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A NOTE ON SOME GENERALIZED CLOSURE AND INTERIOR
OPERATORS IN A TOPOLOGICAL SPACE

ANKIT GUPTA anD RATNA DEV SARMA

Abstract. If X is a topological space and A C X, then the number of distinct sets
that can be obtained from A by using all possible compositions for operators i, ¢y
(where v = o, 7, o, ) introduced by Csdszdr is at the most 25. Explicit expressions
for these sets are provided. An example is provided where all the 25 different sets
are determined. The result is also discussed for special cases such as when the space
is extremally disconnected, resolvable, open-unresolvable, and partition spaces.

1. INTRODUCTION

Kuratowski’s closure complement theorem (also known as 14 set theorem) [11] has
been a guiding source of research not only in topology, but also in various other
fields such as Approximation Theory, Relational algebra, Formal Language, Com-
puter programming [4,5,9,15], etc. Peleg [15], while investigating the transitive
closure of a binary relation, came across several closure operators which do not
satisfy some of the four of Kuratowski’s closure axioms, though their properties
suffice to maintain “closure complement phenomenon”. Similar kind of general-
ized closure operators are generated by the monotonic mappings introduced by
A. Csészar [6]. When several such operators are considered simultaneously and
composed, the study of closure complement phenomenon becomes complicated
and highly interesting. In the present note, we provide our investigations regard-
ing all possible compositions of four such generalized closure operators and their
corresponding interior operators.

Let X be a non empty set and let v : P(X) — P(X) satisfy v(A4) C ~v(B) for
A C B, where P(X) is the power set of X. According to A. Csaszar [6], A C X is
called v-open if A C v(A). The y-open sets of X form a generalized topology [8]
(GT in brief) on X in the sense that (i) ¢ is y-open and (ii) any union of y-open
sets is again y-open. A set is called 7-closed if its complement is y-open. For
A C X, the largest y-open set contained in A is called the v-interior of A and is
denoted by i, (A). Similarly, the smallest y-closed set containing A is called the
~-closure of A and is denoted by ¢, (A).

If X is a topological space and i and ¢ denote the interior and closure operators
respectively, then v = ci, ici, ic and cic give rise to important families of y-open
sets. The corresponding vy-open sets are known as semi-open, a-open, m-open
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and -open sets respectively, in the literature. In [7], A. Csaszar has shown that
in some cases (including the four classical cases mentioned above), the y-interior
i4(A) and the ~y-closure ¢, (A) of A are easily obtained by explicit formulas. In the
present note, we provide explicit formulas arising out of all possible compositions
of different i,’s and c,’s, where v = ci, ici, ic, or cic in the topological framework.
We have found that for A C X, from the possible compositions of i4, %4, ix, ig,
Cas Coy Cr and cg, we get at most 25 different sets. We have provided explicit
expressions of all these sets. We have also provided an example where this bound
is achieved. If the topology satisfies some extra properties such as in an extremally
disconnected space, OU-space and Partition space etc. the upper bound is less
than 25. We have provided a discussion on such particular cases in the paper.
Unlike in Kuratowski’s 14 set theorem, these 25 operators do not form a monoid,
but, rather, a semi-group. Algebraic properties of each of i, c, are investigated
in our paper [17].

2. THE MAIN RESULT

First of all, we provide some definitions and notations:

Definition 2.1. Let (X, 7) be a topological space and A C X. Then, A is
called
(i) semi-open [12] if A C cl(int(A));
(ii) a-open [14] if A C int(cl(int(A)));
(ili) pre-open [13] if A C int(cl(A));
(iv) B-open [1] if A C cl(int(cl(A))).

The complement of a semi-open set is called semi-closed. The largest semi-open
set contained in A is denoted by i,(A). The smallest semi-closed set containing
A is denoted by ¢,(A). Thus, the concept of a semi-open set gives rise to the
operators ¢, and i,. In an analogous way, the concept of an a-open set gives rise
to the operators ¢, and i, the concept of a pre-open set gives rise to the operators
c. and i,, and the concept of a B-open set gives rise to the operators cs and ig.

