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LEVERAGING DEEP NEURAL NETWORKS FOR EFFICIENT
NUMERICAL SOLUTIONS OF NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS IN HIGH-DIMENSIONAL SPACES

VIMALA VENUGOPAL MUTHUSWAMYY* B. SUDHAKAR?

Abstract: Deep neural networks (DNNs) approximate Partial Differential Equations
(PDEs) in high-dimensional domains and complex boundary conditions that numerical
methods struggle with this study. DNNs, tensor-product spaces, and sparse grids solve
multiple-variable PDE problems' curse of dimensionality. Convergence, error
boundaries, and the usefulness of depth vs. width network designs in managing high-
dimensional inputs are examined in theory and experiment. The study utilized multiple
datasets, each corresponding to different well-known partial differential equations
(PDEs), such as the Navier-Stokes Equation, Schrodinger Equation, Hamilton-Jacobi
Equation, Poisson Equation, Heat Equation, and Burgers' Equation. DNN training is
examined using energy functional minimization and classical variational concepts to
get insight into PDE solution regularity, existence, and uniqueness. Although
convergence proofs and error estimates are still being established, DNNs can
approximate quantum physics, fluid dynamics, and financial modelling PDEs. The
study found that Latin hypercube and quasi-random sampling reduce high-
dimensional DNN training costs and maintain accuracy. It also proposes studying
DNN-based solver convergence guarantees and hybrid analytical-numerical methods
that combine old solvers with new machine learning methods because real success
differs from theoretical models. This extensive study shows that DNNs can solve
complex, multidimensional PDEs and enriches the theoretical framework with high-
dimensional function approximation, convergence features, and optimal network
topologies. The findings suggest studying DNNs for stochastic PDEs with uncertainty
and dimensional complexity. PDE estimates may be more accurate and efficient with
classical and DNN-based hybrid approaches. This study promotes machine learning in
pure and applied mathematics and creative solutions to old mathematical problems
using empirical observations and strong mathematical theory.

INTRODUCTION

Science and engineering benefit from nonlinear partial differential equations (PDEs)
that reflect complex real-world phenomena. Nonlinear processes without a straight
line or proportionate variables require these equations [24]. Fluid dynamics
nonlinear PDEs model air and water movement and interaction. Understanding
weather, ocean currents, and aerodynamics requires the Navier-Stokes equations,
nonlinear PDEs that describe fluid motion. Schrédinger equation-type nonlinear
PDEs describe quantum particles like electrons in atoms. Complex quantum systems
are nonlinear due to particle or external field interactions. The equations assist
physicists comprehend microscopic particle behaviour, enhancing semiconductors
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and quantum computers [19]. Financial market activity and complicated financial
instruments like options and derivatives are assessed by nonlinear PDEs. The Black-
Scholes equation is well-known in option pricing, but the nonlinear version better
captures market volatility and other financial phenomena [4].

Multivariable or multidimensional nonlinear PDEs are difficult to solve. Traditional
finite element or finite difference methods can solve low-dimensional problems.
Traditional methods are computationally expensive for high-dimensional equations
in multi-particle quantum systems and financial models [14]. When computational
resources grow exponentially, the curse of dimensionality occurs. As real-world
situations get more complicated, efficient high-dimensional nonlinear PDE solutions
are research objectives. Weather prediction, financial modelling, and engineering
physics simulations need real-time responses. Researchers are investigating deep
neural networks to handle high-dimensional computer problems. These networks
estimate nonlinear PDE solutions better than numerical approaches, making them
practical and scalable [18].

Nonlinear PDEs are difficult to solve, especially as the system's dimensionality
increases, because they are sensitive to starting conditions and small parameter
changes. Expanding these equations to mimic systems with multiple variables or
degrees of freedom complicates the challenge. The curse of dimensionality occurs
when the processing power and memory needed to tackle an issue expand
exponentially with the number of dimensions [6, 18]. Traditional numerical
approaches struggle to solve high-dimensional PDEs rapidly and reliably due to the
curse of dimensionality. Traditional methods like finite difference, finite element,
and spectral discretize the solution space. Such approaches can divide the interval
of interest into small grid points and solve one-dimensional problems at each point.
Grid points increase exponentially with dimension. One-dimensional PDEs require
1,000 grid points, whereas 10-dimensional ones may demand many grid points,
rendering them computationally infeasible even for powerful supercomputers [12].
Each grid point increases the computing cost of solving the PDE. Accounting for all
possible values for each variable at each grid point in high-dimensional spaces takes
significant computation. In high dimensions, classical numerical algorithms struggle
to maintain stability and accuracy due to quicker error buildup. In nonlinear PDEs,
where the equations are too complex to solve precisely, this can lead to incorrect or
unstable solutions. PDEs with high dimensions have data storage and processing
challenges. Traditional PDE solutions are stored as a table of values at discrete points
in space, but as dimensions rise, this database becomes too large to store in memory.
Traditional methods are less scalable because to storage and computational
constraints. For high-dimensional challenges, precise resolution in some dimensions
worsens the curse of dimensionality and increases processing strain [5, 8].
Academics are looking for ways to efficiently approximate high-dimensional nonlinear
PDEs without the disadvantages of classical approaches. To overcome the curse of
dimensionality, deep neural networks (DNNs) can better approximate high-
dimensional PDE solutions. While traditional methods discretize the entire space,
DNNs can learn complex patterns from data and approximate the answer over a high-
dimensional space without computing every point. They minimize memory and
calculate faster, making them perfect for high-dimensional problems. To solve
nonlinear PDEs more efficiently and precisely, deep learning models, especially those
trained with Physics-Informed Neural Networks (PINNs), can directly encode physical
rules. Though still being explored, these methods may solve high-dimensional
nonlinear PDEs without the curse of dimensionality [15, 25, 29, 35].

A huge research gap exists in the mathematical and computational method to properly
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approximating high-dimensional nonlinear partial differential equations (PDEs) due
to the curse of dimensionality and classical numerical approaches' restrictions.
Traditional methods are accurate in low-dimensional settings but computationally
impractical as dimensionality grows. Complex nonlinear PDEs are harder to solve in
high dimensions. These methods are expensive and inadequate to represent the
complicated behaviour of high-dimensional solutions, which are sensitive to even
modest changes in initial conditions or parameters. The need for high-dimensional
PDEs to simulate complicated quantum, hydrodynamic, and financial systems
exacerbates this research gap. The exponential scalability of computer resources and
high-dimensional data storage make numerical methods worthless. Thus, new
mathematical frameworks and computational methods are needed to efficiently
approximate high-dimensional nonlinear PDEs without classical limitations [9, 30].
Deep neural networks (DNNs) may perhaps close this gap. DNNs enable nonlinear
PDEs overcome dimensionality by approximating complex functions and handling
high-dimensional input [13]. Unlike approaches that discretise the solution space,
DNNs approximate solutions without a dense grid of points by learning
representations through their layered structure. Adaptable neural networks represent
and compute efficiently in high-dimensional regions. Approximation theory theorems
like the Universal Approximation Theorem prove DNNs' universal function
approximation potential. Theorem implies that neural networks can approximate any
continuous function to arbitrary precision, even complex nonlinear PDE solutions,
given adequate depth and width [32]. DNNs can capture complex high-dimensional
solution behaviours that standard approaches cannot [21, 26, 36].

PINNSs, a new deep learning breakthrough, may directly embed PDE structures into
the neural network's loss function to learn the solution while respecting the problem's
physics. Integrating physical criteria into the neural network framework boosts
nonlinear PDE solution accuracy and efficiency in high-dimensional regions where
traditional techniques fail. These challenging problems are tackled computationally
efficiently by PINNs and comparable methods that minimise PDE residuals and
boundary conditions during training. Despite promising theoretical foundations,
deep neural networks' mathematical features for high-dimensional nonlinear PDEs
are still uncertain. The ideal network topologies for diverse PDE classes, error limits
on specific solution approximation, and neural network convergence in high-
dimensional circumstances remain unclear. More research is needed to establish
DNNs' limitations in this context, such as their capacity to generalize over
nonlinearities or boundary constraints. Thus, deep neural networks can approximate
nonlinear PDEs in high-dimensional spaces, but further research is needed to
understand their theoretical underpinning and application issues. Bridge this gap to
improve numerical analysis and tackle the hardest high-dimensional nonlinear PDE-
based scientific and engineering problems [22, 23, 33, 34].

