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ADVANCED MACHINE LEARNING TECHNIQUES FOR EFFICIENT
NUMERICAL SOLUTIONS OF NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS IN HIGH-DIMENSIONAL SPACES

VIMALA VENUGOPAL MUTHUSWAMY™*, D. DILIP?

Abstract: In pure and practical mathematics, solving nonlinear partial differential
equations (PDEs) in high-dimensional environments is challenging due to the curse of
dimensionality, which exponentially increases processing needs Complex problems
require alternative numerical methods since conventional methods often lack accuracy
and computational feasibility. Numerical solvers have disadvantages, but neural
networks, Physics-Informed Neural Networks (PINNs), and kernel approaches can
accurately approximate nonlinear PDE solutions. Several investigations show that
machine learning reduces L2-norm faults and convergence rates, improving accuracy
and processing efficiency. Machine learning models like PINNs solved Burgers'
equation with L2-norm errors of 0.050, while older numerical techniques had 0.120.
PINNs can converge on complex PDEs like the Navier-Stokes equation in 2,000 epochs,
compared to 10,000 iterations for standard methods. This study found that machine
learning can improve mathematical modelling accuracy and efficiency for solving
high-dimensional nonlinear partial differential equations (PDEs). Machine learning
enhances numerical analytic theory in fluid dynamics, finance, and engineering, where
complex and high-dimensional PDEs are common. The findings also show that
machine learning methods may solve these equations' computational issues, enabling
mathematical modelling and simulation research that improves outcomes. Machine
learning technology can help mathematicians solve more complicated problems that
were previously intractable using classical numerical methods in addition to
theoretical breakthroughs. This study improves computer mathematics theory and
practice by solving high-dimensional PDEs faster. As researchers improve machine
learning techniques, mathematical modelling and cross-disciplinary collaboration will
arise to answer scientific and engineering problems.

INTRODUCTION

Nonlinear partial differential equations (PDEs) can explain complicated system
behaviours in fluid dynamics, quantum physics, and geometric mathematical
modelling. Nonlinear PDEs are harder to solve and analyse than linear ones because
nonlinear components affect the unknown function or its derivatives. Since modest
input parameter changes can produce significant output changes, this nonlinearity
can model turbulent fluid flows and quantum particle dynamics. Because nonlinear
PDE:s create singularities, discontinuities, or chaotic solutions, advanced numerical
methods are needed to approximate and analyse them [1, 5, 25]. Researchers solve
nonlinear equations using machine learning and other numerical methods, which
are difficult to solve classically. Nonlinear PDEs describe mathematical structures
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that regulate processes in differential geometry, topology, and dynamical systems,
even outside of physics and engineering. A nonlinear PDE can illustrate geometric
flows like the Ricci flow, which solved the Poincare conjecture topology problem.
Nonlinear PDEs directly relate to physical occurrences and basic mathematics.
Many applied and pure mathematics domains use nonlinear PDEs. Researchers can
better understand complicated systems and establish rigorous mathematical
theories that underpin many scientific domains by researching and refining
numerical methods for solving these equations. To analyse nonlinear PDE solution
existence, uniqueness, and regularity, complex functional-analytic methods like
Sobolev spaces and weak formulations have been devised. These mathematical tools
define and approximate answers when classical approaches fail [9, 21].

Many factors make nonlinear PDEs harder to solve in high-dimensional domains,
triggering the "curse of dimensionality.” Traditional numerical methods like finite
difference or finite element methods are computationally prohibitive as dimensionality
increases because the solution space grows exponentially [11, 13, 20, 22]. To accurately
discretise the domain in high-dimensional settings, too many data points are needed,
straining memory and processor. Due to variable interaction, nonlinear equations
prevent linearisation procedures from solving the problem. Quantum mechanics and
statistical physics use high-dimensional nonlinear PDE:s like the Schrédinger equation
and the Boltzmann equation in many-variable spaces. Due to complex boundary
conditions and global solutions that are hard to approximate locally, these high-
dimensional PDEs are computationally and analytically expensive. Sparse grids,
adaptive mesh refinement, and machine learning-based approaches have been
developed by the mathematics community to address dimensionality. These
breakthroughs combine pure mathematical theory and computational innovation to
push numerical approximation of nonlinear PDEs [4, 7, 26, 27].

Solving nonlinear partial differential equations (PDEs) in high-dimensional spaces is
one of the most vibrant domains of pure mathematics, motivating ongoing theoretical
and approximation research. Geometric features of the solution space, analytical
methods for studying equations, and computational methods for numerical solutions
make this problem rich and varied, attracting mathematicians and researchers. Deep
neural networks' accurate and computationally efficient solutions to high-
dimensional nonlinear PDEs could transform the field and create new research routes
due to their varied responses under different conditions. However, deep learning
approaches in nonlinear PDE resolution raise novel convergence, stability, and
interpretability issues, assuring that theoretical and practical mathematics will
continue to focus on them. The finite element method (FEM) and finite difference
method (FDM) are commonly used to estimate PDE solutions by discretising spatial
and temporal dimensions, however their assumptions and computational constraints
limit their applicability to high-dimensional nonlinear PDEs Assuming localised
approximations may accurately depict solution behaviour, FEM and FDM divide the
domain into a finite number of grid points. However, the "curse of dimensionality,"
the exponential increase in components or grid points, makes computing difficult and
reduces their usefulness [16, 18].

FEM can accept irregular geometries and variable material properties using piecewise
polynomial approximations, however high-dimensional spaces require more
processing power and memory due to the system's expanding degrees of freedom,
causing performance bottlenecks FDM approximates derivatives using difference
equations on a structured grid, necessitating fine mesh resolutions to characterize
solution behaviour, notably with abrupt gradients or singularities. Elaborate mesh
topologies add grid points to complex systems of equations, increasing processing
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time and memory [8]. As nonlinear PDEs become increasingly sophisticated, FEM
and FDM numerical methods may experience numerical instabilities or spurious
oscillations. Numerical implementation and algorithm design are needed to capture
or stabilise shocks in discontinuities or steep gradients. Finally, new numerical
approaches and deep learning frameworks reveal that solving nonlinear PDEs in high-
dimensional spaces demands innovation to keep this area alive and growing with
modern mathematical modeling's complexity [12, 17, 19].

Traditional numerical methods must converge in high-dimensional settings for
computational efficiency and theoretical robustness because discretisation errors
can accumulate unexpectedly when transitioning from low-dimensional to high-
dimensional problems, resulting in solutions that diverge from the true behaviour
of the underlying PDEs. The geometric and mathematical issues of nonlinear
interactions can break convergence rate assumptions in higher dimensions, making
numerical approximations incorrect. To avoid the curse of dimensionality,
researchers must study machine learning methods to estimate high-dimensional
functions with fewer data points and better accuracy [23].

Traditional numerical methods may limit new solution ideas for nonlinear PDEs as
the mathematical community develops computational tools for high-dimensional
problems and pure mathematics rigour. FEM and FDM are frequently utilised,
however complicated circumstances require numerical solution paradigm changes.
Adaptive mesh refinement, which dynamically adjusts the grid based on solution
behaviour, and machine learning, which provides data-driven modelling and
approximation, can help the community solve high-dimensional nonlinear PDEs
more efficiently and accurately, improving theory and practice. FEM and FDM are
basic numerical analytic methods for PDEs, however they cannot solve high-
dimensional nonlinear equations, highlighting the necessity for inventive methods
using modern computational capabilities. Modern methods are replacing traditional
ones due to computing challenges and the changing landscape of mathematical
modelling, where pure mathematics, machine learning, and data science can solve
complex nonlinear PDEs. As the subject evolves, high-dimensional numerical
methods will help us solve real-world issues and comprehend the mathematical
structures behind these sophisticated equations, enabling future pure and applied
mathematics study and discovery [2].

