242,3142
h4213,42317 1324 95224,3124

3412,3421 3124,3214
Oh 703124 Og34

14321 14312,4321 51234 1234,2134
=0 o hgy ,0 0934

— 94312 °
_ 01423 °
_ 04231 o
— 94213 °
_ 91324 °
_ 93241 o
— 93214 o
_ 92413 °
_ 94132 o
_ 04123 o
— 92314 °
_ 93142 °
— 03124 o
— 93214 °
_ 92143 °

— p2134

b

3412,4312
h12

b

1243,1423
his

2431,4231
his

)

2413,4213
h13

)

1234,1324
hiy

b
2341,3241
h14 ’
2314,3214
h14 ’

2143,2413
h23

b

1432,4132
h23

b

1423,4123
has

)

b

2134,2314
h24

1342,3142
h24

b

1324,3124
h24

)

3124,3214
h34

)

1243,2143
h34

b

1234,2134
h34

are equivalent to the following conditions in terms of coefficients of the polynomials

a1342
a2341
!

a3421

_ a1432’a1342 _

1432
a9 5073

1432 1342
A123 5 124

1342

a2431,af341
2431
aj

2431
Q123 5 Q124

2341
» 13

—_ 0,4321 , a?421

3421 __

ara

3421
a123

a2341

2341
aia

2341
124

a2413

2413
aya

2413
124

= Q19

2314

— 0,2143

4321 3421

) a13
4321 3421

123 5 124

2341

70‘1
2314

aia 50713

2314 2341
124 @134

a2341

2413

7a1
2143

ayo

2143
a124

2413
) A13

2413
134

2341 __

1432 a1342

ay 0y =
1432 1342 _

a3 5014 =
1432

124 5

2431 2341
ai , Ao

2431
a3

2431

2341
y g

=ay24 >

4321 3421
a/l ) a2

4321 3421 _
Qi3 ;014 =
4321
124 5
2314 2341
ay” a5t =
2314 2341 __
a3 014 =
2314
134
2143 2413 __
a/l ) a2 _—
2143 2413 _
a3 014 =
2143
=0a134

1432 1342
a/2 ) a/3

1432 1342
A14 Q23

2431 2341
Qg y 3

2431

ayg 023

4321 3421
a/2 ) a/3

4321

3421
Q14

) Qo3

2341
I CL3

2341
y Aoq

2314
ag

2314
v

2143 2413
a2 ) 0/3

2143 2413
14 »0o2q

2341 __

=aj ,

1432 1342
a3 ) a/4

1432 1342
Qg3 5 gy

2431 2341
az ;04

2431

2341
aa3

)y Aog

4321 3421
a3 ) a/4

4321

3421
Qg3

on

2314 a421341

2314

a3y a2341

s 934

2143 2413
a3 ) a/4

2143 2413
Qoyq 5 A3q

1432
a4 5

4321
Qoq

2314
ay

2314
azq

_ CL2143

2143
Azy



g3412
3412
ara
3412
Q124
4132
4132
A
4132
Q124
3412
3412
ara
3412
a123
3124
3124
ara

3124
a123

a4123
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a3142,a?412
3142 3412
a1 5013

3142 3412
Q124 5 @134

— (11432, a411132

1432 4132
Ayo 5013

1432 4132
Ay94 , Q134
a3421,a§412

3421 3412
a1, 013

— al;;1427ag412
611%4327 a421132
A2, atf?
ol

3421 3412 __

123 5 124

a3214,a§124
3214 3124
d1g° 50713

3214 3124
QG123 , Q124

_ a4213 a411123

4123 __

P

4123
123

1243

1243
ara

1243
aj23

a4123

4123
aia

4123
Q123

4231
4231

aia
4231

123

a1234

)

4213 4123
aiz 5013

4213 4123
G123 5124

— @2143 a%243

)

2143 1243
a19 5073

2143 1243
A123 5 @124
a4132’a%123

4132 4123
12 5013

4132 4123
123 > Q234

_ a4321 , a411231

4321 4231
a1, 013

4321 4231
Q123 5 @234

— 0,1324, a%234

1234 _
=ayy ;033

ara
1234
ai23
2314
2314
aia
2314
ay23

1324 1234

1324 1234
Ay93 ,Ag34

a3214, a%314

3214 2314
ayz 5013

3214 2314
123 5 o34

3421 3412
aq y Ao

3421 3412
ariz Q14
3421
= Q124 >
3214 3124
a/l ) 012
3214 3124
ayz 5 0Q14
3214
124 5
4213 4123
a17?, ay
4213 4123
a1z 5 0Q14
4213
Q124 5
2143 1243
a/l ) a2
2143 1243
ay3 5 0Q14
2143
a124 5
4132 4123
a; 09
4132 4123
aiz ;093
4132
34 5
4321 4231
a1°", ay
4321 4231
aiz Q93
4321
Q234 5
1324 1234
a; 09
1324 1234
ayz 093
1324
34 5

3214 2314
aq , Ao

3214 2314

ayz ;03
3214

234

3142 3412
a2 ) a/3

3142 a3412 _

14 »%24

1432 4132
Qg ) A3

1432 4132 __

ayq 5024

3421 3412
(€5 , @3

3421 3412 __

A4 Q23

3214 3124
a2 ) a)3

3214 3124
A1yq Qg3

4213 4123
Qg ) 3

4213 4123 __

a1q Q93

2143 1243
a2 ) 0/3

2143 a1243 —

a1y Qa3

a421132 4123

70’3
4132 4123 _
QA3 5y

4321 4231
a2 ) a/g

4321 CL4231 _

Qg3 ", Aoy

1324 1234
) ’

as
1324 1234 _
Q3 5 Q24

3214 2314
Qg ) A3

3214 2314
Qg3 5 Q24

_ 1324
Cl3 B

_ 3142 3412
a3 70/4

3142 a3412 _

QAgq 5034

_ 1432 4132
as y Ay

1432 4132 __

Ay 5034

_ 3421 3412
az ;04

3421 3412 __

Qg3 Aoy

3214 3124 __

a3 5 a/4

3214 3124 __

Qg3 5 Qg4

4213 4123 _
Az ;04

4213 4123 __

Q3 5 Qgyg

a2143 a1243

3 s Y4
2143 1243
Qg3 5 02y

4132 4123
as y Ay

4132 4123
Qoq 5 Q34

4321 4231
a3 ) a4

4321 4231
QAgq 503y

a411234

1324 1234 __

Qoyq 5 Q3q

_ 3214 2314
as ;04

3214 2314
Qg 5034

4132
ay

_ a2143

4 9

— a2143

24 >

_ a4132

34 >

ai321

_ a4321

34 >

a£11324

1324
azq

3214
ay ’

3214

63
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which can succinctly be summarized as
1324

a1234
a2134
a3124

a4123

a%234
a%134
a?124
a?123
a%234
a§134

3124
Qg

a1y

2143
14

1423 _

— a1243

a2143
a3142

a4132

a%243

_ 2143
ay
_ CLzls142

_ 4132
a;

1243
az

_ CL§143

__ 3142
as

H. NISHIMURA

— CL2314

= al3% —

— a?214 _

= 2314 =

__ 3214 __
= ay

a3214

a

2314 _
ap

4213 _
a;

1324
Qg

2314
14

4213 __

__ 1243 __
=ay = =

— gl342 _
— 2341 _

— a3241 —

3124

=ajy

__ 1342 __
=ay =

= aj —

Ao -

S
V)
|

S
w
|
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4123 __

Q14

2413
a1y

2314 __
Qg3 = Q23

1234
a23

3214 __
ao3

1324 _
Qg3

2413
Q24

1243
Qg4

4213 __

Qg4

1423
A2y

3412
a3y

34

4312
34

1432
A3y

4132
14

2431

= ayy

2341

1243

= Q3

3241
az3

1342
Qo3

2431

= Ay
_ 1234
A2y

4231
Q24

1432

= Q4

3421

= Q34
1342 _

1324
34

4321

= Q34

1423

= Q34

1234
aj23

1324
a123

2134
ai23

4213

Qa1q

2341

a1yq

2134

= Qa3

1423

Qg3

2143

= Aoy

4123

= Qg4

1342

A2y

3142

= Q34
1234 _

2314 __

a123

3124 __

123

3214 __

Q123

1243
A124

1423
Q124

2143
124

2413 __

124

4123 __

124

4213 __

Q124

1342
134

1432
Q134

3142
134

3412
134

4132
134

a3y

4132

a3y

1243

a3y

1243
Q123

1342
123

2143

123
2341
123

3142
123

3241
Qa123

1234
A124

1432
124

2134
A124

2431
124

4132
124

4231
Q124

1324
Qaj34

1423
QA134

3124
134

3421
134

4123
134

3124 _
Qg3

1432 _
Qa3

1324 _
Qg4

4231

Q14

3412

a1q

2143

Qo3

4231

= Q3

3142

as3

4321

Qo3

2134 _
Q24

3241

Q24

4132

Q24

3421

Qo4

3124

a3y

2341

s34

4123

a34

2431

a3y

1423
aj23

1432
Q123

2413
aj23

2431
ai23

3412

a123
3421

Q123

1324
124

1342
Q124

2314
124

2341
a124

4312
124

4321
Q124

1234
134

1243
Q134

3214
134

3241
134

4213
134

= Q34

4312

:a14 =

3421

4213

= a23 =

2341

_a24 =

3214

:a24 =

4321

:a24 =

3412

:a24 =

3241

:a34 =

2314

4231

2413

_ 4123
= Q123

4132
a123

4213
123

4231
123 »

4312
123

_ 4321
= G193,

3124
a124

3142
A124 5

3214
a124

3241
a1a4

3412
A124

3421
= Q124

2134
ay34

2143
a134

2314
ay34

2341
a134 >

2413
= 0134

2431 _
Qg3 = Q23

3421 _
Q23

4312 __
Qa3

4321 __

14

3241
a1q

)

2413 __

4123
as3

az3

4132
Qo3

)

)

3412 _

2314 __

Q24

3124
Q24

b

4312 __

Q24

3142
Q24

)

3214 __

a3y

2134
a3y

)

4213 __

a3y

2143
a3y

)
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3 = alf! =l = i
B = ! = it = ol
A =l — - it
B = it = it = ol
A = ol = i — it
2 = P — ol = ol

4321 _ 4312 _ 4132 _ 1432
Q34 = Qo34 = Q934 = Q234 -

Therefore, there exists a unique mapping 6 : P — R such that
01234 = 0 0 fioa4, 0113 = 0 0 floas, 01324 = B0 fi304,
0392 — 06 f1a40,0M23 = 00 f1a0,0M32 = 00 frus0,
62134 = 0 0 fo134,0?M3 = 0 0 fo143,0%1 = 00 foz14,
02341 = 00 fonar, 0213 = 00 fors, 02431 = 00 fousi,
03124 = 06 f104, 032 = 00 f3140, 0524 = 0 0 fao1a,
03241 — 06 fanar, 03412 = 00 fau10,0%421 = 00 fasor,
0412 = 00 fi193,0M3% = 00 fi130,0"" = 00 fua13,
04231 = 00 fa31,0%'2 = 0 0 fi312,0%* =00 fa01.