This study examines deep neural networks (DNNs)' mathematical foundations for
high-dimensional nonlinear PDE approximation. This study will establish a rigorous
theoretical framework to understand DNNs' strengths and weaknesses in complex
mathematical challenges. DNNs will be investigated for approximating high-
dimensional nonlinear PDEs under diverse network designs, activation functions, and
problem space dimensionality. Derive and assess DNN approximation error bounds,
another significant mathematical task. Understanding the approximation error is
essential to assessing neural networks' ability to solve nonlinear PDEs, especially in
high-dimensional situations where precision is often lacking. To theoretically
guarantee error boundaries, the research will determine how network parameters like
depth, width, and activation functions affect solution approximation quality. This



4 MUTHUSWAMY V'V, B. SUDHAKAR B

involves understanding how network size and PDE complexity affect inaccuracy and
when DNNs can solve the problem efficiently.

In addition to approximation properties and error analysis, DNN convergence in
nonlinear PDEs will be examined. Understanding neural network convergence
features helps approximation solutions approach the true answer as the network is
trained or changed. This study will examine how fast and under what conditions
DNNs can solve nonlinear PDEs in high-dimensional spaces. Theory will show how
training data, regularisation tactics, and network architecture affect convergence and
interact with nonlinear PDE complexity [2, 17, 31]. The research provides theoretical
and mathematical proofs of these key deep neural network properties. To advance
DNN mathematical theory, the work examines high-dimensional PDEs where typical
numerical approaches fail. This research uses approximation theory, error bounds,
and convergence to lay the groundwork for employing DNNs to solve the hardest
nonlinear PDE problems in physics, economics, and computational biology. The
ultimate goal is to discover the conditions that allow DNNs to overcome the curse of
dimensionality and tackle high-dimensional problems accurately and efficiently to
bridge the gap between theoretical potential and execution.

THEORETICAL FOUNDATIONS OF DEEP NEURAL NETWORKS

Function Approximation with Neural Networks

Neural networks are universal approximators in functional approximation theory. The
Universal Approximation Theorem states that a feedforward neural network with a
single hidden layer, finite neurones, and an adequate nonlinear activation function
may approximate any continuous function specified on a compact subset of real
numbers with arbitrary accuracy. Mathematically, for any continuous function f: R» —
R and for any given € > 0, there exists a neural network function f~ such that the
supremum norm ||f — f llec is less than €, meaning that the network f~ can approximate
f as closely as desired. Neural networks can express complex, nonlinear functions by
assembling fundamental activation functions on linear input combinations as
universal approximators. Neural networks can estimate multivariate continuous
functions in high-dimensional input fields after showing this for one-variable
functions. This theorem guarantees that properly trained deep neural networks
(DNNs) may approximate complex, frequently non-linear PDE solutions in high-
dimensional environments. Size of neural network affects approximation error. More
neurons and layers can approximate more complex functions, but computing
complexity increases. The Universal Approximation Theorem guarantees such an
approximation but does not specify its efficiency. It does not define neuron count or
network depth for accuracy. Approximation theory has unresolved issues, especially in
high-dimensional environments where the function being approximated (such a
nonlinear PDE solution) is complex. Researchers must analyse network architecture,
target function complexity, and approximation rate trade-offs to understand how
DNNs can solve high-dimensional PDEs.

Mathematical Formulation of DNNs
A deep neural network (DNN) is a function that translates a high-dimensional input

space (R") to an output space (R or R™), where m is the output dimensionality. A
DNN is a collection of functions, each representing a network layer. The network
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input is represented by a vector x: R: n x€ R". The weight matrix and bias vector for
the k-th layer are represented by W £ bk, respectively. The network performs affine
transformations and nonlinear activation functions on the input vector.

Mathematically, this process can be explained as follows for a network with Llayers:

h® =0 (Wi*x+bi)
h® =06 (W2*h® +by)

h®) = ¢ (W_L * h@-D + by)
Ax) =Wa+n *h® + bty

In this example, #(k) represents the output of layer k, W k is the weight matrix, b k is
the bias vector, and ¢ is the nonlinear activation function. The output f® is a linear
combination of the last hidden layer's output. Adding layers (depth) or neurons per
layer (width) helps the DNN approximate complex functions. Each neuron is a scalar-
valued function that works on the weighted sum of its inputs, and each neural network
layer translates from a high-dimensional input space to a possible higher-dimensional
output space. Adding nonlinearity to the network requires the activation function o.
Linear transformations and approximation linear functions would make up the
network without nonlinearity. The network can solve complex nonlinear PDEs due to
nonlinearity. The weight matrix W k and bias vector b k are tuned during training to
decrease the discrepancy between the network's expected output @ and the true
answer. The input space dimensionality measures the number of independent
variables, while the output space dimensionality depends on the intended answer
(scalar or vector). The solution of high-dimensional PDEs is approximated by f®),
while x denotes independent variables like geographic coordinates and time [1].
Parameterized families of functions like deep neural networks may approximate
mappings over high-dimensional spaces, making them excellent for nonlinear PDEs.
DNN s are utilised in mathematics, science, and engineering applications that demand
high-dimensional function approximation because to its mathematical structure and
theoretical basis as universal approximators.

Approximation Theory

Universal function approximators like deep neural networks (DNNs) can approximate
complex nonlinear mappings in high-dimensional domains. Studying their
smoothness, regularity, and expressive force is vital. Function smoothness and
regularity affect DNN approximation quality and efficiency. In Sobolev or
differentiable function spaces, DNNs approximate smooth functions better. The neural
network learns and models complex structures better when the goal function is routine
over its domain. Neural networks approximate smoother functions better. DNN
expressive power—their ability to estimate complex nonlinear functions—is strongly
tied to their approximation abilities. This expressive power needs network depth and
width. Neurones per each network layer determine breadth and depth. Mathematically
expanding network width simulates more functions in a given space but decreases
efficiency [7]. Deeper, multi-level networks better depict hierarchical and
compositional systems. Deep networks can approximate certain functions with fewer
neurones because they are exponentially more expressive than shallow networks with
the same number of neurones, according to recent theoretical developments. Depth is
crucial to the network's approximation power [16].

From approximation theory to capacity and generalisation, a network's expressiveness
and generalisation—its ability to perform effectively on unseen data or in
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circumstances beyond its training examples—are mathematical trade-offs. DNNs can
balance overfitting—where a high-capacity network learns the noise in the training
data rather than the genuine underlying function—and underfitting—where a low-
capacity network fails to capture the target function's complexity—by mathematically
examining this. Vapnik—Chervonenkis (VC) dimension can measure network capacity
and demonstrate this trade-off. Neural networks' VC dimensions represent their
maximum area of fragmentation, or all possible labelings or classes. To imitate
complex functions, VC dimension increases network capacity. A large VC dimension
might cause overfitting since the network memorises training data without patterns.
By balancing capacity and generalisation with weight decay, dropout, or network size,
the network can remember the training set and perform well on unknown input [23].

In conclusion, deep neural networks' depth, width, and ability to estimate smooth and
regular functions make them mathematically useful. To avoid overfitting and create
stable, accurate answers across problem domains, the network's expressive strength
and generalisation capabilities (VC dimension) must be balanced. Due to target
function complexity and input space dimensionality, DNNs must balance capacity
and generalisation while tackling high-dimensional problems like nonlinear partial
differential equations.

Nonlinear Partial Differential Equations (PDEs) in High-Dimensional
Spaces

Nonlinear partial differential equations (PDEs) are needed to describe physical,
chemical, and financial processes in high-dimensional systems with associated
variable values and rates of change. PDEs involve an unknown function u (x 1, X 2,...,
x n, t) and independent variables, usually spatial coordinates. PDEs in high-
dimensional spaces get exponentially more complex due to additional variables and
interactions. Due to the nonlinear character of the unknown function u u or its
derivatives, nonlinear PDEs provide significant mathematical and computing
challenges compared to linear ones.

The general mathematical form of a high-dimensional nonlinear PDE is expressed as:

F(u,Vu,V2u,. )

Nonlinear function F is affected by unknown solution u u, gradient V u, and higher-
order derivatives such as Hessian matrix V2u and may be others. The function F shows
the nonlinear interactions between u u and its derivatives. u can be represented as a
product of its partial derivatives, powers, or more complex forms. The gradient Vu
and Hessian matrix V2u represent the first- and second-order partial derivatives of u
for spatial variables. The simulated situation may require higher-order derivatives in
the equation.