Ordinary numerical approaches generally fail to solve high-dimensional nonlinear
PDEs. ML methods are widespread. Because of their computational efficiency,
researchers use data-driven approaches to approximate complex PDEs. A novel
machine learning technology, PINNs, directly combines PDE governing equations into
neural network loss functions to ensure data fit and physical system compliance. Using
data and strong mathematics, PINNs may train deep learning architectures to simulate
complex PDEs by decreasing governing equation residuals. They address high-
dimensional problems discretisation cannot. PINN models react to changing
conditions while respecting physical constraints in scientific and technical applications
that require precise projections [10]. To numerically solve PDEs with noisy input or
complex boundary conditions, GPs quantify uncertainty and expectations using
probabilistic insights. GPs can use historical system data to quantify forecast
uncertainty and improve modelling and theoretical understanding of events by
portraying the PDE's underlying function as a distribution of functions. This
probabilistic approach improves solution accuracy and data analysis, showing how
modern machine learning may improve mathematical models and reveal complicated
system behaviour. Machine learning researchers have researched sparse grid
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techniques and adaptive algorithms to represent and selectively update computational
grids in high-dimensional environments to minimise dimensionality [3]. With fewer
sample points, sparse grid methods estimate high-dimensional functions more
precisely and efficiently.

Sparse grid and machine learning models can generate fast numerical solvers that
dynamically adapt to solution behaviour in high-dimensional environments, improving
approximations. Complex solutions are frequent for nonlinear PDEs [6]. If traditional
methods fail to converge or the solution landscape is complex, reinforcement learning
(RL) models use iterative improvement and feedback to find the best numerical PDE
solutions. RL algorithms optimise high-dimensional solutions using performance
incentives. This helps them solve challenging problems and emphasises the necessity
for coordinated research to generate numerical RL for PDEs. Creative nonlinear PDE
solutions increase numerical analysis using math, software, and machine learning.
Machine learning-based numerical solutions for PDEs revolutionise high-dimensional
nonlinear equation research by merging pure mathematics with data-driven
approaches' flexibility and efficiency. Machine learning algorithms to solve nonlinear
PDEs more accurately and efficiently and comprehend their mathematical features
demonstrate the dynamic interaction between theoretical numerical analysis and real
implementations in many scientific fields. By establishing and expanding machine
learning approaches, the mathematical community may easily mix computational
paradigms with creative methodology, improving pure mathematics' real-world
relevance and advanced mathematical models. Raissi, Perdikaris, and Karniadakis
introduced PINNSs in their seminal paper “Physics-Informed Neural Networks: A Deep
Learning Framework for Solving Forward and Inverse Problems Involving Nonlinear
PDEs,” sparking further research into the promising intersection of machine learning
and numerical methods for This breakthrough approach combines physics directly into
deep learning model creation, allowing networks to learn from data and governing
equations and ensuring physical restrictions are met [15]. The unique method shows
neural networks' nonlinear PDE solving power. Also important is [14] “Gaussian
Processes for Nonlinear Partial Differential Equations” study using GPs to PDEs.
Gaussian Processes' flexibility and ability to represent functions with intrinsic
uncertainty allow many practical PDE applications to quantify forecast uncertainty and
previous knowledge, bridging mathematical theory and computing practice. GPs'
probabilistic framework provides a solid theoretical foundation for understanding how
these models can approximate nonlinear PDE solutions, showing how the
mathematical community can use modern data-driven methodologies while adhering
to rigorous mathematical modelling and analytical standard. In Deep Reinforcement
Learning for Optimal Control of PDEs, machine learning applications transform partial
differential equations (PDEs) using advanced techniques like deep reinforcement
learning (RL), which efficiently navigates large solution landscapes and improves
numerical methods for solving nonlinear PDEs [24]. This paper shows that
reinforcement learning algorithms can update their solution strategies based on past
experiences, creating a dynamic interaction between exploration and exploitation that
mimics optimisation and functional analysis, emphasising the complexity of problem-
solving in complex mathematical contexts. Machine learning (ML) methods for partial
differential equations are improving, but scalability, economy, and accuracy remain
difficulties, especially in high-dimensional applications where traditional methods fail.
To identify climate modelling and computational fluid dynamics research gaps where
computing time and resource constraints may severely limit practical applicability,
established methodologies must be rigorously examined. Dimensionality increases
processing and training time, reducing PINN and GP PDE performance. PINNs can
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directly integrate the problem's physics into learning, but their architecture and training
optimisation slow convergence and require high-quality data that may not be available.
PINNS' reliance on big datasets restricts their effectiveness in applications with limited
or expensive data, raising issues about their usage in vital research areas. Gaussian
Processes evaluate high-dimensional PDE prediction uncertainty, but computational
complexity and scalability are issues. Novel nonlinear system methods must maintain
mathematical rigour. High-dimensional contexts can limit machine learning
approaches due to training methodologies and overfitting, making models trained on
limited datasets struggle to accurately capture the complex dynamics of the underlying
PDEs, especially in regions with rapid variations or discontinuities like many nonlinear
Complex variable interactions can alter solution behaviour and degrade accuracy and
dependability in high-dimensional domains, making machine learning model
numerical convergence and stability problematic [3, 6]. Thus, strong model integrity
checks are essential to verify that solutions reflect the governing equations' real
behaviours, improving the relationship between computational outcomes and
theoretical predictions. Enhanced regularisation, adaptive training, and multi-fidelity
may help machine learning handle high-dimensional nonlinear PDE accuracy
challenges. These innovative tools can help researchers simulate complex systems and
discover their mathematical structures. Mathematics, interdisciplinary collaboration,
and high-dimensional analysis will benefit from nonlinear PDE machine learning.

MATHEMATICAL BACKGROUND AND PROBLEM SETUP
Nonlinear PDEs and High-Dimensional Spaces

Nonlinear partial differential equations are used in fluid dynamics, quantum
physics, biology, and finance mathematical models. These equations are more
sophisticated than linear ones due to nonlinear interactions between the dependent
variable(s) and their derivatives. The general form of a nonlinear PDE is (x, u, V, V2,
...) =0 F (x,u, Vu, V2 u,...), where u(x) u=u(x) represents the unknown function and
V., Vu, V2, V2 u signify the first and second-order derivatives of u. Nonlinear PDEs
are commonly caused by physical system conservation laws or optimisation. Fluid
particle convective acceleration is included in nonlinear PDEs like the Navier-
Stokes equations. These equations are difficult to solve, especially when boundary
restrictions govern the solution's behaviour at domain boundaries. Complexity
increases with Dirichlet, Neumann, or mixed boundary conditions.

The "curse of dimensionality." makes high-dimensional nonlinear PDEs harder to
solve. Classical numerical methods require more processing resources as
dimensionality increases. A three-dimensional PDE is tough, but grid-based methods
like finite difference or finite element methods make it essentially intractable as the
dimension climbs to five, ten, or greater, as in quantum mechanics or financial
derivatives models. High-dimensional PDEs have a similar mathematical structure,
but the domain xe Ren expands, making discretisation harder. Computing solutions
or retaining discretised points for numerical approximation is often impractical.
High-dimensional boundary conditions complicate problems. The reduced boundary
makes boundary conditions easier to manage in smaller dimensions. Large domain
dimensions complicate boundary condition specification due to more convoluted
domain borders. This is especially difficult in cases where the solution behaviour near
the border influences the whole solution, as in many conservation law or stability-
governed physical systems. In high-dimensional PDEs with free boundary concerns,
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where the boundary form or location is unknown, boundary conditions may depend
on the solution nonlinearly. Because of nonlinearity and high-dimensional space,
tackling this problem is computationally and theoretically complex [15, 23].

These challenges require innovative solutions that reduce dimensionality or use the
PDE's structure and boundary conditions. Due to explicit domain discretisation,
traditional numerical methods are powerful for lower-dimensional problems but
limited for high-dimensional nonlinear PDEs. To tackle this, modern machine
learning methods like PINN's avoid space discretisation. These methods use a more
flexible framework that directly incorporates the problem's physics into training to
approximate scalable solutions. These methods nevertheless depend on a
comprehensive understanding of the mathematical formulation of nonlinear PDEs
and exact boundary conditions, which are crucial to any solution approach.

PDEs with unknown multivariable functions and partial derivatives are nonlinear.
Example: Burgers' equation

ut + uux = 0.01uxx

This fluid dynamics equation balances convection and diffusion. The unique
solution to nonlinear PDEs depends on boundary conditions. Common boundary
conditions include Dirichlet and Neumann, which fix the solution and determine its
derivative. The above equation's Dirichlet boundary condition could be:

U (0,t) =g(t) forte[0,T]

where g(t) is a specified function of time.