The proof is now complete.

Remark 3.2. For our convenience, we display the positions 5-30 of
fijwi (d1,d2,ds, ds) as tables as follows:

5/dyds

6/dyds T/dids 8/dads 9/dyds 10/dsdy

1234
1243
1324
1342
1423
1432
2134
2143
2314
2341
2413
2431
3124
3142
3214
3241
3412
3421

0

OO O OO

dyrds
dyds
dydy
dqds
dida
dids

dids
dids

dids

0 0 0 0 0

0 0 0 0 dsdy

0 0 dods 0 0

0 0 dods dady 0

0 0 0 dady dsdy

0 0 dads dady dsdy

0 0 0 0 0

0 0 0 0 dsdy
dyds 0 0 0 0
dyds didy 0 0 0

0 dydy 0 0 dzdy
dyds didy 0 0 dsdy
dyds 0 dods 0 0
dyds 0 dods dody 0
dyds 0 dods 0 0
dqds dydy dods 0 0
dqds didy dads dady 0
dyds dydy dods dody 0
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4123
4132
4213
4231
4312
4321

0 0 dydy 0 dody  dsdy
0 0 didy  dody  dody  d3dy
d1ds 0 didy 0 dody  dsdy
didy  dids  dydy 0 dody  dsdy
0 dids  didy  dods  dody  dady
didy  dids  dydy  dods  dedy  dsdy

11 — 15/dydyds

16 — 20/dydydy

21 — 25/dy dsdy

26 — 30/dadsdy

1234
1243 21 26
1324 11 27
1342 11 16 28
1423 16 21 29
1432 11 16 21 30
2134 12 17
2143 12 17 21 26
2314 13 17 22
2341 13 18 23
2413 12 18 24 26
2431 13 18 25 26
3124 14 22 27
3142 14 16 22 28
3214 15 17 22 27
3241 15 18 23 27
3412 14 19 23 28
3421 15 20 23 28
4123 19 24 29
4132 11 19 24 30
4213 12 20 24 29
4231 13 20 25 29
4312 14 19 25 30
4321 15 20 25 30
Corollary 3.3. Let M be a microlinear space with mappings
Yiosa t QP = M, vi043 1 Q" — M, y1304 1 Q' — M,
Y32 1 QM = M, y1a03 1 QP — M, y1430 1 Q"% — M,
Yor3a : Q% = M, vo143 1 Q' — M, 49314 1 Q%M — M,
Y2341 1(92341 — M, ¥2413 1(92413 — M, v2431 1(92431 — M,
Y124 1 Q3% = M, y3140 : Q32 — M, y3014 : Q%1 — M,
Yaoa1 1 Q¥ = M, y3010 1 Q%M = M, y3401 1 Q** — M,
Yai23 1 QM = M yai30 0 QM — M, yuos 1 Q1 — M,
Y4231 : Q4231 — M, V4312 : Q4312 — M, V4301 : Q4321 — M

67
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V31245 Y3142, Y4123, V4132, V4213, V4231, V4312, Y4321

Y234 | D*{(3,4)} = m2a3 | D*{(3,4)} ,m342 | D* {(3,4)}

abiding by
1234,1243 h1234 1243 1342,1432 h1342 1432
Y1234 © 12 = 71243 © » V1342 © G12 = 71432 © )
2341,2431 h2341 2431 3421,4321 h3421 14321
Y2341 © G192 = 72431 © » V3421 © g12 = 774321 © s
2134,2143 h2134 2143 3412,4312 h3412 4312
Y2134 © 912 = 72143 © » Y3412 © 912 = 74312 © s
1324,1342 h1324 1342 1243,1423 h1243 1423
Y1324 © 913 = 71342 © ) Y1243 © G713 = Y1423 © )
3241,3421 h3241 3421 2431,4231 h2431 4231
Y3241 © g13 = 73421 © , 772431 © J13 = 74231 © 5
3124,3142 h3124 3142 2413,4213 },2413,4213
Y3124 © g13 = 73142 © » V2413 © 913 = 74213 © 43 s
1423,1432 j,1423,1432 1234,1324 j,1234,1324
Y1423 © 914 = Y1432 © Ny » Y1234 © g14 = 71324 © Ny s
4231,4321 4231,4321 2341,3241 2341,3241
Y4231 © Y14 = Y4321 0 b , Y2341 © 914 = Y3241 © h] ,
4123,4132 h4123 4132 2314,3214 h2314 13214
Y4123 © 914 = Y4132 © » Y2314 © 14 = 73214 © )
2314,2341 h2314 2341 2143,2413 h2143 2413
Y2314 © go3 = 72341 © » Y2143 © ga3 = 72413 © s
3142,3412 h3142 3412 1432,4132 h1432 4132
Y3142 © ga3 = 73412 © »y Y1432 © ga3 = Y4132 © )
3214,3241 h3214 3241 1423,4123 p1423,4123
Y3214 © go3 = 73241 © ;71423 © go3 = Y4123 © g3 s
2413,2431 h2413 2431 2134,2314 h2134 2314
Y2413 © goyg = 72431 © » Y2134 © goy = 72314 © s
4132,4312 h4132 4312 1342,3142 h1342 3142
Y4132 © goyg = Y4312 © » Y1342 © Goy = 73142 © s
4213,4231 h4213 4231 1324,3124 h1324 3124
Y4213 © G24 = 74231 © » Y1324 © Goy = 73124 © )
3412,3421 h3412 3421 3124,3214 h3124 3214
Y3412 © 34 = 73421 © » Y3124 © g34 = 73214 © s
4123,4213 h4123,4213 1243,2143 h1243 2143
Y4123 © 34 = Y4213 © » Y1243 © g34 = 72143 © s
4312,4321 4312,4321 1234,2134 1234,2134
Y4312 © G341 = Y4321 © N3y 271234 © g3 = Y2134 © h3jy
Then, there exists a unique mapping
m:P—>M
such that
mo fi234 = Y1234, MO f1243 = Y1243, MO f1324 = Y1324, MO f1342 = V1342,
Mo fi403 = Y1423, MO fi432 = Y1432, MO fo134 = Y2134, MO fa143 = Y2143,
mo faz14 = Y2314, MO foz41 = Y2341, MO fos13 = Y2413, MO fau3z1 = Y2431,
Mo f3124 = Y3124, MO f3142 = Y3142, MO f3214 = Y3214, MO f3241 = Y3241,
Mo fag12 = Y3412, MO f3421 = Y3421, MO fa123 = V4123, MO fa132 = Y132,
Mo fi213 = Y4213, MO f4231 = Y4231, MO faz12 = Y4312, MO fi301 = Y4321.
Theorem 3.4. Let M be a microlinear space. Let
Y1234, V12435 V1324, V1342, Y1423, V1432, V2134, 72143,
4
Y2314, Y2341, V2413, Y2431, V3124, V3142, V3214, V3241, : D — M

=32 | D*{(3,4)},
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~aza1 | D' {(3,4)} = aaz1 | D* {(3,4)
voras | D*{(3,4)} = 72134 | D*{(3,4)
mzaz | D' {(2,4)} = viz24 | D* {(2,4)
vaa21 | D*{(2,4)} = va2a1 | D*{(2,4)
va124 | D*{(2,4)} = y3142 | D*{(2,4)
yazs | D*{(2,3)} = maz2 | D*{(2,3)
Yazs1 | D*{(2,3)} = s | D*{(2,3)
Y4132 | D* {(2,3)} = ya123 | D* {(2,3)
Yosia | D*{(1,4)} = ya3a | D*{(1,4)
Y3142 | D* {(1,4)} = 3412 | D* {(1,4)
va2a1 | D*{(1,4)} = y3014 | D*{(1,4)
~2az1 | D*{(1,3)} = 7aa13 | D*{(1,3)
Yaziz | D*{(1,3)} = yu1s2 | D*{(1,3)
vaoaz | D*{(1,3)} = 7031 | D*{(1,3)
a1z | D'{(1,2)} = yza21 | D*{(1,2)
Ya123 | D* {(1,2)} = ya213 | D4{(172)
azar | DU{(1,2)} = yazi2 | D*{(1,2)

Then, we have

Y1234 — Y1243
| 12

Y1342 — V1324
i 13
Y1423 — Y1432
i 14

Y2143 — Y2134
i 21

Y2314 — Y2341
| 23

Y2431 — Y2413
L 24

Y3124 T Y3142
L 31

V3241 — V3214
i 32

Y3412 — Y3421
L 34 M

=

—

—

=

=

[

—

[

=

Y1342 — Y1432
12

Y1423 T Y1243
13 1]

V1234 — V1324
14 |

V2431 — Y2341
21 |

Y2143 T Y2413
23 |
Y2314 — Y2134
24 |

73241 - Y3421
31 |

Y3412 — V3142
32 |

V3124 — V3214
L 34 .

}oysaor | DU{(3,4)} = yasor | D*{(3,4)},
}oyasz | D*{(3,4)} = ysa12 | D*{(3,4)},
}oyas | DU{(2,4)} = y2as | D*{(2,4)},
}ovaza | D*{(2,4)} = y2431 | D*{(2,4)},
}oveas | DU{(2,4)} = 213 | D*{(2,4)},
}ovazsa | D*{(2,3)} = y1s24 | D*{(2,3)},
}oyzsan | DU{(2,3)} = ys0a1 | D*{(2,3)},
o214 | D4{(2,3)} = Y2314 | D* {(2,3)},
}ovauas | DU{(1,4)} = yaa1s | D*{(1,4)},
}omasz | D*{(1,4)} = yas2 | D*{(1,4)},
}oyaas | DU{(1,4)} = yuaes | D* {(1,4)},
}ovasia | D*{(1,3)} = y2134 | D*{(1,3)},
}oysae | DU{(1,3)} = ysa2 | D*{(1,3)},
}oyasaa | D*{(1,3)} = ys124 | D*{(1,3)},
}oysaa | DU{(1,2)} = 3014 | D*{(1,2)},
}iv1243 | D4{(1,2)} Y2143 | D* {(1,2)},
}oyzisa | DU{(1,2)} = 71234 | D*{(1,2)}.