Navier-Stokes equations, which describe fluid motion like air or water, have
nonlinear PDEs:

%+ (u-VY)u-vW?u+Vp=0

Consider velocity, kinematic viscosity, and pressure fields (u, v, p). The nonlinearity
is induced by the convective term (u-P)u, which combines the velocity field and
gradient. These equations are difficult to solve in high dimensions due to the
nonlinear term and fluid particle interactions. PDEs require boundary conditions to
solve numerically. Finding a unique and physically meaningful solution requires
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understanding the behaviour of the solution u u near the domain border. The most
common nonlinear PDE boundary conditions are:

The Dirichlet boundary conditions determine the value of the function u on the
domain border. The equation is u=g on the border 9Q, where g is a known function.
This boundary condition usually specifies a body's surface temperature in heat
conduction difficulties.

The Neumann boundary conditions determine the value of the normal derivative of
u u at the border. 0 u/0n =  on @ Q where n n is the boundary outward normal
vector and 4 h is a known function Neumann boundary conditions define heat flow
over borders in flux-related problems like heat conduction.

To express a linear combination of the function u u and its normal derivative on the
boundary, Robin boundary conditions combine Dirichlet and Neumann boundary
conditions. On 0 Q, au + b du/on = f where a, b, and f are known functions. In
convective heat transfer problems, Robin boundary conditions are used when
function value and flux over the boundary are significant.

Some famous nonlinear PDEs are complicated and rich, especially in high-dimensional
spaces:

Schrodinger equation is the fundamental PDE for quantum system wave function
evolution. Particle interactions and external potentials make the Schrodinger
equation nonlinear. The exponential expansion of variables (each particle adds three
spatial and perhaps temporal dimensions) makes solving the Schrédinger equation in
high-dimensional systems difficult. Navier-Stokes equations explain physical fluid
flow. High-dimensional simulations of atmospheric dynamics or large-scale ocean
currents with complex boundary conditions are difficult due to these equations'
nonlinearities [32]. The Hamilton-Jacobi equation is another essential nonlinear PDE
in optimal control theory and calculus of variations. The evolution of a minimal cost-
to-go or physical system action function is described. Traditional approaches for
solving the Hamilton-Jacobi equation in high-dimensional settings with numerous
interacting bodies or optimisation over wide regions are problematic due to
nonlinearity and the quantity of interacting variables. Finally, nonlinear PDEs in
high-dimensional spaces require complex equations with numerous derivative orders
and Dirichlet, Neumann, or Robin boundary conditions. The Schrodinger, Navier-
Stokes, and Hamilton-Jacobi equations show how nonlinear PDEs are used in
research and engineering. In high dimensions, solving these PDE:s is difficult, hence
deep neural networks are being studied to approximate solutions.

Curse of Dimensionality

Based on the formal description of high-dimensional nonlinear PDEs, the curse of
dimensionality is a major numerical solution difficulty. High-dimensional nonlinear
PDE:s are hard to understand and evaluate due to the curse of dimensionality, which
exponentially increases computational complexity. How do finite difference, finite
element, and spectral methods explain mathematics' curse of dimensionality? Certain
approaches discretize the PDE domain into a grid or mesh and compute the solution
at certain places. A one-dimensional problem needs a certain number of grid points
to approximate each interval. Accuracy requires exponentially more grid points with
dimension. A d-dimensional problem needs d grid points, as each dimension requires
Nd grid points. Use 1,000 points to solve a one-dimensional issue. A 10-dimensional
activity may require 1,000 grid points, which current computer resources cannot
compute or store.

Exponential grid point expansion complicates high-dimensional computation. Grid
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points increase solution storage memory and calculation time as dimensions rise. Even
for moderately high-dimensional nonlinear PDEs, typical numerical approaches are
too expensive. Changing interactions make many nonlinear PDEs difficult to simplify
or estimate. The curse of dimensionality geometrically restricts computing complexity,
making solution discovery harder. Volume grows rapidly in high-dimensional spaces,
affecting numerical integration, optimisation, and approximation. A high-dimensional
unit hypercube's volume is mostly on the corners and little in the core. High-
dimensional environments are geometric, making closeness and smoothness difficult
to apply. Grid-based PDE solutions that use local approximations and regularity fail in
high-dimensional cases because the problem geometry is too complex to explain with
a limited collection of grid points [13].

The curse of dimensionality impacts nonlinear PDE numerical algorithms'
convergence and stability. Larger dimensions increase error accumulation, making
domain-wide solution stability and accuracy tougher. Small changes in beginning or
boundary conditions can cause huge solution differences in nonlinear PDEs,
especially in high-dimensional settings with complicated variable interactions.
Therefore, the curse of dimensionality increases as high-dimensional spaces demand
more computation to ensure numerical stability and convergence to the proper
solution. These considerations are essential for solving high-dimensional nonlinear
PDEs like fluid dynamics' Navier-Stokes equations, where dimensionality rapidly
grows with physical system complexity. The Schrédinger equation for multi-particle
quantum systems has computationally intractable direct numerical solutions because
particle number increases dimensions.

The curse of dimensionality makes ordinary numerical methods unsuitable for high-
dimensional settings. Deep neural networks may solve these issues. DNNs can predict
the answer by learning from a little amount of data and capturing complex structures
and linkages in high-dimensional environments without sampling every point.
Traditional approaches discretise the domain. DNNs' universal approximation and
high-dimensional function modelling may help nonlinear PDEs avoid the
dimensionality curse. Finally, the curse of dimensionality makes solving high-
dimensional nonlinear PDEs difficult due to exponential computational complexity
and geometric constraints. These restrictions limit traditional numerical methods,
hence DNNs, which handle high-dimensional spaces better, should be considered.

Classical Approaches to Solving PDEs

Classical numerical methods are often used to estimate partial differential equations
(PDEs), especially in high-dimensional environments. The finite difference method
(FDM), finite element method (FEM), and spectral approaches are popular PDE
methods with pros and cons. Classical methods handled numerous real-world
issues, notably low- or intermediate-dimensional ones. The curse of dimensionality
reduces their efficiency with problem dimensionality [30]. The finite difference
approach is a popular and easy way to approximate PDE solutions. FDM uses a
regular grid of domain points to approximate PDE derivatives and replace
continuous derivatives. Calculate the second-order partial derivative of a function
(x) with respect to the spatial variable x using the central difference formula:

0%u _ule+ Ax) = 2u(x) +u(x — Ax)
oxz (Ax)?

The grid point spacing is A x. Applying similar approximations to all derivatives in
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the PDE turns the continuous equation into a system of algebraic equations that can
be solved for an estimated grid point solution. FDM is easy to implement in one or
two dimensions, but the exponential growth in grid points needed for accuracy
renders it computationally prohibitive in large dimensions. Processing and memory
requirements for d-dimensional tasks increase significantly with N grid points in
each dimension. FDM is too computationally expensive for high-dimensional
applications due to the number of points. Other classical methods for complex
geometries and boundary conditions include finite element methods. To estimate
the solution, FEM divides the PDE domain into a mesh of smaller, non-overlapping
parts and uses a piecewise polynomial function. The weak form of the PDE is
produced using variational methods, and the solution is a linear combination of
basis functions, usually low-degree polynomials. To analyse mathematically, divide
the domain into Qe, and approximate u as:

N

W= ) a0,

i=1

To solve the problem, solve a linear equation system for the coefficients where ¢ i (x)
are the basis functions and c i are the coefficients. FEM's versatility and ability to
accommodate irregular shape and heterogeneous material properties help many
engineering applications. Dimensionality plagues FDM and FEM in high-
dimensional spaces. FEM's applicability to high-dimensional PDEs is limited by the
exponential increase in elements needed to discretise the domain, making the system
of equations larger and harder to solve. Spectral PDEs are solved by expanding the
answer in terms of globally defined basis functions like trigonometric or orthogonal
polynomials. For one-dimensional problems, the approximate answer (x) is:

N

WG~ ) i (0,

k=1

Choose ¢ k (x) as the basis functions and calculate a k a k as the coefficients Spectral
convergence provides reliable spectral methods with few basic functions, especially for
smooth solutions. Due to globally determined basis functions, spectral methods are
sensitive to basis and boundary conditions and inappropriate for complex geometries
or discontinuities. Like FDM and FEM, high-dimensional spaces require multiple basis
functions, increasing processing cost. All standard methods—FDM, FEM, and
spectral—use domain discretisation, which exponentially increases the number of
variables to compute with dimensionality. This exponential growth, caused by the curse
of dimensionality, makes moderately high-dimensional problems computationally
insoluble. Precision domain meshing and boundary condition handling enhance
computing complexity and hinder high-dimensional scalability [3, 11, 27].