The "curse of dimensionality"—the exponential increase in processing resources
needed as dimensions increase—makes high-dimensional PDEs difficult to solve. In
classical numerical methods, the number of grid points needed to discretise a
domain increases with dimensionality d d, with (N d), where N is the number of grid
points in one dimension Growing exponentially produces severe.
Physics-Informed Neural Networks (PINNs) approximate partial differential
equations by directly using the governing equations in the loss function.

PINNSs capture differential equation and boundary condition residuals with a loss
function:
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In Physics-Informed Neural Networks (PINNs), the loss function (8)L(6) trains
models to solve PDEs. Its parts simplified:

Loss Function (L(B)) evaluates how well neural network predictions align with
desired outcomes like true values. Training should minimise this value.

Lost Data:

Part 1 presents data.
Yi=1Ndatalu(x,t;0) —utrue (x,t)|2N

i=1 N data
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The formula |u (x i,t i;0)—u is used to compare the expected solution u(x i, t i; 6) to
u(xi,ti;€

Square the difference (to make it positive) and average the squared error over all
data points. The model's training data fit is assessed here.

Second term: 2-1 Nres j=1res | (x,t; 6) | 2 A- Nres.

j=1Nres. IR (xj,tj;0)| 2 emphasises on residuals, expressing PDE errors.

The residual at (x j, t j;) R (x j,t j;0) indicates PDE satisfaction. Repeats squared
residual calculations and averages. To weight the total loss function, the residual
error factor A A is adjusted.

Missing border condition:

In the last term, y-1bc Y k=1bc | B (x k,tk;8) | 2y- N

1> k=1Nbc

IBC (x k,t k;0)|2 evaluates neural network conformance with problem boundaries.
The boundary condition error at the coordinates (x k, t k; 8) is B C (x k, t k;0). It is
squared, averaged, and multiplied by the weighting factor yy, like the others.

The loss function (8) The three components of L(0) are:

Comparison of neural network predictions versus real solutions (data loss). Test
predictions for PDE (residual loss) compliance.Ilt meets PDE boundary criterion
(condition loss). Train the neural network to solve PDEs properly and physically by
minimising this loss function.

Deep Reinforcement Learning (RL) for Efficient Solution Search

The equation you supplied is essential to reinforcement learning, especially value
iteration. Clearly formatted equation is as follows:

V(s) = max (Ii',(s_._a.) f ,TZ P(s sa}l(sf))

The equation (s) = maxi/oia (R (s,a)) +yXs’ P(s'|1s,a) V (s’

Set V(s) = max a (R(s,a)+YY, s ’). In reinforcement learning, P (s | s, a) V (s | s)
describes the value of a single state s. This notion asserts that the optimal action a
a from a state yields the best outcome. When calculating value, we incorporate both
immediate (R(s,a)) and future (P(s | s,a)) rewards from transition probabilities. The
discount factor yy affects our decision-making by determining whether we prioritise
immediate advantages over larger, delayed ones. This equation is a powerful
reinforcement learning method that allows agents make decisions based on
immediate and future results. The agent can learn to choose actions with the highest
overall rewards by computing each state's maximum expected return. Choosing the
best action in each stage helps the agent navigate its environment, whether playing
a game, controlling a robot, or solving complex mathematical problems.

Numerical Methods Overview
Finite difference, finite element, and finite volume methods are used to solve partial

differential equations numerically. The continuous issue becomes a huge collection of
algebraic equations that linear algebra can solve by discretising the PDE's spatial and
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temporal dimensions. The finite difference method approximates PDE derivatives by
comparing function values at discrete grid points, while the finite element method
divides the domain into smaller subdomains (elements) and uses piecewise
polynomial approximations inside each element. Classical approaches operate in
lower dimensions, but the curse of dimensionality increases computational
complexity. Standard approaches must represent and compute the answer across
many grid points or elements, making them inefficient in high-dimensional spaces.
Computer memory and resources are scarce.

Machine learning techniques can approximate nonlinear and high-dimensional PDE
solutions despite standard numerical methods' limitations. PINNs solve PDEs by
training neural networks to minimise a loss function with differential equation
residuals, boundary conditions, and initial conditions. Neural networks' expressive
power lets PINNs estimate solutions continuously in high-dimensional domains
without discretization. Mathematically, PINNs use a neural network u(x,t;0) with
parameters (weights, biases) and a loss function L(6) to compare predicted and true
solutions, guided by PDE and boundary conditions. Optimizing neural network
training reduces loss function with respect to 8, ensuring a tight match to the PDE [6].
High-dimensional PDEs were solved using Gaussian and kernel approaches. PDE
solutions can be approximated probabilistically using Gaussian processes, which
consider the solution as a random function and condition its distribution using
observed data (e.g., boundary conditions or known values at certain points). Kernels
can be used to create non-parametric models that approximate high-dimensional
solutions without discretization. Gaussian processes and kernel approaches can use
prior information, but scaling challenges occur as dimensions expand, like classical
numerical methods. These techniques' computing complexity scales poorly with
dataset size or dimension, necessitating innovation to solve high-dimensional PDEs
efficiently.

Handling computational bottlenecks in high-dimensional issues requires creative
methods, especially machine learning. Traditional numerical methods, however
robust in lower dimensions, scale poorly to larger dimensions due to exponential
computational point and solution space complexity. Machine learning methods like
PINNs, Gaussian processes, and others can efficiently represent solution space
without domain discretisation. Neural networks require lots of training data, careful
model selection, and the risk of overfitting, especially for complex boundary
conditions or highly nonlinear PDEs. Combining computer efficiency and solution
accuracy, complicated model development and regularisation prevent overfitting.
Improved machine learning methods for high-dimensional PDEs are needed due to
the limits of numerical methods and present machine learning methodologies.
Classical methods are computationally expensive and early machine learning
techniques have scaling issues, therefore more advanced models are needed.
Researchers will utilise machine learning to predict complex functions and learn from
data to overcome dimensionality's processing restrictions. Innovative strategies can
solve intractable high-dimensional nonlinear PDEs by enhancing numerical solution
accuracy and minimizing computing time and memory utilisation. Machine learning
methods in PDE numerical analysis could aid high-dimensional fluid dynamics,
finance, and quantum physics modelling.

Assumptions and Notation

Traditional numerical methods and current machine learning methods require accurate
assumptions about nonlinear partial differential equations (PDEs). Usually expected
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are solution smoothness, domain boundary behaviour, and PDE characteristics.
Smooth PDE solutions with continuous derivatives up to a required order are assumed
so discretisation methods like finite difference or finite element approaches converge to
the proper solution. Machine learning models like Physics-Informed Neural Networks
(PINNs) need smoothness since the loss function approximation of derivatives
demands a well-behaved solution across the domain. A physically relevant and
mathematically well-posed solution requires adequate boundary conditions, which may
be Dirichlet, Neumann, or mixed. Uniqueness and numerical technique convergence
depend on how the solution behaves at domain edges.

PDE mathematical formulations require specialised symbols and procedures in
addition to these generic assumptions to rigorously define the problem. Define the
unknown function u(x,t) as u(x,t), where x€R n denotes spatial coordinates and teR
represents time, if applicable. The general form of a nonlinear PDE is (u, V, V2, ...)
= f(x, t), where L is a nonlinear differential operator on u u and its derivatives, and
f(x,t) is a source term. Vu represents the gradient of the solution, displaying first-
order partial derivatives of u u in spatial coordinates, while V 2 uV 2 u represents
the Hessian matrix, including second-order partial derivatives. These operators
must express the solution's behaviour, especially in higher dimensions when spatial
directions interact. The Navier-Stokes equations govern fluid dynamics, with V@
uV-u representing velocity field divergence and density change, and V@2 uV 2 u
representing viscous diffusion [15].

PDE formulations often use the Laplacian operator, A u=V-Vu. It sums the solution's
second-order partial derivatives for each spatial coordinate. In diffusion, heat
conduction, and electrostatics, this operator describes heat or charge in space. The
Laplacian operator must account for the solution's behaviour in each spatial
direction, making numerical techniques more computationally costly in high-
dimensional settings. In addition to Laplacian, time derivatives are widely utilised
in PDEs, particularly in evolutionary equations like the heat or wave equations,
where du 9t represents the solution's rate of change over To satisfy both spatial and
temporal PDE components, neural network training in machine learning
approaches must contain these operators and associated loss terms.