Theorem 2.2. [7] In a topological space (X, 7) with A C X, we have,

(i) ¢o(A) = AU int(cl(A));

(ii )= Ancl(int(A4));

ii ) = AUcl(int(cl(A)));
v ))z Anint(cl(int(A)));
)

) =
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AnNcl(int(cl(A4))).
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The following result will be used to prove the main theorem:

(i
AU cl(lnt(
(A
(

Lemma 2.3. In a topological space (X, ) with A C X, the following hold:
cl[A Nint(cl(int(A)))] = cl(int(A));
int[A U cl(int(cl(A)))] = int(cl(A));
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cl[ANcl(int(A4))] = (1nt(A));
int[A U int(cl(A))] = int(cl(A));
CI[A N int(el(A))] = ( nt(el(4)));
int[A U cl(int(A))] = int(cl(int(A)));
cl[ANel(int(cl(A4)))] = ( nt(cl(A)));
int[A U int(cl(int(A)))] = int(cl(int(A4)));
CI[A A el(int(4)) N int(cl(4))] = < nt(A));
int[A U int(cl(A)) U cl(int(A))] = int(cl(A));
clel(int(A)) Nint(cl(A))] = (1nt(A)),
int[cl(int(A4)) Uint(cl(A4))] = int(cl(A)).

Proof. Let (X, 7) be a topological space and A C X. Then, cl[ANint(cl(int(A)))]
C cl(A4) N cl(int(cl(int(A)))) C cl(A) Ncl(int(A)) = cl(int(A)). Again, consider
int(A) C A and int(A) C int(cl(int(A))), thus int(A) € ANint(cl(int(A))). Hence,
cl(int(A)) C cl[A Nint(cl(int(A)))]. Therefore, cl[A Nint(cl(int(A)))] = cl(int(A)).
One can prove all the other equalities in an analogous way. O

Now we come to the main result:

Theorem 2.4. Let (X,7) be a topological space and A C X. Then, the total
number of distinct sets that can be obtained from A by repeatedly using the opera-

tors i, cy (where v = o,m, o, ) is at most 25 and there exists a topological space
(X,7) and a set A C X from which all these 25 sets can be realized.

Proof. In a topological space X with A C X, we have
iy 0ly(A) =is(ig(A)) =iy (ANcl(int(A)))
= (AnNcl(int(A4))) Neclfint(A N cl(int(A)))]
= (AnNcl(int(A))) Nclfint(A) Nint(cl(int(A)))]
= (ANcl(int(A4)
= ANcl(int(A))
=i,(A).
We express this by i, 0 i, = i,. In the case of i, and i,, we have
iy 0ir(A) =i, (ANint(cl(A4)))
= (ANint(cl(A4))) Nellint(A Nint(cl(A)))]
= (ANint(cl(A4))) Necllint(A) Nint(int(cl(A4)))]
= Anint(cl(A)) Ncl(int(A)).
We express this by i, 0 i, = ANint(cl(A)) Ncl(int(A)).
We put together similar results by using the following composition tables. For
convenience, we write ¢ and i for cl and int respectively.

From Tables 14, it is clear that so far 21 distinct sets have been realized from
a given set A by the compositions listed in the tables. We enumerate them as
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Table 1
[0 [[io | da | in is |
i || to | ta | ANic(A) Nci(A) | i
e | ta | ta - i
ig | i | in ix is
Table 2
[0l cofcal Cn [ s |
Co || Co | Co | AUIC(A)Uci(A) | ¢
C(,Y C(X C(l( C(,Y C(X
Cr || Ca | Ca Cr Cr
Cg Co | Co Cr Cp
Table 3
Lo ] Co [ < | Cn | cs |
i || [ANcic(A)|Uic(A) | cic ci [ANci(A)] Uici(A)
toy ic ic ici ici
in ic ic | [AUci(A)]Nic(A) | [ANic(A)]Uici(A)
ig i5Co cic | [ANcic(A)]Uci(4) | [ANcic(A)] Uici(A)
Table 4
(o]l 4 [ia] in [ is |
Co || tocp | ici ic 15Co
Co ci ci cic cic
cr || e || [ANic(A)]Uci(A) | iger
(&%} iUCg ici i,ng i505

follows. For our convenience we avoid writing A, that is, i,(A) is written as
simply ¢, and so on.