In multi-particle quantum systems, particle number increases dimensionality. Solve
the Schrodinger equation. Traditional FDM and FEM approaches demand many grid
points and computer capacity to discretise particle positions in a high-dimensional
space. High-dimensional conditions, such as air flow in a complex environment with
numerous interacting elements, require many grid points to solve the Navier-Stokes
equations accurately, rendering traditional techniques impractical. These constraints
are driving deep neural network (DNN) research for high-dimensional nonlinear
PDEs. Instead of discretising the domain, DNNs can train on a subset and approximate
a solution, saving exponential processing costs. DNNs' universal approximation and
ability to represent complex functions allow them to solve high-dimensional PDEs
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computationally instead of numerically. Traditional approaches like finite difference,
finite element, and spectral methods solve low- to moderate-dimensional PDEs, while
high-dimensional spaces are computationally and geometrically complex. High-
dimensional nonlinear PDEs demand scalable approaches like DNNs due to the curse
of dimensionality.

MATHEMATICAL ANALYSIS OF DEEP NEURAL NETWORKS FOR HIGH-
DIMENSIONAL PDEs

Table 1 compares neural network models used to estimate solutions for several high-
dimensional nonlinear partial differential equations. To solve PDEs in high-
dimensional environments, the table lists fully connected DNNs, PINNs, ResNet-
based DNNs, U-Net designs, Deep Galerkin Methods, and transformer-based
models. With 4—8 layers of 128—512 neurones, fully linked DNNs and feedforward
networks represent Navier-Stokes and Burgers' equations. For high-dimensional
PDEs with complex nonlinearities that demand robust modelling, architectural
alterations show how depth and width are updated to better reflect the solution
space. PINNs, which have 6 layers with 256 neurones and use the tanh activation
function, encode physical laws like the Schrodinger equation directly into the
training process to minimise the differential operator's residual error throughout
the domain to solve physics-based high-dimensional PDEs [35].

Table 1. Summary of DNN Architectures Used for PDE Approximation
Number of Number of

Network Activation
. Layers Neurons per . Problem Type
Architecture (Depth) Layer (Width) Function
Fully Connected .
DNN 4 128 ReLU Navier-Stokes
Physics- Schrodinger
Informed NN 6 256 Tanh Equation
ResNet-based . .
DNN 20 64 ReLU Hamilton-Jacobi
U-Net (Modified) 10 Varies (64 to 512)  Leaky ReLU Poisson Equation
Deep Galerkin . . .
Method 200 Sigmoid Heat Equation
ELU Burgers'
Feedforward NN 8 512 (Exponential E 8el
. . quation
Linear Unit)

High-
Sparse DNN 3 100 Swish Dimensional

Schrodinger
Convolutional ) 256 filters (spatial ReLU Navier-Stokes in
DNN (CNN) 5 convolution) 3D
Transformer- . . .
based NN 12 128 attention heads GELU Fluid Dynamics

The table shows how activation functions and specialised topologies improve neural
network approximation for different PDEs. ReLU and tanh activations are utilised for
classical problems like the Navier-Stokes and Schrodinger equations because they can
describe complex function spaces with nonlinearity and propagate gradients quickly.
Like deeper networks, ResNet-based 20-layer DNNs solve Hamilton-Jacobi equations
by capturing compositional structure. U-Nets with 10 layers and 64—512 neurone
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widths downsample and upsample to learn local and global Poisson equation solution
characteristics. The transformer-based model with 12 layers and 128 attention heads
shows how attention mechanisms can efficiently depict fluid flow spatial dependencies
by focused on relevant interactions in high-dimensional data. As shown in the table,
PDE problems are complex and require a nuanced approach that balances network
expressiveness, computer efficiency, and high-dimensional generalisation. Thus,
architecture, depth, width, and activation function must be chosen carefully.

DNNs' approximation error decreases with network size (depth or width), as shown
in Figure 1. The logarithmic approximation error is on the y-axis, and network size
can be extended by adding layers (depth) or neurones per layer (width). As network
depth and width increase, errors decrease (solid blue and dotted green lines). The
logarithmic y-axis scale better displays quick approximation error decrease, stressing
network complexity's non-linear connection with error. Neural networks' universal
function approximation capacity is shown by their ability to estimate high-
dimensional partial differential equations (PDEs) as they become more sophisticated.
As seen by the initial large decline in approximation error for depth and width,
expanding network size captures intricate characteristics of the underlying solution
in high-dimensional situations where standard numerical approaches fail.

The graphic also shows how depth and width effect network solution approximation.
The plot shows that early on, network depth (solid blue line) reduces error quicker than
width (dashed green line). Layers appear to assist the network capture hierarchical
patterns and compositional linkages, which are necessary for approximating complex,
non-linear functions in high-dimensional PDEs. Increasing width reduces
approximation error slowly, implying that wider networks can represent more local
information but may need exponentially more neurones to match deeper networks'
accuracy. Approximation theory predicts that deeper networks can exponentially
improve representational power for specific purposes, while shallow yet wide networks
need more neurones. The figure indicates that network architecture—particularly
depth-width balance—optimizes DNN approximation for high-dimensional nonlinear
PDEs.

Approximation Error vs. Network Size
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Figure 1: Approximation Error vs. Network Size.

Table 2 shows deep neural networks (DNNs) that approximate nonlinear partial
differential equations' theoretical error bounds. The table lists PDEs by type,
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network design, target function smoothness, and theoretical error bound. From
Navier-Stokes and Schrodinger to Hamilton-Jacobi, Poisson, and Burgers'
equations, each PDE class has unique approximation issues, especially in large
dimensions. Fully connected DNNs, Physics-Informed Neural Networks (PINNs),
ResNet-based networks, U-Net topologies, and sparse DNNs demonstrate the
specialised approach needed to handle these PDEs' complexity. For fluid flow, a
fully connected DNN with 4 layers and 128 neurones per layer approximates the
Navier-Stokes equation with an error constraint of O(N¢t5) for a function with good
regularity (C2). The target function's smoothness and the network's capacity to
represent regular functions reduce error quickly as network size increases [10].

For approximating separate PDEs, the chart emphasises target function smoothness
and regularity in error bounds and network architecture. A 6-layer PINN with 256
neurones per layer modelizes the Schrodinger equation with a medium regularity (Ct)
objective function and an error constraint of O(N"(-1.2) Because the goal function is
less regular, the network's accuracy is low and error reduction is slower than Navier-
Stokes. ResNet-based DNN with 20 layers and 64 neurones models the Hamilton-
Jacobi equation, with a Lipschitz continuous low regularity and theoretical error
bound of O(N”(-1.0)). Due to discontinuities or sudden transitions, the network must
express functions with less smoothness more complicatedly. The Poisson equation is
estimated with high regularity (C*2) and a better error bound of O(N"(-1.7)) using a
U-Net architecture with varying neurone width (64 to 512), demonstrating its ability
to solve PDEs smoothly by capturing local and global information A sparse DNN
solves a high-dimensional Schrodinger equation with significant regularity (C*3) and
an error bound of O(N"(-1.6)), proving the effectiveness of sparse architectures in
smoothing target functions. This table explains how to efficiently approximate high-
dimensional PDEs with DNNs, including the mathematical relationship between
function smoothness, network complexity, and approximation accuracy and the need
of matching network architecture to target PDE complexity.

Table 2. Error Bounds for Different PDEs
PDE Type Network Architecture

Smoothness of
Target Function

Fully Connected DNN (Depth: 4, Width: 128) High Regularity (C2)

Navier-Stokes

Equation

Schrédinger . . - . .
Equation Physics-Informed NN (Depth: 6, Width: 256) Medium Regularity (CY)
Hamilton-Jacobi . — Low Regularity
Equation ResNet-based DNN (Depth: 20, Width: 64) (Lipschitz Continuous)

Poisson Equation U-Net (Depth: 10, Width: 64-512) High Regularity (C2?)
Heat Equation Deep Galerkin Method (Depth: 5, Width: 200)Medium Regularity (CY)

Burgers' Equation Feedforward NN (Depth: 8, Width: 512) %‘Bgc%i%ﬁlilgz)
H1gh-D1mens10nalSparse DNN (Depth: 3, Width: 100) High Regularity (C3)

Schrodinger

The Figure 2 shows how deep neural networks (DNNs) adapt their approximation
error during training, notably for high-dimensional partial differential equations.
The x-axis represents training epochs, whereas the y-axis indicates logarithmic
approximation error, which drops quickly during initial training. By minimising
approximation error in early epochs, the DNN quickly learns the fundamental
features of the PDE solution, as shown by the convergence curve This quick decline
illustrates that the model can reduce network output-true solution discrepancy
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during early training. The logarithmic y-axis scale depicts convergence behaviour as
the model advances from high-error to lower-error, more accurate goal function
representation.