Symbols and notation affect numerical, machine learning, and mathematical rigour.
Using traditional numerical approaches, discretisation may include approximating
operators with finite differences or interpolation functions. The gradient Vu is
estimated in finite difference methods by comparing function values at close grid
points. In finite element approaches, u is represented by a sum of basis functions,
and operators are applied to them. In neural networks like PINNs, automatic
differentiation computes the operators V u and V2u, enabling efficient derivative
computation without discretization. This derivative flexibility is useful in high-
dimensional spaces, where direct computation of these operators becomes
expensive using normal approaches.

Finally, both classical and machine learning-based methods for solving nonlinear
PDEs require precise solution smoothness and boundary conditions and detailed
mathematical symbol and operator descriptions. These assumptions guarantee a
well-posed problem with a unique solution that depends constantly on starting and
boundary data and provide a foundation for effective numerical or machine learning
approximations. Robust solution approaches like grid-based or PINN-based
machine learning require these assumptions and the correct mathematical
framework. Analysing and building strategies to solve complex high-dimensional
nonlinear PDEs requires mathematical rigour.
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MACHINE LEARNING TECHNIQUES APPLIED TO PDESs
Physics-Informed Neural Networks (PINNs)

A unique and mathematically valid approach to estimate partial differential equation
(PDE) solutions in high-dimensional environments or with complex boundary
conditions is Physics-Informed Neural Networks (PINNs). PINNs approximate PDE
solutions using neural networks' universal approximation and apply physical laws
during training through the loss function. This approach uses differential equations
to drive a continuous approximation, while classical approaches discretise spatial and
temporal domains. In mathematics, PINNs optimise u(x,t;0) to approximate PDEs in
the domain, subject to initial and boundary constraints, where 0 represents neural
network parameters.

A precisely computed loss function underpins PINNs, ensuring the neural network
solution meets differential equation and boundary limitations. The PDE L (u, V, V2,
...) = f (x, t), where L is a differential operator on u(x,t) and f is a source term To
solve differential equations, PINN employs a neural network approximation u(x,t;0)
and a loss function L PINN(6) This loss function commonly comprises PDE residual
and boundary condition loss. A PDE residual loss examines the difference between
L(u(x,t;0)) and f(x,t) over sample points, penalising solutions that deviate from
predicted behaviour. This is represented as L PDE (8) =Y i=1N |l.
L(u(xi,ti;0))-f(xi,ti)l

2. LPDE (0)=Y i=1 N |IL (u (x i,t i;0))-f(x i,t DIl | = 2, where (x i, t i) are domain
sampled points and || is the appropriate norm.

PINNs have a boundary condition loss and PDE residual to ensure domain
boundary solution behaviour. The loss term for Dirichlet boundary conditions is: L
BC()=Yj=1MIllu(xj,tj;0)-uBC(xj,tj) Thelossterm penalises calculated
gradient deviations from Neumann boundary conditions, which require solution
derivatives at the boundary. PINN loss function, a weighted sum of PDE residual
and boundary condition loss, is calculated as L PINN (8)= L PDE (68)+ 2 BC(8). The
equation for L PINN (0) is L. PDE (0) + AL BC (0), where A balances PDE satisfaction
with boundary conditions.

Using the loss function, Physics-Informed Neural Networks (PINNs) discover
physics-based solutions by carefully integrating the neural network model to partial
differential equations (PDEs). Solving PDEs becomes an optimisation task to
minimize differential operator residuals while enforcing the rel. In high-dimensional
or irregular domains, PINNs' continuous solutions that match the mathematical
formulation of the PDE are advantageous because traditional numerical methods
discretize the domain and solve algebraic equations, which may not capture the full
complexity of the underlying phenomena. Thus, PINNs' fundamental theory
minimises differential operator residuals. Besides their theoretical strengths, PINNs
offer a continuous neural network approximation that allows for greater flexibility in
managing complex geometrical configurations and interactions between multiple
dimensions, overcoming the curse of dimensionality, which severely limits standard
numerical methods in high-dimensional spaces. Automatic differentiation enables
neural networks compute higher-order derivatives, which is essential for PDE
nonlinear characterization. PINNs are powerful tools for pure mathematics and
numerical analysis, especially for high-dimensional nonlinear PDEs, because their
continuous approximation and automatic differentiation overcome computational
bottlenecks, enabling advanced scientific and engineering applications [13, 27].
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Sparse Grid Techniques and Adaptive Methods

Highly dimensional partial differential equations are solved well using sparse grid
methods. With grid points, finite difference and finite element methods suffer from
the curse of dimensionality, which exponentially increases memory and
computational time. Sparse grid methods sample just the solution's high-dimensional
behavior-relevant points. Sparse grids estimate math answers with fewer points while
keeping accuracy. Most sparse grids are hierarchical, with more refined grids utilized
only in complicated places, making them appropriate for high-dimensional problems
with significant solution variation but smooth in other regions.

Adaptive approaches dynamically adjust computing effort based on solution
complexity in different domain regions, making high-dimensional PDEs easier to
solve. In areas with higher solution errors or more complex PDEs, Physics-Informed
Neural Networks (PINNs) and other machine learning methods selectively refine
the model's approximation near abrupt gradients or boundary layers to provide
adaptivity. Hierarchical models or adaptive sampling can refine neural networks by
focusing computing on high-error regions. Sparse grid and adaptivity in machine
learning frameworks minimize the computationally costly need to uniformly
approximate the solution across the high-dimensional domain. Instead, the
machine learning model can focus on key solution space regions to approximate
high-dimensional nonlinear PDEs more accurately and efficiently.

Deep Reinforcement Learning (RL) for Efficient Solution Search

Deep Reinforcement Learning (RL) turns solving high-dimensional partial
differential equations (PDEs) into an optimisation job guided by reinforcement
learning algorithms, a promising and creative method. Techniques, approximations,
and computations help reinforcement learning (RL) agents solve partial differential
equations (PDEs). They get paid for reducing solution errors or improving
computation efficiency. The agent's main goal is to learn the optimal PDE solution
that respects mathematical principles and maximizes cumulative rewards, resulting
in more accurate and efficient replies in complex, high-dimensional situations where
traditional approaches may fail. Because it can explore complex decision spaces, deep
reinforcement learning is ideal for solving nonlinear, high-dimensional PDEs that are
challenging to solve numerically. PDE reinforcement learning guides agent learning
via careful state space, action space, and reward function description. The state space
shows the PDE solution's current state or algorithm's computational state, including
the solution approximation at a certain time step or spatial position, to inform the
agent's decision-making. In action space, the agent can solve the problem using
discretization, neural network settings, and computational domain modifications.
Reinforcement learning's reward function measures PDE residuals, boundary
condition errors, or computing costs to improve strategy over time.

The agent optimizes the solution process by learning a policy (als) that represents
action probability distribution depending on current state. The agent can pick actions
that minimise error and computation time for an accurate result. This policy-based
technique helps the agent optimise accuracy and efficiency by learning and improving
its computing strategies in real time as it interacts with the dynamic PDE environment.
Policy gradient approaches assist reinforcement learning agents solve PDEs by
improving incentive-based objective functions like anticipated cumulative reward over
time. The value function (s, a) is used in value-based techniques like Q-learning to
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predict future rewards for activities in a state s. Expected results help the agent choose
strategic behaviours that optimally solve PDEs. Reinforcement learning frameworks
assist computational mathematics and numerical solvers handle high-dimensional
nonlinear PDEs by integrating policy-based and value-based optimisation. This value
function helps the agent solve PDEs optimally. Iterative updates and feedback let the
RL agent navigate the solution space and make decisions that enhance PDE solution
accuracy and minimise computational cost, especially in high-dimensional or
nonlinear circumstances where traditional approaches may struggle.

Comparison with Classical Numerical Approaches

Compare Physics-Informed Neural Networks (PINNs) and Deep Reinforcement
Learning (RL) to standard numerical methods for solving partial differential
equations (PDEs) based on accuracy, convergence rates, and computational time.
Traditional numerical methods like FDM, FEM, and FVM have been widely explored
for convergence under solution smoothness and domain regularity. The discretised
domain and algebraic systems of equations of classical methods yield accurate results
with suitable resolution. When tackling high-dimensional problems, grid points have
significant restrictions because their number grows exponentially with dimension.
Classical methods are computationally expensive and unsuited for high-dimensional
PDEs, despite their convergence guarantees in lower dimensions.