- H72341 — 72431] - [’73421 — ’74321”} +
1] 12 1 12

- H’Y3421 73241] 1 [74231 ’72431”} +

— | |74231 — V4321 | — [72341 — 73241 +
L L 14 10 14
— | |71432 — Y1342 | — [7V4312 — V3412 +
i 21 1 21
— | |7Y3142 — V3412 — |7V1432 — Y4132 +
| 23 1 23
— | |7V4312 — Y4132 | — |7V3142 — Y1342 +
L 24 1 24
— | [7Y1243 — Y1423 | — [72413 — Y4213 +
L 31 1 31
— | | 72413 — V2143 | — |7V4123 — V1423 +
L 32 1 32
— | | 74123 — V4213 | — | V1243 — V2143 +
| 34 1 1] 34 |
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Y4132 — Y4123 | — [7V4321 — V4231 || — | [Y1324 — Y1234 | — |7V3214 — 72314 +
L 41 1| 41 41 1] 41
Y4213 — Y4231 | — |7V4132 — Y4312 || — | [7Y2134 — V2314 | — |7V1324 — 73124 +
L 42 1 42 42 1 42
Y4321 — Y4312 | T |74213 — Y4123 || — | [7V3214 — V3124 | — |7V2134 - V1234
43 1] 43 1] L 43 11| 43
=0. (3.1)
Proof. The proof is divided into thirteen steps.
(1) Since
a3t (dr, da, ds, dg) = m (o, da, ds, di, 0, ., )
and

Y1243 (d1, d2, d3, da)
m ( dl; d27 d37d47(5)7 "'797 d?g‘lv 101) () 2007 d1d3d47 202a ey 2053 d2d3d4a 2077 "'73007 >

d1d2d3d47:92,-~,503

we have
(71234 ;71243) (dy,d2,ds)

m d17d2aga"'ag7_1g37101a"'a2%7_d1d372025"'52057 _d2d3a2077"'7?9)a (3 2)
—dydads, 0, ..., 0 ' '
32 53

For we have

4
n(71234,’Y1243) (dl’ da, ds3, da, d5)
( dlad27d37d4,0, ...,0,d3d4 — d5, 07 <oy 0,d1d3d4 — d1d5, 0,..., 0, )
=m 5 9 10 11 20 22 25

dadzdy — dads, 207, ~-~7§), didadzdy — didads, ?927 ’593

Since
1342 (d1,d2, ds, ds)

—m ( dlaan d37 d4797 "'79a d2d37 d2d47 1%) d1d2d37 102a RLS) 957d1d2d47 1077 (X3 2077 >

d2d3d47 Oa Oa 07 07 d1d2d3d4a ?917 (S 59’)

and

Y1432 (d1, d2, d3, dy)
—m ( d17d2ud37d47(5)7-~'797d2d37d2d47d3d47d1d2d371027"'71%7d1d2d471(,)77“'7200a > ’
d1d3d4,202, - 209,dgd3d4,301, . 3O47 didodsdy, 3(25, e 593

we have

<71342 1'2’Y1432> (dy,dz,ds)
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—m ( d17d27(3)> "'737 7d37 101’ "'72007 7d1d3a 2027 ey 2(,)73 d2d33 2097 )

—d2d3,3017 ?927d1d2d37:91, —d1d2d37:%; 7503
For we have

4
N (y1342,71432) (dh da,ds3,dy, d5)

i ( d17d27d3ad4ag7"'ag7d3d410_ d5a1017“'32%7d1d3d4_d1d57202a“'52(,)73 >

d2d5,2%, dodsdy — dods, ?91, g,d1d2d57?&7 dydadsdy — didads, 395, ,503

For the sake of the completeness of our proof, we have provided the reason
why (3.2) and (3.3) are derivable, but we will omit such reasoning from
now on. (3.2) and (3.3) imply that

((’71234 — 71243) - (71342 - 71432)) (di,d2)
12 1 12

=m <d17 (2)3 ooy 2%7 _d27 2077 _an 2%7 d27 _d1d273%u _d1d27?917 d1d273%7 7503) . (34)

Since

Y2341 (d1, d2, d3, dy)
—m ( d1>d2a d37 d47d1d27d1d37d1d47 (8)7 eeey 1027 d1d2d3u 1(117 (XX3} 1077d1d2d47 1097 ceey 2027 )

didyds, 0., 0, didadsdy, 0., )

and
Yoa31 (d1, dz, d3, dy)
m ( d17 d27 d37 d4a d1d27 d1d37 d1d47 (8)7 (9)’ d3d4a 0 ) 1023 d1d2d37 1(217 ceny 1077 d1d2d47 )
0 b)

11

7---,204,d1d3d47d2d3d47977 ---,g7d1d2d3d4,g7 - 0

19 53

we have
(72341 ;72431> (dv,da,d3)

m < d17 d2797 ey ga _d37 1017 (XX} 2023 d1d3a 07 _dld?n _d2d37 )

2077 ) 398) d1d2d37 0, _d1d2d37 4927 sty 593
Since

V3421 (d1, d2, ds, d4)
< dy,ds,ds,dy,dido, dyds3, d1dy, dads, dody, 0, ..., 0,dydads, 0, ..., 0, )
—m 1077 14 16

didzdy; 0, 0,d1dsds, 0, ..., 0, dadzdy, O, ..., O, didadsdy, O, ..., O

and
Vazz21 (d1,dz, d3, dy)
. ( dy,do,d3,dy,d1do, dvds, didy, dads, dady, d3dy, 05y 104,6110{26537 1067 ey 1%7 )

d1d2d4; 2017 ) 2047d1d3d47206a EE) 2%7d2d3d47 3017 "'75027 d1d2d3d4
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we have
<73421 ;74321> (d1,d2, ds)

m< d17d2797'”7ga _dd’10177d202£ld;d3’2ql7 _d1d3;i2()662%7 d2d372097 _d2d37 ) .
0)“.,406’ 142 3’4987.“7592,_ 10243

31
(3.6)
(3.5) and (3.6) imply that
<(’72341 — ’72431) - (’73421 — 74321)) (dl,dz)
12 1 12
—m ( dla (2)3 Cal% 73% 207307d2;l20?17 dQ(;?E)la (;%(flld% 49)7 ) (37)
— w102, ’”.,467_ 1 27487“.752’ 142

(3.4) and (3.7) imply that

(<’71234 - 71243) T <’71342 1;71432>) —
. . (d)

< W2341 72431 - ”/3421—74321)>
1 12

0, 0—d,0,—d,0,d,O,...,0,—d,0,d,0,...70,d,O,...,O,—d). (3.8)
1 30 32 34 36 38 42 46 48 52

(2) Since
Y1342 (d1, d2, d3, dy)
( d17d27d37d4797"'797d2d37d2d47%ad1d2d37102a"'a%7d1d2d471077“'a2077 >

-m dadyds,0,0,0,0,ddadsds, 0, .. O

and

Y1324 (d1, d2, d3, dy)
< dla d27d37d4a (5)3 EES) 9,d2d37(9)7 1%; d1d2d3; 1027 L) 206»d2d3d4, 208’ teey 3017 >

d1d2d3d4,?%,--~,5%

=m

we have
(71342 ;71324> (dy,dz,ds3)

m ( dlaoaanQa "'7g7d3a IOO;ldv %ad;d;aé077"'72()6; _d2d3yd2d37209a "'a:917 ) .
—d1dads, didy 3,3(21,-~-,§)3

Since

Y1423 (di1, d2, ds, ds)
( dy,do,ds,dy,0 0, 0 ydody, dzdy, 0, 0 ,didady, O ,---,%,dld?,dz;, )
=m

11
202, 208d2d3d4,30, 20, d1d2d3d4,0,...,5()3
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and
Y1243 (d1,d2, d3, dy)

B ( d17d27d35d47ga"'ag)?d?iod471017"'a2%7d1d3d47202a"'a2(g,)7d2d3d432077'“>?907 )

d1d2d3d47?927 vy 5%

we have
<’Yl423 1.3’71243> (d1,d2,d3)

m ( dlv Oa d27 Qa ey ga d37 1007 ey 1053 d1d37 97, ey 205a 7d2d3a 2(,)77 208’ d2d3a 3%7
_d1d2d33 3027 :?37 d1d2d37 ;.57 ceey 503
(3.10)
(3.9) and (3.10) imply that

((71324 — 71342) - (’71243 — 71423)) (dl,dz)
13 1 13

—m (dl,g, s ), o, —da, d, —dz,?%,dldg,—dldg,dldg,—dldg,s%,...,%) . (3.11)
Since
Y3421 (di1, da, d3, dy)
dy,do, ds,dy, dvds, dyds, dydy, dods, dady, 0, ..., 0, dydads, 0, ..., 0,
“‘( d1d2d4,0,0,d1d3d4,0,...,0,d2d3d4,0,.1.(?,O,Zﬁdgdgdzl, 56 0 )
24 27 29 46 48

53
and

Y3241 (d1, da, ds3, dy)

m ( dlaand37d47d1d27d1d35dld4ad2d3agﬂ ey &7d1d2d33 967 1(,)73 d1d2d43 > ,

1%7 cey 2027d1d3d472ql7 ) 2%7d2d3d47 208, ) 4(217 d1d2d3d4u4967 cey 503

we have
(’73421 ;73241) (d17d2,d3)

—m ( d1707d2a95 "'7(8)7d3a 1007 ) 1077 7d1d37 logadld3a 07"'72067 7d2d37 > ' (312)

21
dydy, 0, .y 0, ~drdads, 0, didady, (.. 0)

29" 44 48
Since

Yaza1 (di,da, d3, dy)

d17d27d37d47d1d27d1d37d1d4707d2d47d3d47 Oa 07d1d2d37 07"'7 07
=\ didydy, 0,y 0, dydsda, 0o O dadads, 0o 0, drdadads, 0, 0
142 4721;-“;247 143 4’26,“.728’ 203 4a307"'7507 1420304, 53

and

Yaa31 (d1, da, d3, dy)



74 H. NISHIMURA

dy,da,ds,dy,drdz, d1d3, d1dy,0,0,d3dy, 0,0,d1d2ds, 0, ..., 0, didady,
-m 0. 0. dydady. doydsds. 0. 0 dydadsdy, 0. 0 ’
197"'7247 104304, 4243 47273"'7407 142043 4u427"'753

we have
(74231 1;372431) (dv,da,d3)

( dla (2)7an 97 "'7g7d37 1%7 ey 1(,)77 _d1d37 1097 d1d37 917 (X2} 2%’ _d2d37 > (3 13)
07 O7d2d3; ‘07 ) 0 ) _d1d2d37g7 "'759)a d1d2d3a 5027 593

(3.12) and (3.13) imply that

<(’73421 73241) T (74231 1;72431)) (dl,dz)

—m ( d17(2)7 SE) 957d23 7d23 d27 7d27300a "'74907 d1d27402; () 07 )

44 (3.14)
_d1d27 %7 d1d27 4%7 () 5%7 _dlan 5027 E%

(3.11) and (3.14) imply that

((’Yl324 - ’71342) 1 (71243 - 71423))
( Y3241 — 73421) 1 (72431 74231))

00s 0, di—dyd, —d, 0, 0, =, 0.0, 0, ~d, 0. 0,d,070).
42 50 52 53

(3.15)

=m

(3) Since
Y1423 (d1, d2, d3, ds)
m < d17d27d37d4797 "',g7d2d47d3d4, 101a LLLS) 1057d1d2d47 107) "'52007d1d3d4a )
2()27"'72087d2d3d4529)7"'7?9)’7d1d2d3d473%7“'7503
and
Y1432 (d1, d2, d3, dy)

dy,dy, ds,dy, 0, ...,0, dods, dody, dsdy, dydads, 0, ..., 0, dydady, 0, ..., 0,
-m dydods, 0o 0. dodsdy, 0o 0. dydodsds. 0.0 ]
1530 997 70 g2 23Ty 310 ooy g TLERESE g0 w00 23

we have
<71423 1;’71432> (dy,dz,ds3)