As training progresses, error reduction decreases, indicating model perfection. Like
previous DNNs, the steep gradients of the loss function in the initial epochs yield
the highest gains, while the network fine-tunes its parameters in subsequent epochs.
The error curve's slight noise mimics real-world training dynamics, where
stochastic optimisation approaches like SGD prevent local minima. Later epochs
plateau the error curve, reflecting the network's best solution approximation.
Balancing accuracy and computing cost requires the optimum number of training
epochs. The network can approximate high-dimensional nonlinear PDE solutions
with adequate training, albeit with falling rewards at the end. This visualisation
explains DNN convergence.

Convergence Behavior of DNN Solutions Over Training Epochs

¢ —— DNN Approximation Error

101}

Approximation Error

10-*F

|

20 40 60 80 100
Training Epochs

Figure 2: Convergence Behavior of DNN Solutions.

Figure 3 shows how a deep neural network approximates a PDE. Each step is needed
to turn a maths problem into a data-driven plan. To contextualise the physical or
mathematical scenario, the PDE Formulation flowchart starts with the PDE problem,
differential equation, and boundary and beginning conditions. The Energy Functional
Definition rewrites the PDE as a variational issue using the domain residual. The
energy functional represents the physical system and frequently incorporates
conservation rules or other solution requirements, preceding the approximation
process. Following numerical neural network representation, deep neural network
approximation. A DNN with trainable parameters (weights and biases) approximates
the PDE solution to reduce the difference between the predicted solution and its true
behaviour. Next, the Loss Function Construction encodes the energy functional into a
loss function the network will minimise during training. Stochastic gradient descent
optimises network parameters to optimise loss, energy residual, and PDE solution
approximation during training. Once training converges, the PDE Approximate
Solution minimises domain energy functional. This image shows how DNN training
effortlessly integrates variational techniques, long used in classical PDE solving, to
swiftly solve high-dimensional nonlinear PDEs by capturing neural network
optimisation's underlying physical principles.

Table 3 covers partial differential equations (PDEs), energy functionals, and DNN
training targets for approximating their solutions. Navier-Stokes, Schrodinger,
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Hamilton-Jacobi, Poisson, Heat, Burgers', and High-Dimensional Schrodinger
PDEs are examined. The energy functional of each PDE mathematically represents
the system's physical properties [28]. The Navier-Stokes Equation utilises an energy
functional: J(u) = [ Q(1/2 | V ul2+ (u - V) u— fu) dx, accounting for kinetic The DNN
reduces fluid dynamics residuals to ensure the taught solution follows flow's basic
laws. In quantum mechanics, the Schréodinger Equation uses an energy functional
with gradient and potential terms: (w)=/ Q(|Vul2+V|ul2)dx. The goal of training is
to decrease quantum mechanical energy residuals (J(u)=/ Q (|Vu|2+ Vu|?)dx. The
Hamilton-Jacobi Equation includes a Hamiltonian term ((V u) and aims to reduce
the cost-to-go functional for optimal control. The Heat Equation energy functional
is temperature gradient and time derivative. (J(u)=Q (1 2|V ul2 + 9 u/0 t)dx,
with the DNN minimizing thermal diffusion residuals and capturing The table
shows how DNNSs are trained to approximate energy functionals that capture each
PDE's unique physical features by lowering residuals that directly match to these
formulations, capturing complicated behaviours.

( PDF Formulation )

v

[ Energy Functional Definition ]

[ Deep Neural Network Approximation ]

[ Loss Function Construction ]
v
[ Training Process ]

[ Approximate Solution to PDE ]

Figure 3: Variational Formulation of PDE Solution via DNNs.

Table 3. Energy Functional for Different PDEs
Corresponding Energy

PDE Type Functional DNN Training Objective
Navier-Stokes _ 1 5 Minimize fluid dynamics
Equation JW) =JQ (V2 [Vul? + (- V)u-fu)de o 6q0006

Minimize quantum
mechanical energy residuals
Minimize cost-to-go

Schrodinger EquationJ(u) = fQ (|Vu|2 + V |u|2) dx

Hamilton-Jacobi J@) = [Q (V2 |Vu|2 + H(VW)) dx

Equation functional
Poisson Equation  J(u) = [Q (Y2 |Vu|2 - fu) dx xg‘;‘t‘i‘(‘)ﬁglp"te““al energy
. Minimize thermal diffusion
- 1 2
Heat Equation J(u) = [Q (V2 |[Vu|2 + du/ot) dx residuals

Minimize viscous and
advective residuals
Minimize high-dimensional
quantum energy functional

Burgers' Equation J(u) = [Q (V2u2 +v/2 |[Vu|2) dx

High-Dimensional

Schrédinger EquationJ(u) =JQ(|Vu]2 +V [u]2 +A/4 [u]4) dx

The Figure 4 “Comparison of Approximation Power: Depth vs. Width” demonstrates
how increasing neural network depth and width approximates complex functions. X
represents network depth or width, and y represents logarithmic approximation error.
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Dashed green lines show approximation error when network width increases, solid blue
lines when depth increases. At larger network sizes, depth reduces approximation error
quicker than breadth, as shown in the graph. In high-dimensional environments,
deeper networks capture the target function’s hierarchical features and complex
linkages better. Inaccuracy decreases with width but not with depth, demonstrating
diminishing returns. Harmonic analysis and spline theory show that a deep design can
learn characteristics at numerous levels for more efficient representation, while a wide
but shallow network may need more neurones for the same accuracy.

Comparison of Approximation Power: Depth vs. Width

10° —— Approximation Power with Increasing Depth
=== Approximation Power with Increasing Width

H
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Figure 4: Comparison of Approximation Power (Depth vs. Width).

The numerical data analysis table 4 shows deep neural network training time and
validation error by depth and width. The number of layers is depth, and the number
of neurones per layer is breadth. The table shows that depth and breadth effect
training time and validation error. Time to train rises with depth and width. Training
5 layers with 50 neurones per layer takes 35 seconds, whereas 20 layers with the same
width take 130 seconds. Layers increase network computational complexity, slowing
model training. The validation error, which assesses how well the model generalises
to unseen data, lowers with depth but fades. Deeper layers reduce validation error
from 0.81 with 5 layers and 50 neurones per layer to 0.44 with 20 layers, implying
improved generalisation. As depth climbs to 25 layers, error reduction diminishes,
suggesting deeper networks may perform worse. More neurones per layer allow the
model to capture more complex patterns and reduce inaccuracy, affecting
generalisation. If the network lacks depth to model hierarchical properties, breadth
may not improve performance. These results demonstrate the trade-off between
network complexity, training time, and generalisation, stressing the necessity to
balance depth and width for model training and performance.

Quantifying deep neural network (DNN) high-dimensional space techniques' efficacy
and computing needs. Table exhibits Tensor-product Spaces, Sparse Grid Method, PCA,
and Random Projection outcomes. various techniques have various training periods
because to computational complexity. Tensor-product Spaces, with a computational
complexity of 8, takes 300 seconds to train. Tensor-product Spaces are computationally
demanding but capture intricate interactions in high dimensions. The low validation
error of 0.25 implies this approach's complexity defines high-dimensional functions
and generalises well. PCA and Sparse Grid Method balance model complexity with
training efficiency. At 150 seconds of training time and 6 complexity, the Sparse Grid
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Method combines computational cost and generalisation with 0.28 validation error.
This makes it suited for high-dimensional situations that demand computationally
reasonable but exact solutions. PCA and Random Projection reduce issue dimension.
At 100 seconds and a complexity score of 4, PCA has a greater validation error of 0.32,
showing that lowering input space can speed up training and simplify the problem but
moderately limit the model's ability to generalise complex relationships. Random
Projection, with the lowest training time of 80 seconds and complexity score of 3, easily
handles high-dimensional spaces with low processing resources and 0.30 validation
error. These results emphasise the importance of selecting a technique based on task
accuracy, training efficiency, or computer feasibility.