In machine learning-based techniques like PINNs, a neural network models the PDE
solution as a continuous function and estimates it throughout the complete domain
without discretisation. Since PINNs can estimate functions in high-dimensional
spaces, they can efficiently tackle higher-dimensional problems, avoiding the curse of
dimensionality. PINN accuracy depends on neural network training that minimises
differential equation and boundary condition residuals. Although theoretical
convergence of PINNs is still being explored, actual findings show that they can achieve
great accuracy in many cases, especially when the solution is smooth. Machine learning
convergence rates are less predictable than traditional approaches since they depend
on network architecture, optimisation algorithm, and hyperparameters.

Standard numerical methods take a long time to process high-dimensional issues.
A dense grid of points over the domain is needed for PDEs with several dimensions,
which increases computational cost dramatically. Nonlinear or time-dependent
PDEs may not run. Machine learning techniques reduce processing time, especially
in high-dimensional settings. PINNSs train neural networks to reduce PDE residuals
at sampling domain locations instead of developing large grids. Simple forward runs
over the network make evaluating answers at new sites computationally efficient
after training. Machine learning methods handle large-scale problems with reduced
computing cost because to its assessment flexibility, especially when traditional
methods require an infeasibly large grid. Depending on problem complexity and
network size, machine learning model training can be computationally intensive,
however model evaluation efficiency often compensates this cost.

Adaptability and flexibility distinguish machine learning from conventional methods.
Domain-specific discretizations are time-consuming and computationally expensive
to re-mesh or re-discrete when boundary conditions or domain geometry change in
traditional numerical approaches. Machine learning methods like PINN's can respond
to problem setting changes without costly reconfiguration. A trained neural network
can be fine-tuned or adapted to new boundary conditions or domain shapes without
rebuilding the computational base, making it more versatile than numerical methods.
Machine learning-based methods are intriguing for complicated, nonlinear, or high-
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dimensional PDEs due to their versatility and potential to handle high-dimensional
problems more efficiently, even though their convergence properties are less well-
understood than classical ways Classical methods are still the most reliable and
predictable way to address simpler problems or lower-dimensional PDEs.

Numerical Experiments and Results

The image compares the L2-norm error of classical numerical methods, Physics-
Informed Neural Networks (PINNs), Gaussian Processes, and Reinforcement
Learning (RL) techniques to highlight their accuracy in solving different partial
differential equations. Machine learning approximates Burgers', Navier-Stokes, and
Poisson equation solutions better than classical approaches for all PDE types. In
complex PDEs like the Navier-Stokes and Poisson equations, where classical methods
struggle with nonlinearity and huge dimensionality, PINNs and RL usually perform
better. Unlike traditional methods, machine learning models may describe
complicated data relationships without domain discretization, making them better for
nonlinear dynamics and high-dimensional spaces. The figure's log scale contrasts
traditional with machine learning methods, illustrating that machine learning
drastically reduces error in increasingly complex PDEs. Classical techniques fail to
capture complicated solution structures in the Navier-Stokes and Poisson equations,
with error levels many times larger than PINNs and RL. Gaussian Processes
outperform classical methods but have higher errors than PINNs and RL due to PDE
dimensionality and boundary requirements. In nonlinear PDE applications with
intricate boundary conditions and high-dimensional interactions, deep learning-
based approaches like PINNs and RL may be superior at approximating solutions.
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Figure 1: L2-Norm Error Across Classical and Machine Learning Methods.

The table comparing standard numerical methods and machine learning techniques
for various PDE types indicates efficiency disparities, especially as dimensionality
increases. PINNs solve Burgers' equation in 9.80 seconds, while classical numerical
methods require 15.20 seconds. In higher-dimensional PDEs like the Poisson
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equation, where d=4 = 4), efficiency gains are significant. PINNs take 25.40 seconds,
while conventional approaches take 75.20 seconds, demonstrating that higher-
dimensional machine learning algorithms scale better. While Gaussian Processes are
faster than PINNs and RL, they take 30.10 seconds longer to solve high-dimensional
problems like the Poisson equation. This shows that PINNs and RL solve curse of
dimensionality computation difficulties in nonlinear PDEs better. The table also
demonstrates that classical numerical methods take longer to compute as
dimensionality grows, while machine learning-based solutions handle issues more
reliably. While classical methods require 40.50 seconds for the Navier-Stokes
equation with dimensions d = 3 and d=3, PINNSs only take 20.50 seconds, indicating
great computing efficiency. PINNs reduce calculation time by half in heat and wave
equations with moderate dimensionalities (d = 2 and d = 3) compared to classical
methods. The scalability and efficiency of machine learning algorithms in higher-
dimensional spaces is crucial in pure mathematics, where high-dimensional problems
are computationally difficult. Efficiency makes machine learning approaches a
possible alternative to established methods for solving nonlinear PDEs in complex,
high-dimensional systems.

Table 1. Computational Time vs. Dimensionality for Various Methods.
Dimensionality Classical Numerical PINNs Gaussian Reinforcement

PDE Type (d) Method (s) (s) Processes (s) Learning (s)
Burgers' Eq. 2 15.20 9.80 12.40 11.60
Navier-Stokes 3 40.50 20.50 25.70 23.90
Heat Eq. 2 10.80 7.60 9.20 8.90
Wave Eq. 3 35.60 18.30 22.50 21.00
Poisson Eq. 4 75.20 25.40 30.10 28.40

Classical numerical and machine learning memory usage differs in high-dimensional
problems, as seen in the image. Classical approaches like the finite difference method
(FDM) and finite element method (FEM) demand a lot of memory to store and
interpret data points or grid elements in high-dimensional areas. For dimensionality d
= 6 and d=6, classical methods use over 45 GB of memory, a significant increase from
lower dimensions. Grid-based discretisation adds grid points exponentially with
domain dimensionality. Scaling issues prevent classical numerical methods from
solving high-dimensional PDEs due to memory limits. As dimensionality increases,
machine learning approaches like PINNs and RL consume less memory, making them
more scalable for high-dimensional situations. PINNs and RL require 12-13 GB, less
than a third of conventional methods' memory, even at larger dimensions. Continuous
representation of the solution space using machine learning models eliminates domain
discretisation, improving efficiency. Since neural networks approximate domain-wide
answers, PINNs and RL reduce the computational load of massive grid storage and
processing. Traditional approaches for solving complex PDEs in higher dimensions are
memory- and computation-intensive, but machine learning models work.

The figure also shows that Gaussian Processes (GPs) require more memory than
PINNs and RL but less than classical approaches. The complexity of kernel
operations and probabilistic models makes Gaussian Processes scale better than
classical techniques but less memory efficient than deep learning. GPs offer
scalability and probabilistic foundations between standard and deep learning
methods. The figure indicates that deep learning-based machine learning methods
increase memory scalability and solve high-dimensional PDEs that standard
numerical methods cannot. The rise of machine learning in numerical analysis and
its ability to overcome high-dimensional domain restrictions are shown here.
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Memory Usage Across Dimensionality for Classical and Machine Learning Approaches
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Figure 2: Memory Usage vs. Dimensionality for Classical and Machine Learning
Techniques.

The table lists the numerically tested partial differential equations (PDEs) with their
mathematical formulations, nonlinearity, dimensionality, and boundary conditions.
Burgers' equation u t+ uux=0.01 uxxut +uu x =0.01u xx is less linear because to the
advection term u u x uu x. The 2-dimensional Dirichlet boundary condition equation is
used in fluid dynamics and traffic flow modelling. Fluid motion is governed by the
Navier-Stokes equation: (dVu+u-Vu) =—Vp+uAVup (dt du +u-Vu) =—Vp+ The velocity-
gradient connection is nonlinear and difficult to solve, especially in 3D with combined
Dirichlet and Neumann boundary conditions. Machine learning's ability to
approximate complex dynamics is best tested using nonlinear PDEs.