1 :=ici, 2 :=ci, 3 :=ic,
4 := cic, 5:i=1q, 6 :=1,,
T =g, 8 :=1g, 9 :=cq,
10 := ¢, 11 :=¢,, 12 := ¢g,

13 :=iyir = ANic(A) Nci(4), 14 :=i,c, = [ANcic(A)] Uic(A4),
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15 :=i,cg = [ANci(A)| Uici(A), 16 :=ircr = [AUCci(A)] Nic(A),
17 :=ircg = [ANic(A)| Uici(A4), 18 :=iger = [ANcic(A)] Uci(A4),
19 :=igeg = [ANcic(A)] Uici(4), 20 := cycr = AUIc(A) Uci(4),
21 := cpir = [ANic(A)] Uci(A).

Now the question is: How many more new sets can we further obtain? Our
investigation shows that at most 4 more new sets can be obtained by composing
the above operators further. They are

22 :=iyizcy = ci(A) Nic(A),
23 := cyCriy = ci(A) Uic(A),
24 1= iycocr = [ANcic(A)] Uci(A4) Uic(A),
25 :=igizcg = [ANci(A) Nic(A)] Uici(A).

In the final exhaustive table, we show that these 25 sets are all the possible sets
that can be obtained by using the operators i, %, ix, i3, Ca, Cs, Cxr and cg.
For our convenience, we use only the numerals to represent a set in the table. For
example, 1,2 and 3 represent ici(A), ci(A)and ic(A), respectively as they have been
listed above. Verification of the calculations involved in preparing the composition
table is not much difficult (it is based on Lemma 2.3, the above tables and the
Kuratowski’s closure-complement theorem) and is left to the reader. The authors
have also verified the associativity of the compositions using “Light’s associativity
test” [3].

Table 5
o [1]2[3[4[5][ 678910111213 14151617 [18]19]20]21[22][23]24]25]
1 1/1(3|3|1]1 1 1131 3 1 1 3 1 1 1 1 1 3 1 1 313 1
2121244222242 |4|2|2|4 22222422 |4|4]2
3|f1y1{3(3(1}1}13(3(3{3[3|3|1|3/1]13[3[3[3|3|3|13|3]1
4121241412244 144442424 |4 |44 ]4]4]|2|4]|4]|2
501113355 |55 (3|1(3|]1|5|3|1]1(1|1]1]3|1|13|3]1
6 |112(3[4|5]6 |13]6 |4] 2 |14]|15|13|14|15|22|25| 2 |15|24| 2 |22|23|24]25
7TN111|3|3|5|5 | 7|7 |3|16|3|17|5 |3 |1 |16|17|16|17|3 |16 1|3 |3 |1
8111123456 | 7|8 [4(18[14]|19|13|14|15|16 |17 |18 |19|24 |21 |22 |23 (2425
9121244224149 9]9]|9 |2 |42 ]|4[4]|4[4]|]9|4|2|4|4]2
101221414122 (21|18]9]|10| 9 10| 2 |4 |2 |21]|21|18|18| 9 (212 |4 ]| 4|2
1112341153 |14|9]|20 |11 |11 |25(14 (15| 3 | 3 |24 |14 |20|23|22|23|24|25
121234115 (17|19|9|10 |11 12|25 (1415|116 |17 |18 19|20 |21 |22|23|24 |25
1311|3355 |13]13]3]|22|3 25|53 112212512225 3 22| 1 313 1
1412341153 |14|4]|24 |14 |14 |25(14 15| 3 | 3 |24 |14 |24 |23|22|23|24|25
1511234115 (25|15|4| 2 |14 15|25 (1415|2225 2 |15 (24| 2 |22]23|24 |25
6113|311 (1616|316 3 |16]| 1 3 1161616 16| 3 |16| 1 3 3 1
7{1(13|3|1|1 (17173 |16|3 |17 1 |3 |1 |16(17|16|17| 3 |16 1 |3 |3 |1
1822|4422 (2118|418 4 |18 2 |4 |2 [21]|21|18|18| 4 (212 |4 ]| 4|2
191234115 (17|19|4|18 |14 19|25 (1415|116 |17 |18 |19 |24 |21 22|23 |24 |25
2022 (44|22 23249209 [20] 2| 4|2 |23|23[24[24]9 |23 2|4]|4]|?2
21224422 21|21 (4214 |21 2|4 |2 2121|271 (21| 4 |21|2|4]|4]|?2
2211|3311 ]22(22]3]|22|3 (221 3 1 122(22(22(22|3 (22| 1 313 1
231212414122 [23[23(4(23|4 (23| 2| 4|2 (23]23(23|23| 4 [23|2|4]|4]|2
2412121414122 (23244244 (24| 2| 4|2 (2323 |24|24| 4 (23| 2 |4]|4]|2
2511|3311 ]|25(25]3]|22| 3 [25|1 3 112225122253 (22| 1 313 1
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d
Below we provide an example of a topological space, where the bound of 25 sets
has been demonstrated