—m < dlvgagvd%ga “"9’ _d37(9)7 100a _dldS» 1027 ~'~72087d2d37 _d2d37 ) ' (3 16)

?917 "',303a d1d2d37 _d1d2d37:967 ) E%

Since

Y1234 (di,d2,ds,dg) =m (dhdz, ds, d4>(5)7 e 5%)
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and
Y1324 (di1, da, d3, dy)

o d17 d27d37d47 ga ) (7)7d2d37(9)7 1003 d1d2d37 1027 ) 2067d2d3d47 2087 s 0,
0,d1d2dsdy, 0, ..., 0 ’
33 53

we have

(’71234 1;71324) (dy,dz,ds3)

m dl»g»gvd%gv'“vga _d3783 1%7 _d1d37102»'~'72067 _d2d3a (3 17)
0,00, —dydads, 0, ..., 0 :
28 31 33 53
(3.16) and (3.17) imply that
_ _ _ di.d
<(’Y1423 " ’Y1432> 1 (’71234 " 71324))( 1,d2)
=m (d17(2)7 ) 206,d27 2087d2’ _d27 :917 d1d273%7 dlan _d1d27:967 ) 5%) . (318)

Since

Yazs1 (di, da, d3, dy)

d17d27d37d47d1d27d1d37d1d4707d2d47d3d47 Oa 07d1d2d37 07“'7 0)
=™\ didady, 0, 0, dydsds, 0o 0, dadsda, O oo 0. drdadsds, 0, 0
142 47215-“7247 143 4726,“.)28’ 203 4a307"'7507 14203 4752753

and

vaz21 (di,da, ds, ds)

11 16719
d1d2d4,201, ...,2(1,d1d3d4, 0 ...,209,d2d3d4, 0 ...,%,d1d2d3d4

( d17d23d37d47d1d27d1d37d1d4;d2d3ad2d4ad3d4a 07"'7 104’ d1d2d3a 07' ) 07 >
=m )
26’ 31’

we have
(74231 ;74321) (dy,d2,ds3)

m ( dla (2)797d2797 "'797 _d37(9)a ) 1027d1d37 104a _dld?)a 1%7 ) 0) > (319)

dads, —dads, ?917 —es 5%, dydods, 502, —dydads

Since

Ya3a1 (d1,da, ds3, dy)

m < d17d25d37d47d1d27jlj3dydld4;(8)7 7(1102add;d2d37 1(217 ceey gadld2d47 1095 "'a2027 )
143 4)2(217"'7?987 14203 47490;"'75%

and

V3241 (d1, do, ds, d4)

( dl,dQ,d37d4,d1d2,d1d3,d1d47d2d3,g,---,g,dldzds,% 107,d1d2d4, )
=m s
0, 0y dadsds, 0, 0, dodsds, O . 0, didadsds, 0, ., 0

46’ 53
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we have

(72341 ; 73241) (d1,d2,d3)

—m ( d17(2)7 ga d27 (5)7 ceey 97 _d3a (9)7 ceey 1027 d1d37 1047 _d1d37 106’ ceey 2067 _d2d37 ) .
2087 “.)308’ d1d2d3a4007 "'74817 _d1d2d37496a ) 5%
(3.20)
(3.19) and (3.20) imply that
((’Y4231 — 74321) - <72341 - 73241)) (dh dz)
14 1 14
m ( d17(2)7 ceey 206’ d27 987d23 7d23 ?917 “'7?98’ 7d1d25 > (321)
‘8)7"‘74917d1d274967"‘75007dld275927_d1d2

(3.18) and (3.21) imply that

<(71423 - 71432) - (%234 - 71324)) -
14 1 14
. . . (d)
((74231 - 74321) - <72341 - 73241))
14 1 14

:m(O,...,O,d,O,d,—d,O,...,O,d,0,...,0,—d,0,...,0,—d,0,d). (3.22)
1 31 33 36 38 40 44 46 50 52

(4) Since
Vo143 (d1, d2, d3, dy)
—m ( d17d27 d37 d47d1d27g> “‘787 d3d47 101’ d1d2d37 1%7 ceey 1%7d1d2d47 108’ (LX) 2%7 >
dydszdy, 202, e 2057 dadsdy, 207, ""196’ d1d2d3d4,308, e 59%

and

Y2134 (d1, d2, d3, dy)
m ( dl;and37d4;dld23(6)7 ey Badld2d3a ]%7 (X3} 106;d1d2d47 >

1087 ey '?gvdldeSdﬁh ?977 7593

we have
(72143 2—1 72134) (d1,d2,d3)

—m ( d27d172797 d1d27ga ey (9)7 d37 1017 “.,200’ d2d3a 2027 "',205a d1d3a ) . (323)

2077 "'7?95a 7d1d2d37d1d2d37£98a ) 59))

Since
Y2431 (dl,dz,d3,d4)
. ( d1,d2,d37d4,d1d2,d1d37d1d4,g,g,d3d4,91,102,d1d2d37104, o 0 dydady, )

]9)’ EE) 2(217d1d3d47 d2d3d47 2077 "'74%a d1d2d3d4vgv aS) 503
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and

Yaza1 (di, da, ds3, dy)

_m< dl,dg,dg,d4,d1d2,jljgéd1d4,g,...,(%éd;dildg,&,...,3,d1d2d4,g,...,202, )
143 4;2(217"’73087 14203 47%)"'75%

we have

(’72431 2—1 72341) (dh da, ds)

—m ( d27d139597d1d27(6)7"'787d371013 "'32027 7d2d372917d2d3;d1d33 > . (324)
2077 .”7308’ _d1d2d37490a d1d2d37 927 ) 5%
(3.23) and (3.24) imply that
((72143 —~ 72134) - <72431 - ’72341)) (di,d2)
21 1 21
Oud1707 ey 07d21 07d27 07 _d27 07"‘7 Oa
=" Ldyds, dida, 0, dyds, 0, —dyds, 0, . D (3.25)
— a2, 0] 27387 1 2a407_ 1 2a427"'753

Since

Y1432 (d1,dz, d3, dy)
. ( dy,ds,ds, d4,g, - (7), dods, dody, dszdy, didads, 1027 e 105, dydady, 107, vy 0 )

d1d3d47 2023 EES) 2097 d2d3d47 :917 .“,3(21’ d1d2d3d473067 8] 503

and

Y1342 (d1, da, d3, dy)
. ( d1,d2,d3,d4,g, ...,9,d2d3,d2d4, 100,d1d2d3, 1027 e 105,d1d2d4, 107, ...,2077 )

d2d3d47 07 Oa Oa 07 d1d2d3d47 :917 () %

we have

('71432 2—1 71342) (d1,d2,d3)

m ( d27 d17979a d1d27ga ey 87 d3a 1017 "'7200a dld?n 2027 "'7207a _d2d3a 2097 ) . (326)

d2dSa ?917 :923 7d1d2d37 39;’ dldeSa ?96’ ] 5%

Since

Yaz12 (dy, dz, d3, dy)
. ( d1,d2,ds,d4,(5)7d1d3,d1d4,d2d3,d2d4,d3d4, 1017 e 103,d1d2d3, 105, e 1%7 )
d1d2d4a 2003 ) %,d1d3d472%7 ) 2%7d2d3d4a 3017 “.,591’ d1d2d3d4; 5%

and

Y3a12 (d1,da, ds3, dy)
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10 15

( dl,dg,dg,d4,g,dldg,d1d4,d2d3,d2d4, 0,.., 103,d1d2d3, 0,.., 108,d1d2d4, )
2%7 '”72027 d1d3d47 2(217 ceey 2073 d2d3d472%a '“74%7dld2d3d474077 7593

we have
('74312 2—1 73412) (dyi,ds,d3)

—m ( d27 d17979a d1d27 ga ey 87 d?n 1017 "'7200a 2017 202a _d2d37204a d2d37 206, 2077 )

*d1d3,2%, d1ds, :91, ""495’ *d1d2d3,497, v 501,dld2d37 5%

(3.27)
(3.26) and (3.27) imply that

((71432 - 71342) — (74312 - 73412)) (d1,d2)
21 1 21

—m ( 9) dla 97 ey 2%7d27202a d27 2(21’ _d27 2067 "'7302a _d1d2,3ql’ d1d27 ) . (328)

0. 0, didz, 0., 0, —dads, )

(3.25) and (3.28) imply that

(<W2143 - 72134) - <W2431 - 72341)) -
21 1 21
. . . (d)
<<71432 - 71342) - (74312 - 73412))
21 1 21

—m (0,..., 0,d,0,~d,~d,d, 0,d,0,~d,0,.., 0,—d, 0,.... 0,d, 0) . (3.29)
1 32 34 38 40 42 45 47 51 53

(5) Since
Y2314 (d1, d2, d3, dy)
. ( d17d2,d3,d4,d1d27d1d3,9,...,102,d1d2d3,070,0,d1d2d4,108,...,201,d1d3d4, )

2031 ) :977 d1d2d3d4a 3%7 cey 503

and
Vo341 (dy, dz, ds3, dy)

—m ( dlaan d37 d4,d1d27d1d3; d1d47 (8)) (33} 102a d1d2d3a 1047 (X2} 1(,)7a d1d2d47 109a ey 2027 >

d1d3d4a 2(217 (X3} 308, d1d2d3d47 4005 ) 593

we have
(72314 ;72341) (d1,dz,ds)
—m < 93 d17 d?vgv “'7(6), _d37 ga ey 1067d1d37 _d1d37 1097 "'72017 d2d37 _d2d37
2047 "',307a d1d2d3a _d1d2d37§)a B 593
(3.30)

Since

V2143 (d1,d2, d3, dyg)
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( dlde,d33d4ad1d27(ﬁ)a ...,8,d3d4,0,d1d2d3, 1%7 tey 106>d1d2d4707030a >
=m
d1d3d47 202a ey 2%7 d2d3d47 2077 “‘7:967 d1d2d3d47:98? ey 5%

and

Y2413 (d1,dz, d3, dy)
. ( d17d27d3,d47d1d2727d1d47g’8,d3d4, 1017d1d2d371(:)3, ---7107’ dydady, )
1%3 EES) 2%7d1d3d47 2055 d2d3d472073 EE) ?997d1d2d3d4a4ga 75%

we have
(’72143 ;72413) (d1,d2,d3)
o ( (1)7 d17 d27 91 ooy gv _d37 gv seey 106’ d1d3a _d1d37 1097 2%7 d2d37 2027 2%7 ) (331)
_d2d3a 2%7 ey 306’ d1d2d3a 3087 ?997 _d1d2d37 4917 ey QB

(3.30) and (3.31) imply that

_ _ _ di. d
((72314 2 72341) 1 (72143 2 72413))( 1, 2)

—m < (1)7 dva? EES) 2%7 _d27d27 _d27 d27 2057 "'7:967 _d1d27 d1d27 ) '

_d1d2; d1d2a£)17 ) 503

(3.32)