The table displays linear PDEs like the Heat equation (€) and Wave equation (0 €)

in 2- and 3-dimensional spaces. This equation is easier to solve than nonlinear PDEs
due to Neumann and Dirichlet boundary conditions. Poisson equation A u = - (x)
Au=-f(x) is an elliptic PDE with Neumann boundary conditions. High dimensionality
makes it computationally complex, yet linearity simplifies solution. Traditional
numerical methods and machine learning struggle with these equations, which range
from nonlinear (Navier-Stokes) to linear (Heat and Wave equations). The
comparative study relies on this table to show how well these approaches handle
nonlinearity, complexity, and boundary conditions.

Table 2. Description of PDEs Used in Numerical Experiments.
Mathematical Boundary

PDE Type Formulation Nonlinearity Dimensionality Conditions
Burgers' Eq. Ul + U u* = 0.01 U Moderate 2 Dirichlet
Navier- rho(du/dt + u.grad(u)) = - Hich Mixed
Stokes grad(p) + mu * laplacian(u) 18 3 (Dirichlet/Neumann)
Heat Eq. ut=0.5ux None 2 Neumann
Wave Eq. utt = 2 yx None 3 Dirichlet
Poisson Eq. laplacian(u) = -f(x) None 4 Neumann

Figure 3 depicts how standard numerical approaches, PINNs, Gaussian Processes,
and RL behave as iterations or epochs rise. Classical methods are reliable and well-
understood, but they converge and reduce residual errors slower than machine
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learning. Traditional methods had a residual error of 0.025 after 1000 rounds,
showing that accuracy requires more computing. Classical methods are constrained
in complex PDEs, notably nonlinear and high-dimensional instances with challenging
convergence. PINNs and RL converge faster and reduce residual error after fewer
iterations. After 1000 epochs, PINNs reduce residual error to 0.002, exceeding
classical methods. PINNs can directly include the underlying physics into the learning
process, making PDE solution approximation more efficient, especially in complex,
nonlinear situations. RL-based methods converge well, giving very little residual error
with fewer repetitions. Reinforcement learning searches the solution space and finds
optimal techniques faster than previous methods using iterative optimisation and
incentive systems. In high-dimensional situations where traditional methods fail to
converge in practical time, RL's efficiency in solving PDEs demonstrates its potential.
Gaussian Processes converge quicker than traditional methods, but PINNs and RL are
ahead. The residual error of kernel-based GPs decreases slowly because they require
more computer resources to optimise and adapt in higher-dimensional settings. The
figure's trend suggests machine learning is faster and more efficient. These methods
solve high-dimensional PDEs more accurately than conventional methods, which
require more iterations. For real-time simulations or high-dimensional modelling,
fluid dynamics and quantum mechanics require quick machine learning model
convergence to solve PDEs.
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Figure 3: Convergence Rate for Classical and Machine Learning Methods.

The main machine learning methods used to numerically solve partial differential
equations have diverse structural architectures and hyperparameters, as shown in the
table. PINNs, GPs, and RL models have distinct topologies to solve PDE issues. The
Tanh activation function with 4 layers of 64 neurones per layer balance smoothness
and convergence efficiency in the PINNs model. The Adam optimiser, with 0.001
learning rate and 1000 epochs, focusses robust optimisation and fine-tuned
performance in complex PDEs. L2 regularisation stresses the necessity of preventing
overfitting while training neural networks on high-dimensional PDEs with rich
solution spaces. Gaussian Processes (GPs) use kernel-based architecture without
neural networks or activation functions. GPs solve PDEs probabilistically using kernel
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functions to represent input point relationships. This setup optimises the solution with 500 iterations and 0.01 model learning. GPs
are useful for low-dimensional, smooth function approximations without neural network layers, batch sizes, or activation functions.
Different regularisation methods are used than in deep learning models. This kernel-based method allows GPs to efficiently handle
uncertainty and provide probabilistic outputs, making them acceptable for specific PDEs, but their scalability is limited compared to
deep learning methods in higher dimensions. Reinforcement Learning (RL) solves PDEs differently with 3 layers of 128 neurones with
ReLU activation functions. Optimising RL models using the Adam optimiser at 0.0005 learning rate shows the need for exact learning
adjustments to find appropriate PDE solution space policies. The RL model efficiently explores the solution terrain with 1200 epochs
and 32 batches, especially in complex, dynamic environments that require iterative decision-making. Q-Learning Loss maximises a
reward signal to learn from the environment like RL. Regularisation using L2 weight decay reduces training state overfitting and
enhances model generalisation. RL is suited for solving high-dimensional, time-dependent PDEs with iterative processes and strategic
decision-making due to its design.

Table 3. Machine Learning Model Architectures and Hyperparameters Used for Solving PDEs.

Model Type szﬂgzx:;k %flt:l‘c’gt(;?:sl Optimizer Le;;r;ng Epochs BSaitzceh Loss Function Regularization
PINNs 4 layers, 64 neurons/layer Tanh Adam 0.001 1000 64 Mean Squared Error L2
Gaussian Processes N/A (Kernel-based) N/A N/A 0.01 500 N/A N/A None
Reinforcement Learning 3 layers, 128 neurons/layer ReLU Adam 0.0005 1200 32 Q-Learning Loss L2 (weight decay)

Figure 4 compares the accuracy (L2-norm error) and computational efficiency (time to solution) of classical numerical methods
with machine learning methods like PINNs, Gaussian Processes (GP), and Reinforcement Learning (RL) for various partial
differential equations Machine learning approaches successfully minimise L2-norm errors for Burgers', Navier-Stokes, and Poisson
equations, improving solution approximation. PINNs have the lowest L2-norm error for most PDEs, such as Burgers' and Poisson
equations, at 0.05 and 0.04, compared to conventional techniques' 0.30 for the Navier-Stokes equation. In nonlinear and high-
dimensional situations, machine learning can better capture complicated solution structures. In higher-dimensional PDEs, when
numerical approaches are more expensive, machine learning models outperform them. PINNs solve the Poisson equation in 25.4
seconds, compared to 75.2 seconds for traditional approaches. PINNs and RL solve the Navier-Stokes equation in 20.5 and 23.9
seconds, respectively, compared to 40.5 seconds for classical methods. Machine learning models are more efficient and scale better
in larger dimensions because they use continuous function approximation instead of fine-grained domain discretisation. As seen in
the image, machine learning algorithms yield more accurate solutions with lower L2-norm errors and less computing work. Classical
methods struggle with accuracy and processing efficiency in complex PDEs like Navier-Stokes and Poisson. The gap between
classical and machine learning approaches rises as PDEs become more dimensional and nonlinear, demonstrating that machine
learning models can better tackle high-dimensional academic and commercial problems.
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Accuracy (L2-Norm Error) and Computational Efficiency (Time to Solution) for Various PDEs
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Figure 4: Accuracy vs. Efficiency for Classical and Machine Learning Techniques.

Table 4 illustrates how well conventional numerical methods, PINNs, Gaussian
Processes (GP), and Reinforcement Learning (RL) solve partial differential
equations (PDEs) using L2-norm error. Traditional methods have the biggest error
values, notably for the complex Navier-Stokes equation, which can surpass 0.300.
Because of grid-based discretisation, classical numerical approaches struggle to
depict complex dynamics of nonlinear and high-dimensional PDEs. Traditional
methods had an error of 0.100 for basic equations like the Poisson equation,
demonstrating precision gains. Machine learning methods, especially PINNs,
reliably reduce L2-norm errors in all PDE types. PINNs model Burgers' equation's
intricate, nonlinear behaviour better than classical methods, with an error of 0.050
versus 0.120. PINNs cut Navier-Stokes equation error to 0.120, half that of standard
methods. Neural networks' flexibility allows PINNs to estimate solutions
continuously over the domain without discretisation, making them better at PDE
spatial and temporal dynamics. Due to its versatility and physics-informed
restrictions, PINNs can accurately solve very nonlinear PDEs. Reinforcement
Learning and Gaussian Processes are more accurate than previous methods but less
accurate than PINNs. RL's excellent performance across all PDEs, especially for the
Navier-Stokes and Poisson equations, show its capacity to represent dynamic and
iterative processes. GPs reach 0.060 error in the Poisson equation, whereas RL
achieves 0.050. Machine learning is more accurate than traditional methods for
complex, nonlinear, or high-dimensional PDEs. Machine learning models' reduced
L2-norm errors suggest they can replace or enhance conventional methods in many
situations, providing accuracy and computational economy.