Example 2.5. Let X = R be the set of real numbers with the usual topology.
Let A C X be defined by

A={-1/n, neN}U [[1,3} \{2+1/n,n ¢ N}}

U {(5,7] NQuU O (6+ ﬁ,6+ ¥)} U (-3, -2].

et (2n —1)m
Then, we have
(i)
ic(A) = (1,3) U (5,7) U (—3,-2);
(i)
cic(4) =[1,3]U[5,7] U [-3,-2];
(iii)
LAY = > 1 1 .
ci(A) = [1,3] U {6} unL:Jl 6+ 56+ m} U[-3,-2;
(iv)
> 1
ici(4) = (1,3) U nle( m) U (=3, -2);
(v)
AnNic(4) =(1,3)\{2+1/n, n e N}
> 1 1
ulEnn (QUH(M T B m)ﬂ U (-3, -2);
(vi)
AUic(A) ={-1/n,ne N}U[L,3)U (5,7 U (-3,-2];
(vii)
Ancic(A) =

1,3]\ {2+ 1/n, n e N}

U [(5,7] N (Qu ®(6+ ﬁ,GJr ﬁ)} U (-3, -2J;

(viii)

AUcic(A) ={-1/n, n € N}UIL,3]U[5,7]U[-3,-2];
(ix)

ANci(A) =1, 3]\{2+1/n n € N} U {6}

u[] 1

m U (=3, -2};
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(x)
AUci(A) ={-1/n,n e N} U1, 3]

oo

U [(5, 71N (Qu U [6+ %76+ (Zni 1)7TD] U[-3,-2);

(xi)
o 1 1

Anici(4) = (1,3)\ {2+ 1/n,n € N} U U(‘”%’6+ 2n— )

- AUici(A) = {~1/n,n e N} U[1,3)
u[(5,7] N (@u [j (6+ %,6+ ﬁ})} U (=3, —2J;
(xiii) -
ic(A) N ci(A) = (1,3) U {6} U G [6 + ﬁ,G + ﬁ] U (=3, -2);

n=1

ic(A)Uci(4) =[1,3]U (5,7) U [-3,-2];

(xv)
Anic(A)Nci(4) =(1,3)\ {2+ 1/n,n € N} U {6}
U nL_Jl(6 + ﬁﬁ + 7(2ni 1)77} U(~3,-2);
(xvi)
AUic(A) Uci(A) = {~1/n,n € N} U[1,3] U (5,7 U[-3, —2J;
(xvii)

[ANcic(A)] Uic(A) =[1,3) U (5,7 U (-3, —2];
(xviii)

[ANci(4)] Uici(4) = [1,3)u {6} U U (6 + ﬁ 6+ @n—1)n

(xix) )
[AUci(4)]Nic(A) = (1,3)