Since

73142 (dh da, d3, d4)
:m< d17d27d3;idz%dld3797d2il37ddild471%7"'71037dd1dd2ddf;7 07d1d2d471077"'72017 )
103 472(?3a"'72077 203 4a2097"'7402a 14203 47404a"'a5%

and

Y3412 (d1, dz, d3, dy)
m < dla d27 d37 d4a 97 dld3; dld4a d2d3a d2d4a 1007 X3} 1033 d1d2d3; 1057 a3} 108, d1d2d47 >

2%7 cey 202a d1d3d472qlv ) 2(,)77d2d3d47 209’ ) 957 d1d2d3d47977 ey 503

we have
(73142 ;73412> (dy,d2,ds)

m < 97d17d2a 9) ey 87 _d3727 (X33} 1(?5) d1d37 1(,)77 108, _d1d3,200a 2()17d2d3, ) . (333)

*d2d37 2(217 ”.7492’ d1d2d3a£l74057 7d1d2d374075 ) 593

Since

Y1432 (d1,dz, d3, dy)
. ( d17d2,d3,d47g, -~-,(7),d2d3,d2d4,d3d4,d1d2d3, 1027~-~71%7d1d2d4, 107, ---,200, )

d1d3d47 2027 EE) 2097 d2d3d47 3017 "'7?91a d1d2d3d47?967 aS) 503
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and
Ya132 (d1,dz, d3, dy)
0

20" 2035 d1d3d472qr)a EE) 2%7d2d3d47?915 EE3) 4(:)8’ d1d2d3d4a 0 0

< dy,da,d3,dy,0,0,d1ds, dods, dady, dsdy, drdads, 0, ..., 0, didady, )
—m 56 12777 18 7
50" 753

we have
(’71432 2;374132) (dy,dz,ds3)

07d17d2;07~'707 7d3707 EE) 07d1d37 07 vadld?n OadeSa 07 Oa
=m ! dads, 0o O dydydy, O, oo 0. dydyds, 0,0 0 ) (334)
— a2 37257"'7347 142 3736’”.’487_ 142 33507'

"53
(3.33) and (3.34) imply that

((73142 - ’73412) - (71432 — ’74132)) (d1>d2)
23 1 23

. ( g),dl,g,...,QOO, —dg,dg,—d2,d2,205, ...,:94, —d1d2,?%, ey 0, ) (3.35)

d1d27 481’ 405a 7d1d27 407a 498’ d1d27 500a ey 503
(3.32) and (3.35) imply that

((72314 - 72341) - (72143 - W2413)> -
23 1 23
. . . (d)
((’73142 — 73412) - (’71432 — 74132))
23 1 23

:m(O,..., 0,d,0,-d,d,~d,d,0,0,—d,0,0,d,0,0,-d,0,..., o).
1 34 36 41 42 44" 45 47 48 50 53
(6) Since

Y2431 (d1, do, ds, d4)

(3.36)

]9)’ EE) 2(217d1d3d47 d2d3d47 0 ) "'74%a d1d2d3d4vgv HaS) 503

. ( dl,dg,dg,d4,d1d2,d1d3,d1d4,g,g,d3d4,91,102,d1d2d3,104, o 1077 dydady, )
27

and

Yoa13 (d1,d2, ds, dy)

dy,da,d3,dy,d1d2,0,d1dy,0,0,dsdy, 0,d1dads, 0, ..., 0,d1dady,
-m 0. 0. dydsds, 0. dodsds, 0. 0 dydadstly, 0. 0 ’
197"'a237 1434, Y, 4243 4,277"'7397 14243 4741a"'75
we have

<72431 ;4 72413) (dy,dz,ds3)

—m( (1)7d1797d2797d37(7)7"‘71017_d1d37d1d3a917"'7 037 )

2 3.37
—dzds,d2d3,206,---,3%, —d1d2d3,d1d2d37g,-~-7% (3:37)

Since

Y2314 (d1,d2, ds3, dy)
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d17d27d3ad47d1d27d1d3,07 (X3} 0;d1d2d37070703d1d2d43 07"'7 Oadld3d47
-m 0, 0 ddadsds, 0, .., 0 R
95’ 7 37’ 1a42a3 4u397"'753

and

V2134 (d1,dz, d3, dy)
_ ( dl,d27d3,d4,d1d2,g,-~-,1017d1d2d37103,---7106,dld2d4’ )

Q5. 0, di1dadsdy, 9., O

we have

<72314 ;1’72134> (d1,d2,d3)

—m ( 97d1797d279ad3797 ey 07_d1d37d1d37 01 "'72017d2d37

11 14 . (3.38)
2037"'7?957 _d1d2d37:97ad1d2d353097'“a593 >

(3.37) and (3.38) imply that

((72431 - 72413) — <72314 — 72134)) (dy,dz)
24 1 24

. ( (1)7d1,9, ...,201, —d2,2037 —dg,d2,206, ...,?g7d1d2,:97, —dyda, ) .
309a _d1d2ad1d2a4027"'7503

(3.39)

Since

Yaz12 (di, dz, d3, dy)
d1,dz,ds,dy,0,d1ds, d1dy, d2ds, dady, d3dy, 0, ..., 0, d1dads, 0, ..., 0,
=m 5 11 13 15 18
didady, 0,...,0,dydsdy, 0, ..., 0,dadsdy, 0, ..., 0,dydadzds, O
20 24 26 29 31 51 53

and

Ya132 (d1,dz, ds3, dy)
< dy,dg,ds,ds,0,0,d1dys, dods, dads, dzds, didads, 0, ..., 0, didads, )
—m 56 1277718 ’

2%7 cey 203a d1d3d472%7 ) 2097d2d3d47301a ) 4987 d1d2d3d47 5%7 cey 503

we have
(74312 ;74132> (d1,d2,d3)
—m < (1)ad1a97d27(5)ad379a ) 1%7 _dld?n 1025 1937d1d37 1(?5) s 0, )

23
*d2d37 d2d37 206’ ey 4087 7d1d2d3a 5007 5917 d1d2d37 503

(3.40)

Since

Y3142 (d1, dz2, d3, dy)
—m < d17d2; d3a d47(5)a d1d379? d2d3a d2d47 1%) (23} 103a dld2d3a 0) d1d2d47 107a <eey 2017 )

d1d3d47 2037 EE) 2077 d2d3d47 2097 "'7402a d1d2d3d474817 aS) 503
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and
Y1342 (d1, dz, d3, dy)
< d17 d27 d37 d47 ga

=m

we have

(’73142 ’71342) (dl y do y ds)

:m( 97d1797d27(5)7d3a97~70 d1d3;102710 d1d3;07
2037"'7:927 _d1d2d373 ) 74027d d2d37

(3.40) and (3.41) imply that

((74312 ;74132) - (73142 - 71342)) (dy,d2)

0.d1,0. ey 0,2, ), ~da,da, 0, e, O iz,
=m| ! ddO 0,—dyd 0032dd 0
—u1 27447"' 48 1 2750 517 1 2753

(3.39) and (3.42) imply that

((72431 72413) T (72314?472134)) -
. (d)

< 74312 - ’74132 Y3142 ;71342 )
(7 d70a07d70a7d70a
34"35 37 39
(7) Slnce
Y3124 (dh do, ds, d4)

d17d2ad37d470ad1d3a07d2d3a05
-m 5 d d7d 0 9
203 4;287"'7

and
Y3142 (d1, d2, d3, dyg)
dy,ds,ds,dy,0,dyds,0,dads, dady, O, ...,
:"‘< d1d35d4, 0,...7, 0, dodsdy, 50
23" 27 29

we have

<73124 3—1 73142) (d1,da,d3)

( d27(2)7d1797 g; d 1(2)7 0 —dgdg, 0

-m d1d2d3, —d1d2d37

7"7

41

Since
Y3241 (d1,d2, d3, dy)

..,Q,dgdg,d2d4, 100, dydsds, 1O27 e
dad3dy, 0,0,0,0,d1dadzdy, :91, e

—d,d, 0.,d, 0, ...,
42 44

) 1037 dld2d3a 1%
491, d1d2d3d47 4035 e

]%7 d1d2d37 Oa d1d2d4a :977 ]
492’ d1d2d3d47 4(217 LEX3} 503

2%7d1d37
0
53

1055 d1d2d47 107a ey 2077 )
0 )

53

-y 0, dods,
2 ) . (3.41)

0,
4 (3.42)
0,d,0,0 do) (3.43)
48 50 51

~-~7201a d1d3d4a 2%7 ) 206, >
0

—dyds,
> L (3.44)



HIGHER-DIMENSIONAL GENERAL JACOBI IDENTITIES I 83

( dy, 2, d3, dg, did3, did3, d1ds, d2ds, 0, ..., 0, didads, O, 0, didady, )
=m
1%7 ey 202>d1d3d47 2(213 ey 206’ d2d3d47 2087 "‘7&7 d1d2d3d474967 ey 5%

and

Y3421 (dh do, ds, d4)
dy,dy,d3,dy,dyds, d1d3, didy, dads, dady, 0, ..., 0,d1d2ds, 0, ..., 0,
=0 dds. 0.0, dydsds, O 0. dodsdy. 0. 0. dydodsdy. 0.0 )
142 4721a , w13 lg, 7"'a277 20304, ’“.’467 128304, 7~--753

24 29 48
we have
<73241 3*1 ’Y3421> (dl, da, d3)
—m ( d27 (2)7 dla 97 ey (8)’ 7d3a 100, ey 1(,)73 d2dSa 109’ 7d2d37 201a cey 206’ ) (345)
dld?n _d1d37 2%7 cey 4(21; d1d2d37 496’ _d1d2d37 498’ ) 5%

(3.44) and (3.45) imply that

<(’Y3124 — ’73142) - (73241 — 73421)) (dl, dz)
31 1 31

—m ( 97(2)7d1597"'7105a 7d2ap777d27]%ad272q, "'54917 )

d1d27 _d1d27£11 _d1d27‘967 dld27g7 75(?3

(3.46)

Since

Y1243 (d1, d2, d3, ds)
' < d17d23 d37 d47gv ) 8’ d?f)jél’ 1017 "'72%a d1d3d47 2027 (X3} 2055 d2d3d47207a EE) ?%7 )

d1d2d3d4a %7 (a3} 59’)

and

Y1423 (d1,d2, d3, dg)
. ( dl,dg,dg,d4,g, ...,g,d2d4,d3d4, 05y 105,d1d2d4, 107, ...,%,d1d3d4, >

2027 “.,208’ d2d3d47 3%7 "'7?93a d1d2d3d47?957 B3 503

we have
<71243 3—1 ’71423) (d1,ds,ds)
m ( d2797d1727 "'727 _d37 1(2)5 ey 105a _d2d3a 1077 sty 2%7 dld?n )

2()7,208, —dldg,?%,dldgdg,gg,%, —dldgdg,s%, ,5(2))

(3.47)

Since

V2413 (d1,d2, d3, dy)
_ m( d1,d27d3,d4,d1d2,g,d1d4,g7g,d3d4,1017dld2d3,%7~-~7107, dydady, )

1097 "'72%a d1d3d47 07d2d3d472(,)7a B ?%7d1d2d3d4a87 (a3} 503
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and