Table 4. L2-Norm Error Comparison for Different PDEs Across Methods.

. . Gaussian Reinforcement
PDE Type Classical Numerical Method PINNs Processes  Learning (RL)

Burgers' Eq. 0.120 0.050 0.070 0.060
Navier-Stokes 0.300 0.120 0.140 0.130
Heat Eq. 0.150 0.070 0.100 0.090
Wave Eq. 0.220 0.090 0.110 0.100
Poisson Eq. 0.100 0.040 0.060 0.050

The table "Comprehensive Convergence Rate Comparison for Classical Numerical
Methods and Machine Learning Techniques" shows how many iterations or epochs
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are needed for Burgers' equation, Navier-Stokes equation, Heat equation, Wave
equation, and Poisson equation to converge. Machine learning is superior. Classic
numerical approaches, which use grid-based discretisation procedures, struggle to
solve the highly nonlinear Navier-Stokes equation, which requires 10,000 iterations
to resolve. Physics-Informed Neural Networks (PINNs) converge in 2,000 epochs
for the same equation, demonstrating their ability to capture complicated dynamics
and enhance computational efficiency. Gaussian Processes and Reinforcement
Learning (RL) similarly converge on the Navier-Stokes equation after 2,200
iterations and 2,100 epochs. Machine learning models can handle sophisticated
high-dimensional PDEs, even if PINNs are more efficient. Gaussian Processes and
RL outperform classical methods. Iterative convergence criteria show machine
learning's computing efficiency and flexibility in adjusting to diverse PDE
complexities, giving it a viable alternative to conventional numerical approaches.
Finally, the Reference Solution Error in the chart shows that all machine learning
algorithms have lower convergence requirements and competitive accuracy, with
error values ranging from 0.001 to 0.005. This lower error rate and fewer iterations
prove that machine learning models, especially PINNs, may solve challenging PDEs
faster and yield high-quality solutions in real applications. This work indicates that
machine learning can improve convergence rates and accuracy for real-time
simulations and complex models by changing numerical analysis of PDEs.

Table 5. Convergence Rate Comparison for Classical and ML Techniques.
. . Gaussian Reinforcement Reference
Classical Numerical PINNs

PDE Type . Processes Learning (RL) Solution
Method (Iterations) (Epochs) (Iterations) (Epochs) Error
Burgers' Eq. 5000 1000 1200 1100 0.002
Navier-Stokes 10000 2000 2200 2100 0.005
Heat Eq. 3000 800 900 850 0.001
Wave Eq. 7000 1500 1600 1550 0.002
Poisson Eq. 15000 2500 2700 2600 0.003

Figure 5 depicts how numerical and machine learning methods scale differently with
problem dimensionality, especially in computing time and memory. The graphic
shows that classical numerical methods take 1280 seconds and 512 GB of memory
beyond a dimensionality of 3. This exponential expansion shows the curse of
dimensionality, which makes typical techniques impossible for complex partial
differential equations in high-dimensional domains: accurate solutions require many
data points. However, Physics-Informed Neural Networks (PINNs) and
Reinforcement Learning (RL) are efficient and scalable since their computing time
remains low as dimensionality increases. PINNs consume 10 GB of memory and 30
seconds to solve 6-dimensional problems, a significant resource savings over classical
methods. This substantial performance difference illustrates that machine learning
models may approximate solutions across high-dimensional domains without the
computing overhead of numerical methods, making them suitable for complex system
applications. The dual-axis graph makes it straightforward to compare both
measurements, indicating that machine learning outperforms traditional methods in
high-dimensional PDE computation. For complicated, high-dimensional problems,
machine learning models like PINNs and RL reduce convergence time and memory
footprint, saving resources. Machine learning approaches are becoming more
relevant in numerical analysis, offering alternatives to standard methods that can
enhance complicated PDE solving efficiency and accuracy, especially in high-
dimensional applications that require rapid computations and resource management.
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Figure 5: Scalability of Classical and ML Methods in High-Dimensional Spaces.

Figure 6 shows how conventional numerical approaches and machine learning methods
like PINNs, Gaussian Processes, and Reinforcement Learning perform differently for
partial differential equations (PDESs) with variable L2-norm errors and time to solution.
The scatter plot illustrates that classical methods have greater L2-norm errors,
especially in difficult applications like the Navier-Stokes equation, where the error is
0.30 and calculation time is 40.5 seconds. Classical methods struggle to capture the
dynamics of nonlinear PDEs, which demand numerous iterations and computing
resources. PINNs and other machine learning methods in the figure are more precise
and efficient. In 9.8 seconds, PINNs approximate Burgers' equation with alow L2-norm
error of 0.05; they use little resources. RL models and Gaussian Processes offer lower
error rates than previous methods, putting them closer to the lower-error axis while
maintaining processing performance. These differences show that machine learning
methods may solve complex, high-dimensional PDEs faster and more correctly, making
them useful in computational mathematics and applied science.
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Figure 6: L2-Norm Error vs. Time to Solution.

Based on L2-norm error, convergence rates, and computational efficiency, Physics-
Informed Neural Networks (PINNs) and Reinforcement Learning (RL) solve complex
partial differential equations (PDEs) better than numerical approaches. Machine
learning models consistently achieve lower L2-norm errors across various PDE types,
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with PINNs achieving an impressive error of 0.050 in Burgers' equation, while
classical numerical methods struggle with higher errors, proving that these advanced
methods accurately approximate nonlinear dynamics solutions. The convergence
analysis shows that PINNs can converge for the Navier-Stokes equation in 2,000
epochs, compared to 10,000 for conventional methods. This suggests machine
learning computes high-dimensional PDEs faster. Unlike classical methods, machine
learning techniques may scale in high-dimensional domains, using less memory and
processing time as problem dimensionality increases. Machine learning models like
PINNs and RL handle hard problems in 30 seconds and 10 GB at 6 dimensions.
Traditional numerical methods use 512 GB and 1280 seconds. These findings
demonstrate that machine learning can solve complex mathematical problems and
lay the groundwork for future research to improve and incorporate these models into
formal frameworks to advance computational mathematics.

DiSCUSSION AND FINDINGS

In pure and practical mathematics, solving nonlinear partial differential equations
(PDEs) in high-dimensional spaces is becoming harder. Finite difference, finite
element, and spectral methods lose accuracy and efficiency as issue dimensionality
rises. Due to the curse of dimensionality, discretizing the domain accurately takes
exponential computational resources, limiting classical methods in time and memory.
Therefore, alternative approaches that can overcome these constraints and accurately
handle a wide range of complex mathematical problems in various scientific fields are
needed. This study explores the use of modern machine learning methods like PINNs,
Gaussian Processes, and Reinforcement Learning to solve high-dimensional PDEs in
unique ways. The study shows how machine learning models may estimate answers
without domain discretisation, overcoming numerical approach disadvantages. This
study demonstrates the accuracy and computing efficiency of machine learning
approaches and advances numerical analysis and its applications by advancing the
theoretical knowledge of how they may solve complex nonlinear PDEs.

Tables 4 and Table 5 indicate that machine learning reduces L2-norm errors and
computing times in complex partial differential equations (PDEs) in high-
dimensional spaces better than numerical solvers. Physics-Informed Neural
Networks (PINNs) can use the physical laws governing PDEs to build loss functions
that integrate these laws directly into the training process, resulting in more accurate
solution approximations without substantial discretisation. Figure 5 shows that
classical numerical methods exponentially increase computational time and memory
usage as dimensionality increases, while machine learning methods like PINNs can
solve high-dimensional problems with lower resource requirements [18, 20].

Loss functions allow machine learning models to adapt to mixed, Dirichlet, and
Neumann boundary conditions, simplifying complex modelling. Calculations using
classical methods typically require major changes. To improve performance in
practical applications, machine learning models must generalise from training data
to a wide range of PDEs and real-world situations. Despite these benefits, existing
machine learning methods have limitations, especially when training and
approximating solutions for very complicated PDEs with nonlinearity, chaos, or
steep gradients.