U670 (Qu G 6+ ﬁ,(ﬁ-i— (znimm U (=3, -2);

n=1

(xx)
[ANic(A) Uici(A) = (1,3)

1 1

U {(5,7) n@Qu | J6+ 56+ m))} U (—3,-2);

n=1
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(xxi)

[AN cic(A)] Uci(A) = [1,3]

(xxii)

[AN cic(A)] Uici(A) = [1,3)

U [(5, 71N (QU anJl(G + ﬁ 6+ m])} U(—=3,-2];
(xxiii)
[ANic(A)] Uci(A) = [1,3]
U [(5, 7N (QUnL—Jl[(SJr ﬁ,()‘ + ﬁ})} U[-3,-2];
(xxiv)
[A U ci(A) Uic(A)] N cic(A) = [1,3] U (5,7 U [-3, —2];
(xxv)

[ANci(4) Nic(A)] Uici(A) = (1,3) U {6}

> 1 1
U nL_J1(6 + 56+ Ty 1)7J U(=3,-2).

3. SOME SPECIAL CASES

If the topology on X satisfies some extra conditions, then the upper bound ob-
tained above may be less than 25. We have the following results.

Definition 3.1. A topological space (X, 7) is said to be

(i) extremally disconnected [16] if the closure of any open set is open,
(ii) resolvable [10] if it contains a dense set with empty interior,
(iii) open unresolvable [2] if no open subspace is resolvable,
(iv) partition space [18] if its open sets form a Boolean algebra.

For open unresolvable space, we use the notation OU-space.

Corollary 3.2. In the case of (X, T) being extremally disconnected (OU -space,
partition space, extremally disconnected OU-space or discrete space), the upper
bound obtained above reduces to 7 (resp. 7,3, 3 or 1).

Case 1. Let (X, 7) be extremally disconnected and A C X. Then ci(A) is an open
set. Hence, ici(A) = ci(A) and cic(4) = ic(A). Thus the distinct sets obtained
from the operators i., cy(where v = «, 7, 0, 3) are ici = ci,ic = cic,iq = i, ix =
i8,Co = Ca,Cr = cg and izc; = [A U ci(A)] Nic(A), which are seven in number
altogether.
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Case 2. Let (X, 7) be an OU-space and A C X. In [2], Aull shows that OU-spaces
are exactly those spaces in which every dense set has dense interior and we know
that spaces whose dense sets have dense interiors satisfy ici = ic. For the converse
part, let ici = ic for every A C X and let A be a dense set in X. Therefore,
¢(A) = X and ic(A) = X. Since ici(A) = ic(A) = X, we have X C ci(A). Hence,
i(A) is dense in X. Therefore, in an OU-space, we have ici = ic and cic = ci.
Thus the distinct sets obtained from the operators i, ¢, (where v = a, 7, 0, §) are
ici = ic,cl = cic, iq = i, 90 = ig,Co = C8,Cr = Co and iycg = [ANci(A)] Uic(A4),
which are seven in number altogether.

Case 3. Let (X, 7) be a partition-space. Then its open sets are clopen, that is,
closed and open simultaneously. Therefore, ci(A) = i(A) for A C X. Therefore,
in partition-space, we have i = ici = ci and cic = ic = ¢. Thus the distinct sets
obtained from the operators i, c,(where v = a, 7,0, 3) are i, c and A only.

Case 4. Let (X, 7) be an extremally disconnected OU-space. Then we have ici =
ci = ic = cic for A C X. Therefore, in extremally disconnected OU-space, the
distinct sets obtained from the operators i.,c, (where v = «a,m, 0, 3) are ici, i,
and ¢, only, which are three in number altogether.

Case 5. Let (X, 7) be a discrete space. Then every singleton is closed and open.
Therefore, ¢(A) =i(A) = A for A C X. Therefore, in discrete space, we have only
1 set A itself, from the operators i, c,(where v = «, 7, 0, 8).

Acknowledgement. The authors thank the referee for his/her valuable sug-
gestions which helped us improve the quality of our paper.
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