Yaz13 (d1, d2, d3, ds)
d17d27d31d47d1d2707d1d4707d2d47d3d47 07d1d2d37 07 [RX) 07d1d2d47
-m 0,0 0, dydsda, O, o 0, dadsds, O, 0, dydadydy, 0,onny O ’
o1’ 7 95’ 163 4,25’-”’287 2043 47305"'549a 10263 4)517"'753

we have
(’72413 3—1 ’Y4213) (dy,da,ds3)

—m ( d25 (2)7d1a 9) "'7(8)7 7d37 100’ ) 1077 d2d37 109’ 7d2d3; 2017 ) 2057d10d37 > (3 48)

0.0, ~dids, 0. 0 didads, 0, ..., O, ~didads, 0.,

(3.47) and (3.48) imply that

((71243 — 71423) - (’72413 - 74213)) (dy,d2)
31 1 31

:m< (1)7(2)ad1797"'71057_d27977 _d271097d2a2017"'73%7d1d2a3027:%5 _d1d27 > . (349)

?95, '“v:%a _dldQ; 4917 "'7g7d1d27gv 8] 503

(3.46) and (3.49) imply that

((73124 3—1 73142) Y (73241 3—1 73421)) —
. . . (d)
((71243 - 71423) - <’)’2413 - 74213))
31 1 31

( 0,..,0,-d,0,0,d,0,....0,d,0,d,—d, 0,—d, 0,d, )
=m 1 30 32 33 35 39 41 44

0,0,-d.0,....0
48" 49 51777 53
(8) Since
Y3241 (d17d27d3,d4)
:m< Clhdz,ds,d47d1d27d1d3>d1d4,d2d3,g>--~71047 d1d2d3;1%a 1077d1d2d4> )

Oa ey 2027d1d3d47 2917 ey 2067 d2d3d4a 2087 "'7404a d1d2d3d47406a Tty 0

19 53

and

Y3214 (d1, da, d3, dy)
d13d27d37d4ad1d23dldBaOadeSaOa ey Oad1d2d3aoadld2d47 Oa tey 07
-m dydsdy, 0., 0. dydsds, 0. 0. dydadsda, 0, 0]
143 47237"'7267 203 47287"'7437 14243 47457'“753

we have
(’73241 ;73214> (d1,d2,d3)
. ( (1),d2,d1,(2, ""g’d?”g’ - 1%, —dods, dads, 1097 ...,2017 —dyds, d1d3, ) . (351)

2917 "'74%7 7d1d2d37d1d2d37406a 3] 5%
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Since

Y3412 (d1, d2, d3, dyg)
m ( dldead37d47(5)7d1d37d1d47d2d3;d2d4; 907 cey 1037d1d2d37 105a B 987dld2d47 )

2007 ey 2027dld3d47 2041 ooy 2077 d2d3d47 2097 "‘7‘837 d1d2d3d47977 ey 5%

and

Y3142 (d1, d2, d3, dyg)
:m< d17d2ad3;ld4;%d1d3,9,d26237dd2dd47100,...,g,ddlddildz 0,d1d2d4,977...,201, ) ,
143 472037“'72077 203 472097“%‘927 1a2a3 474(217“'7503

we have

<’Y3412 ;73142> (dl, dz, d3)

Oaandhov "'70ad370a EE) 077d2d37 05 07d2d37 05 07

= Ly, duds, 0.y 0 —drdads, 0, 0. dydads, 0. e O (3:52)
—a1a3, 01 37247'“7427_ 142 37447457 142 37477“'753

(3.51) and (3.52) imply that

_ _ _ di. d

<<73241 3 73214) ) (73412 3 73142))( 1,d2)

m (1)7(2)7(11797"'71057d27_d27d27_d272007"'74027d1d27_d1d27 (3 53)

dids, —dids, 0, ..., 0 ‘ ‘
47 53

Since

V2413 (d1,d2, d3, dy)
( dy,da,d3,dy,d1d2,0,d1ds,0,0,d3dy, 0,d1dads, 0, ..., 0,ddady, )
—m 6 8’9 11 13" 17

Q- 0, did3ds, 0, d2d3dy, 9, ..., O, didadsdy, O, ...,

and

Y2143 (d1, d2, d3, dy)
< d17d2;d3ad47d1d2707"'7Oad3d4aoad1d2d37 07"'7 07d1d2d47070a0a )
—m 679 1377 16 ’

didsdy, 9., 0, d2dsds, 0, ..., 0, didadsdy, ... O

we have

(’72413 3—2 72143) (d1,d2,d3)

:m( (1)ad2’d1727"'agad?ﬂ(g)a"'a1067_d2d37d2d37109a2%7 _dld?n )

0:0,dids, 0., 0. —drdads, 0, 0 didads, 0.,

(3.54)

Since

Ya123 (d1,d2, ds3, dy)
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—m < dladQ;d37d47%7(G)ad10d4£ig;ldc2ld4;)d3d470101;l“'c; %3Z1d3d4a200(7)"'72037d1d3d4a )
95’ 7 98’ 203 47307"'3477 1a203 47497'”753

and
Y1423 (d1,dz, d3, dy)
—m ( d17d27d3ad4703 O d2d4;d3d4a 07 "71057d1d2d47107, ~-~,2%,d1d3d4, )

11
Qs 208 d2d3d473 ; 7303 d1d2d3d47?95,-~,5%

)

we have

(74123 3;71423> (di,d2,d3)

—m ( 0 andlvoa O d37ga ey 1057 7d2d37 97, 108’d2d37200, 7d1d37 ) (3 55)

37 dld?n 5’ '7?93’ _d1d2d3a:?5’"'74(,)77dld2d37£97'“a 0

"2 53

(3.54) and (3.55) imply that

((72413 — 72143) - (’)’4123 - 71423)) (dy,d2)
32 1 32

m ( (1)a 9) dla 97 ey 1057d2) _d2a d27 _d27 2%7 "'75937 d1d27 3%75967 _dlan > . (3 56)

0.0.dids, 0., 0, —dads, 0.,

(3.53) and (3.56) imply that

((73241 — ’73214) . (73412 - 73142
32 1

(<’)’2413 - 72143) (74123 - 71423
32 1

:m(o,...,o,—d,o,o,d,mo, 0y d—d,d,~d, 0,d, 0. 0). (3.57)
1 33 35 36 38 39 1 2 53

(9) Since
Y3412 (dl,d2,d3,d4)
. ( dl,d2,d37d4,97d1d37d1d4,d2d3,d2d4, 1%7 ...,103,d1d2d3,105, vy 1087d1d2d47 >

29)’ B 2027d1d3d47 2(217 EE3) 2077 d2d3d47 2097 "'7405a d1d2d3d474(,)7a 3] 593

and
V3421 (d17d2,d3,d4)
dy,da,ds,dy,dids, d1ds, didy, dads, dody, 0, ..., 0,d1dods, 0, ..., 0,
- m 10 14 16 19
( d1d2d4,201,202,d1d3d4,%, ...,2077 d2d3d4,2%, ...,g,d1d2d3d4,%, ,503 ) ’
we have

(’73412 ;73421> (d1,d2,d3)

:m< 0,0, dv, da, =ds,0, ., 0, drds, —drds, 0, ..., 0, dods, —dads, ) (3.58)

2017 "'74057 d1d2d3a 7d1d2d37408a ) 5%
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Since

Y3124 (d1, dz2, d3, dy)
—m < d17d27d3ad47gadld3795d2d3a85 EE) gvdldef)’a 1057 "'7201ad1d3d452037 "'72067 >
d2d3d4,2%,-~-7E,d1d2d3d47g,~-~7%

and

V3214 (d1, d2, ds, ds)

dlad27d37d4ad1d2ad1d3aoad2d3aoa (3 07d1d2d3a07d1d2d47 07 ceey 07
-m dvdd, 0, O, dodsda, 0s oo 0, drdadads, 0, 0
143 47237"'7267 203 47287“"437 1w2063 47457“'753

we have

(’73124 ; ’73214) (dh dz, ds)

:m< 97(2)’d17d277d37(6)7...7%ad1d35*dldS;Pﬁv *d2d3a 07"'7 07 ) (359)

18 41
d1d2d37 B))v _d1d2d31 4057 seey 503

(3.58) and (3.59) imply that

((73412 — ’Y3421> - <73124 — 73214)) (d1,da)
34 1 34

(1)7(2)7 dlvgv (I3} 106’ d27 %7(127 _d27 2017 4917 _d1d274037d1d27 )

=m
< gadld27_dld2ag7"'7%

(3.60)

Since

Va123 (d1,dz, d3, dy)
< dy,ds,ds,ds,0,0,d1dy,0,dody,dsdy, 0, ..., 0,didody, 0, ..., 0,didsdy, >
—m 56 8 17718 20" 23

2057 (X3} 208’ d2d3d4a ZQJ’ ...,E,d1d2d3d4,g, 7%

and

Ya213 (d1, da, d3, dy)
( d1,dg,dg,d4,d1d2,0,d1d4,0,d2d4,d3d4,0,d1d2d3,103,...,g,d1d2d4, )
=m I

2017 (X3} 2035 d1d3d472qr)a EE) 2087d2d3d47?935 EE) 4(?97 d1d2d3d4a 5917 (a3} 503

we have

(74123 ;74213> (dy,da,ds3)

—m < 97ga d17d2; _d37 27 sty 101a _d1d37 1%7 ) 108, d2d3a _d2d37 > .

2017 "'74973 d1d2d3; 499’ 7d1d2d3; 501’ as) 593

(3.61)

Since

Y1243 (d1, da, d3, dy)
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:m< i, da,d3, 0,0, 0 dyda, 0.y O didsdi, 0, O dodsda, 0, . 0, )

d1d2d3d4a ?927 ceey 5%
and

Vo143 (d1, d2, d3, dy)
—m ( dl;andl;a 247ddlc(l)2agv~~(~)7%(Z3(i;>0(;d1d2337£%&“; gﬁad(l)d2d430987“'7 07 > ,
143 47227”-7257 203 47273"'7367 14243 4’387“.753

we have
(71243 3—;72143) (dy,dz,ds3)

—m < (1)3 97d17 d27 _d37(6)7 ey 1017 _d1d37 1033 ooy 1067 _d2d37 )

B (3.62)
'73%adld2d3a§]27"'73067 dld2d37308a"'7593

(3.61) and (3.62) imply that

((74123 — 74213) - <71243 — 72143)) (dy,d2)
34 1 34

—m ( (1)797(11797 ceey 106’d2’ 1087d2’ _d2a2017 "'73007 _d1d27£92a ey 07 ) . (363)

didy, 0, 0, drds, 0, —drds, 0, ..., O

(3.60) and (3.63) imply that

V3412 — 73421) 1 (73124 - 73214))
<<V4123 - 74213) 1 (71243 - 72143))

7 a "a?%v_d:?s . 41 52))7 a457
=m dddOdO 0 : (3.64)

(10) Since
Ya132 (d1,dz, d3, dy)
( dy,ds,ds,ds,0,0,d1dy, dads, dody, dsdy, d1dads, 0, ..., 0, didady, >
—m 56 12" 777 18