Machine learning model training is computationally complex, especially as problem
dimensionality grows, resulting in higher resource consumption and longer training
durations, making these techniques unsuitable for time-sensitive applications.
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Tables 4 and 5 indicate that hyperparameter adjustment, including learning rate,
batch size, and network architecture optimisation, complicates performance.
Machine learning can perform well, however overfitting can arise when the model
learns the noise in the training data rather than the solution structure, resulting in
poor generalisation on unseen PDEs or boundary conditions.

Regularisation algorithms like L2 punish big neural network weights to encourage
simpler models that don't overfit the training data. Training a neural network with
dropout layers increases robustness and prevents the model from becoming too
dependent on one pathway. Performance on a validation set of PDEs or boundary
conditions not in the training data can quantify model generalisation and illustrate
how well it can adapt to new settings and preserve accuracy.

The decreased L2-norm errors across test cases in Table 4 indicate that machine
learning models, particularly PINNs, may generalise well and capture the solution
dynamics of a wide range of PDEs. A well-curated dataset that represents a wide range
of real-world scenarios is important since the model's architecture and training data
may effect generalisation. Machine learning has enhanced numerical analysis of
PDEs, but they need more research to increase their robustness and performance,
especially in complex systems with high dimensionality and nonlinear behaviour [8].
In conclusion, integrating machine learning into PDE numerical solution enhances
accuracy, convergence, and scalability and opens new research and refinement
avenues. Complex PDEs, computational complexity, and overfitting require ongoing
research to improve training, regularisation, and model architectures. Addressing
these concerns will improve machine learning for complicated mathematical problems
and scientific and technical applications. This disruptive potential highlights the need
to study and refine machine learning approaches to unlock their full numerical analysis
capabilities and enable their wider usage in tough real-world scenarios.

Machine learning is recommended for numerical analysis, especially for solving
complex partial differential equations (PDEs) with nonlinear dynamics and high-
dimensional spaces. Machine learning models, especially Physics-Informed Neural
Networks (PINNSs), exhibit considerably smaller L2-norm errors than standard
numerical approaches and can accurately simulate Burgers' equation, Navier-Stokes
equation, and Poisson equation solutions. PINNs have an L2-norm error of 0.050 for
Burgers' equation, while traditional methods have 0.120, showing that machine
learning improves solution quality and solves issues that classical methods cannot due
to computational constraints. Compared to 10,000 epochs for conventional
approaches, machine learning models can solve the Navier-Stokes equation in 2,000.
This enormous computational efficiency boost shows that machine learning works in
real-world applications with limited time and resources. Machine learning methods
in high-dimensional environments are scalable because they demand fewer resources
as dimensionality grows, unlike numerical solvers. Classical numerical approaches
need extensive reconfiguration, whereas machine learning algorithms may adapt to
different boundary conditions and issue settings. Mixed, Dirichlet, and Neumann
boundary conditions make PINN loss functions better for complex systems with many
restrictions. Hard mathematical problems and scientific and engineering PDEs are
solved using numerical analytic theory and machine learning [5].

CONCLUSION

By lowering L2-norm errors and computing times for complicated partial
differential equations, Physics-Informed Neural Networks (PINNs), Reinforcement
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Learning (RL), and Gaussian Processes (GPs) have revolutionised numerical
analysis. This comprehensive comparison shows that machine learning algorithms
regularly obtain lower L2-norm errors for Burgers', Navier-Stokes, Heat, Wave, and
Poisson equations, indicating they can reliably approximate solutions in nonlinear
and high-dimensional circumstances where classical methods fail PINNs and RL
converge complex PDEs like the Navier-Stokes problem in 2,000 epochs, while
classical numerical applications need 10,000. Traditional numerical methods
cannot manage exponential processing needs from increased dimensionality, while
machine learning methods scale well. Due to their adaptability and versatility,
machine learning models are vital mathematical modelling and simulation tools
that reduce resource utilisation and provide correct answers to various difficulties.
The benefits of machine learning are limited when working with complex PDEs with
dynamics that model designs or training data may not capture. Reduce training
computational complexity and overfitting with regularisation and model
generalisation. These machine learning models must be updated for real-world PDE
complexity and unpredictability. Science and engineering researchers will solve
nonlinear PDEs with machine learning. Beyond theoretical achievements, machine
learning in partial differential equation numerical analysis promises to improve
computing speed and accuracy, providing more reliable solutions for complex
problems that confound practical mathematics. This study shows how machine
learning algorithms may estimate partial differential equation solutions without
traditional computational constraints. Machine learning research will change how
we solve complex mathematical problems, improving science and engineering.
Machine learning can assist mathematicians understand complex systems and solve
high-dimensional problems that plague theoretical and applied researchers.

For future studies, this study recommends that in recent years, physics-informed
neural networks (PINN) have been used to solve stiff-PDEs mostly in the 1D and 2D
spatial domain. PINNs still experience issues solving 3D problems, especially,
problems with conflicting boundary conditions at adjacent edges and corners. These
problems have discontinuous solutions at edges and corners that are difficult to learn
for neural networks with a continuous activation function. In this review paper, we
have investigated various PINN frameworks that are designed to solve stiff-PDEs. We
took two heat conduction problems (2D and 3D) with a discontinuous solution at
corners as test cases. We investigated these problems with a number of PINN
frameworks, discussed and analysed the results against the FEM solution. It appears
that PINNs provide a more general platform for parameterisation compared to
conventional solvers. Thus, we have investigated the 2D heat conduction problem
with parametric conductivity and geometry separately. We also discuss the challenges
associated with PINNs and identify areas for further investigation.

THEORETICAL CONTRIBUTIONS

This work shows how numerical analysis and advanced machine learning approaches
for solving partial differential equations (PDEs) might improve pure mathematics by
helping us understand complex mathematical systems. Machine learning methods,
particularly PINNs and RL, outperform classical numerical methods, indicating a
paradigm change in mathematical problem solving and numerical analytic theory.
This history shows that machine learning may provide correct solutions and increase
mathematical understanding, enabling new mathematical theories that account for
high-dimensional spaces and nonlinear dynamics that defy numerical techniques.
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This research carefully examines convergence rates and error measures to set
benchmarks and performance indicators for future field research. Researchers can
compare pure and applied mathematics algorithms and methods using this strategy.
This study shows how machine learning models may solve complex mathematical
problems, especially in high-dimensional scenarios, contributing to the argument
over whether such techniques can be used and supporting the idea that they can
replace or enhance classical methods. Machine learning algorithms must be stable,
convergent, and generalisable for multidisciplinary use. This study provides analysis
theory. New mathematical models that mix machine learning and numerical analysis
are encouraged, fostering innovation and collaboration across these fields. Machine
learning and classical methods may give hybrid approaches to comprehending
complex PDEs and their behaviours. These unique methods promote academic
conversation and pave the way for machine learning and numerical analytic research
to improve mathematical theory and solve complicated real-world challenges. In
conclusion, machine learning can transform PDE numerical analysis, highlighting the
necessity for new computational methods in mathematics to solve complicated issues.
This data demonstrates how machine learning and numerical approaches may solve
high-dimensional nonlinear PDEs, launching a new mathematical research age that
improves theory and application. These novel methodologies will boost mathematical
modelling and machine learning-based scientific and technical problem-solving.

PrRAcCTICAL CONTRIBUTIONS

The paper shows that Physics-Informed Neural Networks (PINNs) and
Reinforcement Learning (RL) can solve high-dimensional PDEs, helping science and
engineering. Traditional numerical methods cannot solve high-dimensional PDEs in
fluid dynamics, climate modelling, and financial engineering, hence these methods
are needed. Modern research and application require new methods. High processing
time and iteration count reductions suggest machine learning enhances PDE solution
and R&D. Delays in real-time simulations or decision-making might cost significant
opportunities. The study indicated machine learning models converge faster than
classical methods. Increased productivity and the ability to solve more complex
mathematically rigorous problems previously insoluble due to computer limits are
possible with these upgraded methodologies. Using numerical analysis and machine
learning's flexibility and adaptability, this study encourages mathematicians,
computer scientists, and domain specialists to generate and solve complex problems
in new fields. This project will improve theoretical understanding and practical
application of challenging PDE solutions in many scenarios by developing machine
learning numerical analysis tools. Finally, numerical analysis using machine learning
solves complicated mathematical problems more robustly, efficiently, and effectively,
affecting many research and application fields.
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