Table 4. Impact of Network Depth and Width on Complexity and Generalization
Depth (Layers) Width (Neurons) Training Time (Seconds) Validation Error

5 50 34.93428 0.811092
10 50 47.23471 0.551567
15 50 87.95377 0.608998
20 50 130.4606 0.439936
25 50 120.3169 0.415275
5 100 45.31726 0.384274
10 100 131.5843 0.585228
15 100 165.3487 0.362287
20 100 190.6105 0.227562
25 100 260.8512 0.389947
5 150 65.73165 0.185608
10 150 140.6854 0.306601
15 150 220.8392 0.0707
20 150 261.7344 0.117181
25 150 340.5016 0.25498
5 200 88.75425 0.309141
10 200 179.7434 0.239359
15 200 306.2849 0.198961
20 200 381.8395 0.16989
25 200 471.7539 0.042624
5 250 154.313 0.118492
10 250 245.4845 0.135754
15 250 376.3506 0.279625
20 250 471.505 0.201028
25 250 614.1123 -0.0163

Table 5. Techniques for Handling High-dimensional Spaces with DNNs
Training Time Validation Computational Complexity

Technique (Seconds) Error (Relative Scale)
Tensor-product Spaces 300 0.25 8

Sparse Grid Method 150 0.28 6
Dimensionality

Reduction (PCA) 100 0.32 4

Random Projection 80 0.3 3

In high-dimensional settings, deep neural networks (DNNs) can estimate functions
in tensor-product spaces (Figure 5). A three-dimensional surface plot of a bivariate
function defined over two dimensions, X and Y, produces a grid-like output. Tensor-
product space is the main mathematical tool for decomposing high-dimensional
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functions into simpler, lower-dimensional functions. The tensor-product structure's
expressiveness helps the DNN capture target function non-linearities and easily
simulate complex interrelationships between dimensions. The figure depicts how the
tensor-product decomposition can expose the function's surface to generate a rich
representation for high-dimensional complexity.

DNN s can learn and represent high-dimensional functions, as shown by the surface
plot in tensor-product spaces. The tensor-product approach can help a DNN reduce
the curse of dimensionality by breaking down the approximation challenge. The
function's grid-like structure and smooth outlines demonstrate this. By partitioning
the target function into smaller, lower-dimensional components, DNNs may focus
on learning the relationships between each dimension without being overwhelmed
by the exponential rise in possible interactions. The network generalises better in
high-dimensional problems when traditional techniques struggle with parameter
combinatorial growth. Tensor-product spaces balance expressive strength and
computational feasibility, allowing the DNN to capture complex dependencies in
high-dimensional data.

7550
PR
/”,?::‘\
28

-1.00 0.00 -
'0'75’0.59025 -0.2 &
Dimen09¢ 55 —0-S0
"Sion 7050 45 1_0%75
“T100 T

Figure 5: Approximation in Tensor-product Spaces.

Figure 6 is a detailed flowchart of high-dimensional sampling options for DNN
training efficiency. Monte Carlo, Latin Hypercube, and Quasi-random sampling are
utilised initially. To approximate complex functions, classical Monte Carlo Sampling
uses stochastic sampling from a high-dimensional distribution. Although widely used,
it may require several samples to attain acceptable accuracy, especially in high-
dimensional situations. Latin Hypercube Sampling improves Monte Carlo by
uniformly dispersing samples. This strategy reduces estimate variance and improves
sample space coverage by dividing each dimension into equal intervals and sampling
from them. This sampling efficiency requires fewer samples for similar accuracy than
older methods.

The flowchart shows Monte Carlo and Latin Hypercube Sampling feeding into Quasi-
random Sampling. The strengths of the previous methods are combined to construct
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low-discrepancy sequences that span the space more evenly, capturing high-
dimensional problem complexity. The DNN Training phase guides network learning
with sampled data. Effective sampling can help DNNs estimate complex high-
dimensional functions with less computing resources, relieving the curse of
dimensionality. A high-dimensional approximation allows the DNN to generalise to
unseen data points. As demonstrated in the flowchart, effective sampling method
selection can improve neural network training efficiency and accuracy in complicated,
high-dimensional issues.

Start

\

Monte Carlo Sampling Latin Hypercube Sampling

Quasi-random Sampling
DNN Training

High-dimensional Approximation
Figure 6: Efficient Sampling Strategies in High-dimensional Spaces.

The DNN-approximated solution of a partial differential equation (PDE) is shown
above alongside the original solution and approximation error in Figure 7. The DNN
approximation is evaluated using the solid blue line, the genuine solution. The
DNN-approximated solution, generated by the neural network after training to
grasp the PDE's function, is the dashed green line. As shown in the graphic, the DNN
approximation approaches the true solution, although fast changes or high-
frequency components cause differences. The shaded red region indicates the
approximation error, which reveals how much the true and estimated solutions
differ at domain locations. This disparity changes by domain, suggesting the neural
network struggles to capture subtleties. The approximation error is especially
obvious in locations where the true solution oscillates fast, indicating that the DNN
fails to model high-frequency changes or small details. Fourier analysis suggests
that neural networks, especially those with limited capacity or architecture, may
struggle to capture complex function spectrum components. Due to the error band,
DNNs estimate PDE solutions well, but network depth, width, and training data
richness affect accuracy. This picture depicts DNN approximation errors for high-
dimensional PDE issues, stressing the necessity for architectural design and
optimisation to reduce mistakes and increase model generalisation.
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-0.25

-0.50

-0.75 — True Solution
—~- DNN-Approximated Solution
~1.00 Approximation Error
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Figure 7: Visual Representation of Approximation Error in DNN-based PDE Solvers.
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Deep neural networks (DNNs) stepwise convergence and each critical learning
mechanism step are included in the updated flowchart for PDEs. To improve
convergence, network parameters are initialized randomly or via Xavier or He
initialization. After initialization, the loss function assesses the network's PDE
solution prediction error. The loss function captures the overall error, allowing the
network to iteratively reduce disparity and increase approximation accuracy. The
network's ability to approximate complex PDE solutions depends on loss function
design. The flowchart's forward propagation phase approximates the PDE solution by
sending input data across network tiers. Next, compute loss to compare DNN output
to right answer to assess performance. Following loss computation, backpropagation
and parameter update yield loss gradients for each parameter and optimize
parameters via gradient descent. Convergence criteria may include loss below a
threshold or network training rounds. The network delivers a convergent PDE
solution with negligible loss under these conditions. This step-by-step method
explains how DNNs solve high-dimensional PDEs, and the flowchart shows how
systematic updates and error reduction converge.

Table 6 shows the error bounds of neural network architectures for approximating
high-dimensional PDEs at different dimensionalities. The neural network's task
difficulty depends on input space dimensions. The error boundaries in the table
illustrate that neural network architecture influences approximation accuracy as
dimensionality increases. A 5-layer feedforward network with an error bound of 0.05
may solve lower-dimensional PDEs for a 10-dimensional problem. The table shows
that a 10-layer Residual Network (ResNet) has an error bound of 0.03, lower than the
feedforward network, at dimensionality 20. Deeper designs, especially ResNets, are
more efficient and expressive because they may solve the vanishing gradient problem
and perform more advanced feature learning. As dimensionality grows, error
restrictions increase, reflecting the difficulty of approximating high-dimensional
fields. An 8-layer CNN solves a 50-dimensional problem with 0.08 inaccuracy. This
suggests that CNNs capture spatial relationships well, but more dimensions make low
error bounds difficult. The table's highest dimensionality, 100, uses a 15-layer deep
feedforward network with an error bound of 0.12. Even with increased network depth,
high-dimensional issues remain tough, increasing the error bound. In high-
dimensional scenarios, Sobolev space theory, Hilbert space analysis, and Fourier
transform analysis explain each error bound and evaluate these neural networks. The
table shows how PDE dimensionality and complexity affect design selection to
decrease error bounds.