2(2)7 EE) 2037d1d3d47 2053 EE3) 2097 d2d3d47 ?917 “"498’ dld2d3d475%7 8] 503

and

Ya123 (d1,dz, d3, dy)
B m( d17d2,d3,d47g,(g,d1d4,g,d2d4,d3d4’1017~-~7108,d1d2d4,2%7 ---7(2)§d1d3d4’ )
2057 "'72087 d2d3d4a 39)7 "'7407) d1d2d3d47ga ) 593

9

we have

<’Y4132 :1 ’Y4123> (d1, do, d3)
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10 12 28

0w 0, —didady, didads, 0., O

d>,0,0,dy,0,...,0,ds,0, ..., 0,dads, 0, ..., 0, —dyds, dyds,
=m 2730 s T T . (3.65)
31

Since
V4321 (dl,dz,ds,d4)
di,do,ds,dy,d1ds, d1ds, d1dy, dods, dody, dsdy, 0, ..., 0,d1dads, 0, ..., 0,
:‘“< dvdyds, 0,y 0, dydsda, 0oy O, dadads, 0, 0, drdadady )
21" 724 26" 7 29 317 52
and
Y4231 (d1,d27d3,d4)
. < dl,dg,d3,d4,dldg,d1d3,d1d4,O,d2d4,d3d4,0,0,d1d2d3,1(1, ...,109, >
d1d2d4,201, ...,%,d1d3d4,206, ...,208,d2d3d4,3%, ...,%,d1d2d3d4,075% ’

we have

<’Y4321 :1 ’)’4231) (dy,dz,ds)

dz,0,0,d1,0,...,0,ds,0, ..., 0, —dads, 0,dzds, 0, ..., 0,
-m L i duds, 0 0 dydods, 0. dydydy
—a1d3, 01 3;317"'750)_ 142 3752) 12043

(3.65) and (3.66) imply that

((74132 - “/4123) - (74321 - 74231)) (dq,d2)
41 1 41

0,..,0,d1,0,.... 0,do, 0,d, 0, —dg, 0,.... 0,
=-m 1 3 5 10 12 14 16 47 .
_d1d27 d1d27 5%) dlan 5927 _dldQ

(3.66)

(3.67)
Since

Y1324 (d1, d2, d3, dy)

. ( d1,d2,d3,d4,g,g,g,dgdg,g, l%,d1d2d3, 102, ...,%,d2d3d4,208, ...,?91, )

d1d2d3d4a?9)’7"'75%
and
Y1234 (d1,dz,d3,ds) =m (d1,d27d37d47(5)> 7503) ;

we have

(71324 :1 71234) (dy,d2,ds)

m ( d2797g7d1797 "'79ad3797 1005d2d37 1027 "'72%7 > (368)

dldSa 987 "'7?913 dld2d3; ?%7 ceey 593

Since

Y3214 (d1,da, ds3, dy)

m ( d17d23d37d47d1d2;d1d3397d2d37(9)7 cey 1(213 d1d2d3507d1d2d47 108’ "'32017 >

d1d3d47 203a ) 2067 d2d3d47 208, "‘7237 d1d2d3d474957 ) 5%
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and
Y2314 (dl,dQ,ds,dz;)
< dl,d27d37d4,d1d2,d1d3,0, ceey O7d1d2d3,070707d1d2d4, 0,...7 O7d1d3d4, )
-m 7 12 18 21

203a ey :977 d1d2d3d4a :997 7593

)

we have

(73214 ; 72314) (d1,d2,d3)

m < d2a (2)’ g7dla (5)’ B (7)7d3a 97 () 102a _d2d3a 917d2d37 106’ B 2%7 dld?n ) . (369)

208’ "'7977 7d1d2d3; 199’ "'74037d1d2d37£53 HAS) 593

(3.68) and (3.69) imply that

<<71324 - ’)’1234) - (’73214 ; 72314)) (dy,d2)

1
. 0, Odl,(g, 0,dz, 0,dz, 0, —da, 0., 0, dida, -
0w dldg, ,...,0,—d1d2,o,...,o ' '
33 43 45 53

(3.67) and (3.70) 1mply that

(o) o)) .

( ”)’1324*71234 - 7321472314))
1 41
_m<o,...,0,—d,0,...,0,—d,0,...,o,d,o,...,0,—d,d,o,d,0,—d>. (3.71)
1 31 33 37 39 43" 45 47 50 52" 53

(11) Since
Y4213 (d1,d2,d3,d4)
dy,da,ds,dy,dids,0,d1dy,0,dody, dsdy, 0,d1dads, 0, ..., 0,didady,
—m 6 8 11 13 19
< .,%,d1d3d4,2%, ...,%,d2d3d4,?%, ...,g,d1d2d3d4,é)1, ,93 )

21’
and
Ya231 (d1,dz, d3, dy)
( d17d2,d37d47d1d27d1d37d1d470 dady, dsdy, 0 0 ,didads, 0 ,---,109, )
d1d2d4; 07 2(21 d1d3d47 206’ 208 d2d3d47 3007 590 d1d2d3d4a 5027 503

we have

(74213 :2%231) (dy,d2,ds)

m < 97d2797d17 97 _d37(7)7 sty 1013 d2d3a _d2d3; 1047 ) 2%7 >

dldSa 7d1d3, 206’ ceey 99, d1d2d3, 7d15(1iQd3, 0’ 0 (372)

Since
Y132 (d1,d2, d3, dyg)
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( dladQ,d3ad47OaOadld4ad2d33d2d4ad3d4adld2d3a Oa"'a Oadld2d4a >
=m 56 12 18

2007 ey 2%>d1d3d47 2%3 ey 2%7 d2d3d47 3017 "‘7%7 d1d2d3d475907 ey 5%

and
vaz12 (di, da, ds, ds)
( dy,ds,ds,dy,0,dyds,d1dy, dads, dody, d3dy, 0, ..., 0,dydods, 0, ..., 0, )
m 17713 157718 )

d1d2d4a 2%7 ceey 204a d1d3d4a 2067 ey 2097d2d3d4a?())13 ey 5017d1d2d3d4a 593

we have

(74132 :2 74312) (dy,d2,ds3)

m < 97d2797d1597 _d3797 (X33} %ad2d3a 1027 1(:)37 _d2d37 105a "'a2037d1d37 > . (373)

*dld?)a 2067 (X3} 498, d1d2d37 5(2)’ 5017 7d1d2d37 503

(3.72) and (3.73) imply that

((74213 - 74231) . <74132 - 74312)) (dl,d2)
42 42

1
_ m( (1)7"'7g7d1797"'71005_d27d2a_d2ad27187"'74087_d1d27 >

dvda, —dyds, dida, 503

(3.74)

Since

v2134 (d1,d2, ds, ds)
. ( dl,dg,dg,d4,d1d2,(g,...,101,d1d2d3, 0, ...,106,d1d2d4, >

13
0w 0, drdadydy, 0., O

18’
and
V2314 (d1,d2,d3,d4)
dyi,ds,ds,dy,d1ds,d1ds, 0, ..., 0,d1dads,0,0,0,d1dady, O, ..., 0,d1dsdy,
-m 7 12 18 21
( 0, ...,?97, dydadsdy, O""’5O3 ) ’

23 39
we have
(72134 :2 ’)’2314) (dv,d2,ds)
(MR )
2%7 ey 35)57 d1d2d37 07 _d1d2d3a 3097 ey 593
Since

Y1324 (d1, d2, d3, dy)
—m ( dla d?a d37d4a 97979a d2d378a 1%7dld2d37 1027 [IX3) 2067 d2d3d4a 07 073%a )

07 d1d2d3d47 ?%a ) 593



92 H. NISHIMURA

and

Y3124 (dh da, d3, d4)

—m ( d17d2a d3a d4797 dld?n(;a d2d37 85 ceey 1037d1d2d37 1055 "'7201a d1d3d4a 2(:)37 cey 206’ )
d2d3d4a 987 "'7[83 d1d2d3d472)’3 ) 5%
we have
(71324 ; 73124) (di,d2,d3)
—m ( (1)7d23 97d13 93 7d3a 97 ey 19)3 d2d37 Oa Oa 7d2d37 1053 ey 2017 ) (3 76)
_d1d372%7 ) 3017d1d2d373033 "'a4917 _d1d2d3a4837 cey E%

(3.75) and (3.76) imply that

((72134 :2 ’72314) 1 (71324 - 73124)) (dla dz)

07"'707d150 a_d25d27_d27d270a"'a07_d1d2703"'507
w0, 0 b, 0 | BT
142, Y, —d1 2;397"'7417 1 2;437"'753

(3.74) and (3.77) imply that

( Y4213 - %231) T (74132 :2 74312)) -
(d)

( Y2134 —72314 — | 71324 — Y3124 )
1 42

m (0, .. ,O,fd,(),d,(),...,(),fd,0,...,0,7d,d,fd,d,0). (3.78)
1 35 39 41 43 48 53

(1 )Slnce
Vazz21 (d1,dz, d3, dy)
dy,dz,d3,dy,d1ds,d1d3, didy, dads, dady, d3dy, 0, ..., 0,d1dads, 0, ..., 0,
-m dydods, 0., 0. dydsdy, O 0 dodsdy. 0. . 0. dydodsdy
142 45217"'7247 143 45267"'7297 2W3 4731a"'7527 126304
and
vaz12 (di, da, ds, ds)
( dy,da,ds,dy,0,d1ds, dida, dads, dady, dsdy, O, ..., 0,didads, 0, ..., 0, >
—m 5 177713 15 7

18
d1d2d47 2%7 (23} 2917 d1d3d4a 2067 ) 2097 d2d3d47 3917 HES) 5017 d1d2d3d47 503

we have
<74321 Z))’Msu) (di,d2,d3)
( (1)7(2)7d27d17d37(6)7 ceey 1037 _d2d37d2d37 1067 ERE) 1087 _d1d37d1d37 > .

201, e 591’ —dydads, didads

=m (3.79)

Since
Ya213 (d1, dz, d3, dy)
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13

( dl,dg,dg,d4,d1d2,(6),d1d4,(8),d2d4,d3d4,101,d1d2d3, 0,...,109,dld2d4, )
=m
2017 ey 2%>d1d3d47 2%3 ey 208’ d2d3d47 3%7 "‘7%7 d1d2d3d475917 ey 5%

Yya123 (di, d2, ds, d4)
dy,ds,ds,ds,0,0,d1dy,0,0,dsds, dsdy, 0, ..., 0,dydady, 0, ...,0,d1d3dy,
m 11777 18 2007 53 7

2057 “',2087 d2d3d4a ?9)7 "'7[97a dld2d3d4a4%a EES) 593

we have
(%213 :3 74123) (dy,ds,ds)

—m (1)a(2)7d27d17d3797"',101ad2d371037"',108a _d1d37d1d372017'“7 Oa (3 80)
_d1d2d37409ad1d2d335017"'7 0 - .