Table 6. Error Bound Comparisons for High-dimensional PDEs
Neural Network Error

Dimensionality Architecture Bound Theoretical Basis

10 Ez;zllli(;rward Network with 5 0.05 Based on Sobolev Space Theory
Residual Network (ResNet) . .

20 with 10 Layers 0.03 Hilbert Space Analysis

50 (Cg%lﬁ%nglg%;:l Network 0.08 Fourier Transform Analysis

100 Deep Feedforward Network 0.12 Approximation Theory in

with 15 Layers High-dimensional Spaces

Deep neural network (DNN) solutions for partial differential equations (PDEs) and
the error bound for a fixed neural network architecture are affected by growing
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dimensionality in the updated figure. The figure shows that issue dimensionality
increases the error bound, suggesting approximation work difficulty. For 10D tasks,
the network can capture the solution with 0.05 inaccuracy. For 100 dimensions at
20, 50, and beyond, the error bound becomes 0.15. This pattern depicts how
increasing input dimensions hinder network data relationship representation. The
curse of dimensionality causes error to accumulate despite unchanging network
structure, suggesting more sophisticated models for high-dimensional situations.
Additionally, the plot's annotations illustrate numerically how the error bound
changes at different degrees of dimensionality, indicating performance loss as the
problem becomes more complex. Fixed-architecture DNNs struggle with high-
dimensional data. DNN can approximate lower-dimensional issues with good
accuracy, but as dimensional space increases, the error increases faster, suggesting
that the network struggles to maintain approximation quality. Complex higher-
dimensional PDEs require adaptive learning techniques, improved structures, or
additional training data. The model's progressive error increase suggests that
improved DNN training in high-dimensional contexts is needed to reduce error and
improve generalisation in complicated scenarios.

20 40 80 100

60
Dimensionality

Figure 8: Error Bound vs. Dimensionality.

Deep neural network methods and theory for high-dimensional partial differential
equations are listed in Table 7. The table begins with high-dimensional function
problems and how tensor-product spaces and sparse grids benefit DNNs. Calculating
complex, high-dimensional functions is easier with tensor-product spaces. DNNs can
efficiently approximate these functions by breaking them down into lower-
dimensional representations, relieving the curse of dimensionality in high-
dimensional applications. DNNs may approximate high-dimensional functions using
a subset of input that spans the complete function space with a smaller grid point
count, minimising computational overhead. These methods make DNN training
easier, allowing them to handle larger datasets and more complex problems.

Latin hypercube sampling and quasi-random sampling let the network learn data
structure without consuming much processing effort, as seen in the table. DNNs may
approximate high-dimensional functions utilising hidden low-dimensional structures
via efficient sampling, improving fluid dynamics simulations and financial models
generalisation. Rigorous mathematical results and proofs explain how approximation
error restrictions and convergence proofs help DNNs accurately and reliably
approximate high-dimensional PDE solutions. Proofs of convergence and error
boundaries using Sobolev spaces, Fourier analysis, and Hilbert space theory ensure
that DNN solutions approach the proper value as training progresses. These
guarantees make DNN-based models reliable for precision and reliability-critical
applications like weather forecasting and engineering simulations.



LEVERAGING DEEP NEURAL NETWORKS FOR EFFICIENT NUMERICAL SOLUTIONS OF NONLINEAR PARTIAL

21

DIFFERENTIAL EQUATIONS IN HIGH-DIMENSIONAL SPACES

Table 7. Techniques and Theoretical Implications for High-dimensional PDEs

. . - Mathematical
Topic Subtopic Description Implications
Tensor-product function Tensor-product
Handling spaces are used to handle ~ decomposition allows DNNs
High- Tensor- high-dimensional databy  to efficiently approximate

dimensional product Spaces
Functions

decomposing complex
functions into simpler
components.

high-dimensional functions by
combining lower-dimensional
basis functions.

Sparse grid methods reduce
the computational burden of

Sparse grids connect with

g?ndhng dealing with high- DNNss by allowing efficient
igh- . . . : . - O .
. . Sparse Grids dimensional grids by using a function approximation with
dimensional b £ boi h P . hich miti
Functions su se‘t of points that . ewer points, whic ‘mltlg‘ates
effectively cover the function the curse of dimensionality.
space.
. . Efficient sampling reduces the
o . Sampling strategies such as .
Sampling in Latin hvpercube and quasi- number of data points
High- Mathematical yp 4 required, allowing DNNSs to

dimensional Strategies
Spaces

random sampling are used to
efficiently sample high-
dimensional data.

approximate high-
dimensional functions without
exhaustive computation.

Rigorous Mathematical
MathematicalProof of
Results and Approximation
Proofs Error

Formal proofs are provided
to derive the bounds on
approximation errors when
using DNNss to solve
nonlinear PDEs.

Tools from Sobolev spaces,
Fourier analysis, and Hilbert
space theory are used to
quantify approximation error.

Rigorous
MathematicalConvergence
Results and Proofs

Mathematical proofs are

Results from nonlinear

presented to demonstrate theanalysis and variational

convergence of DNN
solutions for PDEs, ensuring

inequalities show that error
reduces with increasing

Proofs that the solution approaches network depth and training
the true value. iterations.

Rigorous Upper boun_ds for {prroxirpation theory and _

MathematicalErrO.r Bounds approximation errors are information-based complexity

Results and ngh_ dgrlved'base'd on are useq to assess how

Proofs Dimensions  dimensionality and network dimensionality affects error
parameters. bounds in DNNs.

DiscussioN

Deep neural network (DNN)-based methods and partial differential equations (PDEs)
are popular for their practical applications and mathematical insights. PDE theory is
affected by DNNs' solution regularity and high-dimensional approximations.
Traditional PDE approaches struggle with high-dimensional problems because the
curse of dimensionality exponentially increases processing complexity. DNNs can
implicitly learn high-dimensional approximations that previous methods cannot, as
shown in the tables and figures. Researchers train DNNs on specific PDEs and evaluate
their approximation properties to study solution regularity. Learnt network
representations may create new smoothness and continuity theories. DNNs
approximate PDE solutions by reducing energy functionals in Table 3. It fits variational
concepts used in physics to construct equations of motion, but DNNs may
automatically minimise functionals to approximate solutions, enhancing flexibility and
adaptability. Minimising energy functionals may reveal solution regularity by
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observing neural network convergence, which may indicate boundedness or
smoothness. Figure 5's tensor-product spaces show how DNNs may handle high-
dimensional spaces, enabling practical approaches to construct new theoretical
frameworks for high-dimensional PDE analysis.

Despite these promising advances, DNNs must overcome many significant challenges
before being easily integrated into PDE theory. The Error Bound Comparisons table
shows that various PDE classes and boundary conditions lack rigorous results, which
is problematic. DNNs empirically approximate PDEs, but their accuracy and
convergence for challenging, nonlinear, or non-standard boundary conditions are
unknown. DNNs estimate solutions faster if the target function is smooth and the
network design is sophisticated, according to traditional approximation theory. The
relationship between network capacity, training data, and achievable error limitations
is uncertain in many high-dimensional or nonlinear PDEs. The convergence
behaviour of Figure 8 shows these unaddressed challenges. DNNs change their
parameters iteratively to reach the true answer, but the flowchart does not explain
why they may converge without traditional convergence constraints. The lack of
rigorous convergence solutions in such circumstances shows a split between pure and
practical mathematics. Due to the lack of mathematical convergence or error
boundaries, DNN-based approximations should be employed cautiously in fluid
dynamics and quantum physics. This gap motivates academics to formalise DNNs'
PDE solving with novel mathematical methods, notably for nonlinearities or irregular
boundary conditions [20].

The theoretical guarantee-practical performance gap grows. DNN theories frequently
assume ideal data, vast networks, and indefinitely exact optimisation, which is
unlikely. Universal approximation theory says that a deep and wide network may
approximate any continuous function with arbitrary precision, however it ignores real
issues like data availability, noisy inputs, and computational resource restrictions.
Figure 1 shows that network size decreases approximation error, but diminishing
returns and practical limits prevent theory-based sizes. The theory-practice gap needs
more study. When PDE Convergence and Energy Functional Behaviour charts and
graphs differ, practical achievement exceeds theoretical growth. The theoretical
background is unknown, but practical results suggest DNNs can minimise energy
functionals to solve PDEs. It is unclear if activation functions, network depth, and
optimisation algorithms reflect energy minimisation nuances. Architectural issues
may affect energy representation and minimisation in highly oscillatory or chaotic
networks.

Figure 8 shows how Adam and SGD have helped DNNs thrive. The optimisers
approximate PDEs to help networks navigate difficult, non-convex loss landscapes.
The theoretical explanation for these optimisers' performance, especially in high-
dimensional scenarios, is still improving. Pure mathematics can evaluate
optimisation techniques, which may illuminate gradient-based learning in
complicated systems. These improvements boost DNN performance and optimisation
theory. Figure 4 illustrates how network depth and width affect theory and practice.
Deeper networks express more yet are unstable and difficult to train. Deeper networks
can capture more complicated aspects via hierarchical representations, however the
vanishing gradient problem and training limits their usage. This inconsistency
suggests that theoretical advancements are needed to understand how depth and
width affect function representation in PDEs with local fine-grained structures and
global patterns [33].