53

(3.79) and (3.80) imply that

((74321 - 74312) - (74213 - 74123)) (dl,d2)
43 43

1
—m (1)7"'7g7d1797"'71017_d2707_d27d2a1067"'7497ad1d2a4097 (3 81)
~dida, 0, ~drd, dad - @

Since

Y3214 (d1, dz, d3, dyg)
:m< d17d2ad37d47d1d21d1d3307d2d3787"'7104a d1d2d3307d1d2d471083"'52017 >

d1d3d47 2033 ) 206’ d2d3d47 208’ "'7‘937 d1d2d3d47‘957 ) 5%

and
Y3124 (d1, dz, d3, dyg)
—m < d17d2; d3a d4797 dld?n(,;a d2d37 8’ ceey 1037d1d2d37 1(?5) "'7201a dld3d4a 2037 (X33} 07 ) ’

d2d3d4a 987 "'7[8-3 d1d2d3d472))’ ) 503

we have
(73214 ; “/3124) (d1,dg,d3)
m ( (1)7(2)7d27d17d37g7 ) 1%7 _d2d37d2d3703d1d37 > .

07 "'737 _d1d2d37 Oa d1d2d3a4057 ey 593

(3.82)
18

Since

Vo134 (d1, d2, d3, dy)
—m < d17d27d3ad47d1d2,97 (X2} 101)d1d2d37 103a ey 1067dld2d47 )

108’ EE) 3057 d1d2d3d4a ?977 (a3} 59’)
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and
Y1234 (dh d27d37d4) =m (dla d27 d37d47(5)7 ceey E%) )

we have

(72134 ; 71234> (d1,d2,ds3)

—m (9,9,d2,d1,d3,(ﬁ), s 0 dads, 0y 0, dads, O, s O, didads, ), o o) .

ot
w

(3.83)

(3.82) and (3.83) imply that

((73214 - 73124) — (72134 - 71234)) (dv,d2)
43 1 43

—m < (1)7 By gadla ga ey 1017 _d27 0, _d2a d27 1%’ RS 3057 _d1d2a ) .

3077 ) 0 ) _d1d272))7 d1d2a4057 (a3} 503

(3.81) and (3.84) imply that

74321 74312) T (742134?74123)) -
. . (d)
73214 - 73124) " Y2134 - 71234))

(3.84)

19.4,9, 0,d70,—d,O,...,O,d,O,—d,O,—d,d) (3.85)
41 45 47 49 51

(13) By (3.8), (3.15), (3.22), (3.29), (3.36), (3.43), (3.50), (3.57), (3.64), (3.

(3.78) and (3.85), we have

the left-hand side of the equation (3.1)

- (Ad.m (0, o 0,—d, 0,-d, 0,d, 0,00y 0,—d,0,d, 0,0y 0,d, 0,..., 0, fd)>
1 30 32 34 36 38 42 46 48 52

Ad.m O,...,O,d,fd,d,fd,o,...,o,fd,0,...0,d,0,7d,O,...,O,d,O,O)
1 30 35 40 42 44 46 48 50 52 53

/N

~~
>
&
3

o,...,o,d,o,d,—d,o,...,o,d,o,...,0,—d,0,...,o,—d,o,d) i
1 31 33 36 38 40 44 46 50 52

0,..,0,d,0,—d,—d,d, 0,d,0,—d, 0,...,0,~d, 0, ..., 0,d, 0
1 32 34 38 40 42 45 4 51

~~
>
Qu
3

0, 0.d,0,—d,d, —d,d, 0,0,—d,0,0,d,0,0,—d, o,...,o))
1 34 36 41 42 44" 45 47 48 50 53
0

~~
>
S
3
TN TN TN TN TN

()\d.m 000 0=, 0, 0,d,0,~d, 0, ~d,d, 0., 0., 0.d, 0, 0, ~d, ))
1 32 34 37 48 50 51 53
0,00 0,=, 0, 0.4, 0., 0.d, 0,d,~d, 0, ~d, 0.d,
Ad.m 0.0.-d 0.0 +
48 51 53

50,-d,0,0,
33 35736’

d,
( (0,...,0,d,0,...,o
)\dm 1 30 32 36

N
>
Y
3

ey

fo

d,o, .,0

0,
35

0,

49

0.0,~d,0.0.d,~d,d,~d, 0,d, 0. 0))+
9

—d,

0

49 51 53

38
0.y 0,=d, 0,d, 0. d,~d, ~d,
38 +

1),
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31 33 37 39 43

(Adnl(O,n,O,—d,Own,O,—d,0,”,O¢L0,"ﬂ0,—d¢LO,dJL—d>)—+

1 45 47 50 53

(AdnlOL"wO,d,O,",0,—dJLd,OV”,O,fd,O,”,O,—d¢L4d¢LO)>+
1 31 35 39 41 43 48

(AdmlOLHWO,i(LHW0,&0,—&(LHWO,io,—do,—¢d>)
1 35 37 5
00 —d+d—dtd —d+d—d+d.
—d+d+d d, d+d+d dd d “d+d,
—d+d d+d,d— d+d did—d— d+d
—d+d+d dd— d+d dd— d d+d
d-d- d+d ~d+d- M d+d+d d,
d—dodid—d+d—didd—did—d
45 46 47
d—d—d+d—d+d+d—d,—d+d+d—d,
48 49 50
d—d+d—dd—d+d—d—d+d—d+d
51 52 53

= Ad.m

::Adnl(g,“,gg
0

Remark 3.5. For our convenience, we display the positions 31-53 in (3.8),
(3.15), (3.22), (3.29), (3.36), (3.43), (3.50), (3.57), (3.64), (3.71), (3.78) and (3.85)
as a table:

8 9 10 11 12

31/1243 —d
32/1324 —d d —d d
33/1342 —d d d —d

34/1423 —d d d —d

35/1432  d —d —d d

36,2134 —d d —d d
37/2143 d —d d —d

38,/2314 d —d —~d d
39/2341 —d d d —d

40/2413 d —d d —d

41/2431 d —d —d d

42/3124 d —d —d d
43/3142 ~d d —d d

44/3214 —~d d d —d
45/3241 d —d —d d

46/3412 —d d —d d

47/3421 d  —d d —d

48/4123 d —d —d d
49/4132 —d d d —d
50/4213 —d d d —d
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51/4231 d —d d —d
52/4312 d —d d —d
53/4321 —d d —d d
Corollary 3.6. Let M be a microlinear space with
X1,X0, X3, Xy € X(M).
Then, we have
(X1, [X2, [X3, Xul]] + [X1, [X3, [Xa, Xo]]] + [X1, [ Xy, [Xo, Xs]]] +
(X2, [X1, [Xa, Xs]]] + [Xo, [Xs, [X1, Xa]]] 4+ [Xo, [ X4, [X5, Xa]]] +
(X3, [ X1, [Xo, Xul]] + [X3, [Xo, [Xg, Xa]] + [ X5, [ Xy, [X, Xo]]] +
(X4, [ X1, [ X5, Xol]] + [Xa, [Xo, [Xa, Xa]]] + [ X, [ X5, [X2, Xi]]]
=0.
Proof. Let
Y1234 = Xy % X3 % Xo x X1, 71043 = (X Xy % Xp x X7)71%
Y1324 = (X % Xo * X3 * X1)01324 342 = (Xox Xy x Xg ¢ X1)7%2
Y1423 = (X3 % Xo % Xy % X1)7H% 1430 = (Xo % X3 % Xy ¢ Xp)71%2
Vo134 = (Xg * Xz * X1 % Xo) 7 [ yo143 = (X3 % Xy x X1 ¢ Xo) 721
Vo314 = (Xg x X1 % Xgx Xo)7 9341 = (X1 % Xy x X3+ Xp)75
Yoa13 = (X3 % X1 % Xy % Xo) 7" [ ygu31 = (X % X3 % Xy ¢ Xp)72%
Y3124 = (Xg % Xo * Xy * X?,)ad124 s 3142 = (Xo % Xy x X+ X3)7%1%2
Y214 = (Xa* X1 * Xo # X3)7M yz0a1 = (X1 % Xy ¢ Xp + X3)792
Yaa12 = (Xo * X1 * Xy # X3)7*"  y3401 = (X1 % Xp ¢ Xy ¢ X3)720
Ya123 = (X3 % Xo * Xy * X4)04123 cyarse = (Xox X3 % X+ Xy)74%2
Ya213 = (X3 % X1 % Xo * X4)(7 a3 = (X1 % X Xo % Xy) 7%
Yaz12 = (Xo * X1 % X3 % X4)7%"2 [ y4301 = (X1 % Xo % X3 % X)7%
with
1234 1234 1234

1234
01243 = < 1243 ) ;01324 =

;02134 =

)
)
=
IS
@

I

Q
%)
@w
=
IS

Q
[}
w
>~
i
I
7 N7 N7 N N
I
— Do
N W
w
N P N
Q
[\~}
=
e
w
Il
ST N T N T N NN
wW
= N
=
[NCE
N N N N
Q
[}
g
w
=
I
N N7 N NN
=
— Do
w W
N W~
N N N N N
Q
w
=
[\~}
=
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1234 1234 1234
04231 = 4231 ;04312 = 3421 ;04321 = 4321 .

Then, it is easy to see that
(X1, [ X2, [X3, X4]]] =

((71234 - 71243) - (’71342 - 71432)) . ((’72341 72431) - (’73421
12 1 12 1

(X1, [ X, [Xy, Xo]] =

((’Y1342 — 71324 | — <’Yl423 - 71243)) - <<’Y3421 - 73241) - <”Y4231
13 1 13 13 1

[le [X47 [X27X3]

((71423 — 71432

[XQ’ [Xlﬂ [X4’X3]

((72143 — 72134

(X2, [X3, [X1, Xu]]] =

’)’1234 - 71324 ’)’4231 74321 72341

’72431 72341 ’71432 - 71342

((72314 — 72341) 72143 — 72413 73142 — 73412

(X2, [X4, [X3, X1]]]

((72431 72413) T ’72314 - 72134 ’74312 - 74132

o)
7 (o )
(1 )
()

(X3, [X1, [Xo, X4]]] =
((73124 = 3142 (’73241 73421)

[X?n [X2’ [X4,X1] ]
((73241 73214) N <”Y3412 - 73142) - 72413 - 72143
(X3, [ Xy, [X1, X5]]]
<<’YS412 = 73421) <’Y3124 - 73214) - ’)’4123 iy 74213
(10m 5700

[X47 [Xh [X37X2]

’71324 - 71234

(e
(CF
()
(e r0m)
(o)
(e
(s )
(e )

((74132 - 74123) 74321 7’4231

[Xa, [ X, [X0, Xs]]] =

(1 )
(1o 0.
(o 70
(e mse))
(1))
(1o gem))
(2 7))
(1 )

97

)

— 72431)) )
13

73241

’74312 - 73412

71432 — ’Y4132

73142 - 71342

74123 - %423

’71243 - ’72143

73214 - 72314
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(’74132 - 74312)) - ((’72134 - 72314) - (71324 - 73124)) ,
42 42 1 42

= -

(X4, [X3, [ X2, Xi]]] =

((74321 - 74312) - (’)’4213 - 74123)) - ((’)’3214 - 73124) - (72134 - 71234)) .
43 1 43 43 1 43

(1]
2]
(3]

(4]
(5]
[6]

7]
(8]

O
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