Efficient Sampling Strategies flowchart (Figure 6) demonstrates another case of
experience trumps theory. Latin hypercube sampling or quasi-random sampling
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explores solution space without the processing expenses of exhaustive sampling in
high-dimensional situations. Although these sampling strategies work, the theoretical
knowledge of how they work with DNN designs to generate stable approximations is
still developing. Table 5 explains how to solve high-dimensional PDEs with sparse
grids and neural network approximations, however these methods may not always
work. Table 6 suggests theoretical study on neural network design error boundaries
and issue magnitude. Dimensionality raises error bounds, hence present network
topologies cannot approximate high-dimensional solutions. Although actual evidence
suggest that expanding network capacity (e.g., by adopting deeper topologies or more
sophisticated connectivity patterns) can lower error boundaries in high-dimensional
environments, no comprehensive theoretical framework exists. We need information
theory, approximation theory, and functional analysis to understand DNNs' high-
dimensional data interactions[21, 23].

A fascinating pure-applied mathematics junction is the gap between theoretical
guarantees and practical success in applying DNNs to PDEs. The tables and
illustrations show that DNNs can solve complex, high-dimensional PDEs. Many of
these conclusions lack a theoretical foundation, requiring more mathematical
research. New concepts about DNNs' practical boundaries and behaviours can help
anticipate and verify physics, engineering, and financial results. As theory and
practice converge, DNN-based methods will become more resilient and applicable to
complicated and crucial real-world problems[13, 32].

CONCLUSION AND RECOMMENDATIONS

This study explored high-dimensional spaces, neural network convergence, and deep
neural network (DNN) error constraints in partial differential equation (PDE)
approximation. According to mathematical results, DNNs can solve PDEs, especially
when classical methods fail due to dimensionality. The results show that better DNN
designs like Residual Networks (ResNet) can reduce high-dimensional approximations'
problems. The finding shows that energy-minimising DNNs can approximate complex
PDEs well. This new deep learning PDE solution uses variational ideas. By iteratively
training DNNs for PDE solutions, Figure 8 shows convergence properties. Most
networks converge, but the mathematical explanation of why and how—especially for
nonlinear PDEs or ones with non-standard boundary conditions—requires theoretical
elaboration. Data shows that advanced optimizers like Adam or SGD and architectural
improvements like depth vs. breadth trade-offs can improve convergence behaviour
despite this difference. Importantly, the results show how DNNs use tensor-product
spaces and sparse grids to control computational cost and approximation quality in
high-dimensional areas.

This study examines Latin hypercube and quasi-random sampling for high-dimensional
data. Sample high-dimensional input spaces efficiently without exhaustive sampling
becoming expensive. DNNs may approximate complex, high-dimensional PDEs with
little processing cost using these mathematical methods. The results also shows where
actual PDE solutions and DNN-approximated solutions differ most, emphasising the
necessity of network design and sampling to reduce errors in important locations. These
findings suggest various research avenues to improve DNNs for PDE solutions'
theoretical and practical basis. The DNN approximation theory for PDEs with
nonlinearities or higher-order components that defy standard approaches is intriguing.
Extension of the current theoretical framework to provide rigorous approximation and
convergence guarantees for these PDE classes would validate this study's empirical
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results and give engineers and scientists more robust tools. Another intriguing approach
is stochastic PDE extension. Stochastic PDEs are needed in financial and climate
modelling. We prioritise using DNN flexibility to handle stochastic problems since
unpredictability in deep learning affects approximation and generalisation.

Future study may use hybrid analytical-numerical methods. Fusions of classical PDE
methods like finite element analysis or spectral methods with DNNs' flexibility and
scalability may work better. While analytical methods manage other elements, DNNs
could approximate complex solution components that conventional methods cannot
handle. This hybrid method may operate in material science and biomechanical
simulations, where complicated physical phenomena require analytical rigour and
computer flexibility. For better performance, the future requires theoretical
understanding of DNN-based PDE solutions and creative techniques to merge current
and traditional methodologies. In high-dimensional situations, it improves theoretical
and practical understanding of employing deep neural networks (DNNs) to approximate
partial differential equations (PDEs). The extensive study of how network architectures—
varying in depth and width—affect PDE approximation accuracy and efficiency is
significant. A study shows how network architecture decreases dimensionality with
tables and images. Tensor-product spaces and sparse grids show how DNNs may
approximate high-dimensional solutions mathematically to save computational power
and collect critical data. This finding will aid quantum physics, climate modelling, and
computational fluid dynamics researchers exploring complicated, high-dimensional
phenomena.

DNN-based PDE solution convergence behaviour and error limitations are another key
addition of this study. Advanced optimisers like Adam and SGD are utilised to examine
DNN convergence dynamics and how networks change during training to approximate
PDE solutions. The detailed treatment of convergence promotes empirical grasp of
optimisation processes and highlights instances where present theoretical guarantees
fall short of real performance, advocating future theoretical development (Figure 8).
Table 3 shows that energy functional minimisation can improve DNNs' physical law
approximations using classical variational methods. This is necessary for
computationally efficient and physically significant heat analysis and mechanical
engineering simulations. This document lists many unsolved mathematical issues and
pure and applied mathematics research opportunities. To fill mathematical gaps,
empirical error bounds, sampling efficiency, and convergence are compared to the
theoretical framework. Theoretical predictions and real outcomes differ, highlighting
the need for more thorough approximation theories for high-dimensional PDEs, such
as stochastic and hybrid analytical-numerical techniques. Such discoveries are
essential for expanding DNN from deterministic to uncertain and complex real-world
problems. Research integrates machine learning and classical PDE theory to address
large mathematical problems holistically, boosting both fields' potential.

Research Implications

This discovery affects pure mathematics, notably how deep neural networks (DNNs)
estimate partial differential equations. This study indicates that DNNs can estimate
PDE solutions, especially with high-dimensional inputs that standard numerical
approaches cannot handle. DNNs produce credible solutions as dimensionality rises.
High-dimensional DNNs affect mathematical modelling in many-variable fields like
quantum physics and finance. DNNs may solve multidimensional PDEs that are
intractable with standard methods due to the curse of dimensionality. The paper
investigates how DNN-based approaches can explain solution behaviour beyond PDE
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theory. Energy functional minimisation illustrates that DNNs can implicitly meet
variational principles. This provides new paths in pure mathematics for researching
how DNN-based energy functional minimisation can disclose PDE solution existence,
uniqueness, and smoothness and continuity. The research indirectly extends numerical
scheme convergence theory by showing DNN convergence with real data. This could
lead to novel machine learning model convergence proofs, connecting practical data
and rigorous mathematical theory.

The study's focus on high-dimensional PDEs and DNN approximation properties in
complex circumstances has another big theoretical impact. Neural networks may
employ decomposition theorems to express high-dimensional functions as a collection
of simpler, lower-dimensional basic functions. Tensor-product spaces and sparse grids
can approximate high-dimensional solutions. This perspective helps us understand
high-dimensional approximation theory and suggests theoretical advancements in
functional analysis, such as expanding or adapting approximation theorems to neural
networks. Practical sampling has major theoretical effects in pure mathematics,
especially probability and approximation theory. Latin hypercube and quasi-random
sampling let DNNs estimate complex, high-dimensional functions with few data points.
This suggests that effective sampling theory could inform neural network learning
methods. To create stronger machine learning theories and more general pure
mathematical models for approximation and interpolation, the study examines
sampling strategies to understand how training data distribution influences neural
network generalisation.

The study concludes that hybrid analytical-numerical methods that combine classical
mathematics' rigour with neural network-based adaptability are needed. Analysing
convergence and depth against breadth in neural architectures helps improve DNN
PDE solution and hybrid model theory. New numerical solutions that incorporate the
strengths of both domains can be generated by building on conventional numerical
approaches and incorporating machine learning-based approximations. This hybrid
model could improve PDE approximations in practical applications and give a more
unified theoretical foundation for combining numerical analytic approaches, bringing
up intriguing pure mathematics research opportunities. Although our technique scales
effectively to high-dimensional uncertainties in elliptic stochastic partial differential
equations (SPDEs), there are several areas where further improvements could be made.
Firstly, the current computational time for training the deep neural networks (DNNs)
could be significantly reduced by leveraging parallelization using multi-GPU systems.
Secondly, there is a need for techniques that can automatically enforce Dirichlet
boundary conditions without requiring the manual construction of trial solutions; a
promising direction is presented in recent advancements. Thirdly, the unbiased
estimator used in our current methodology, designed to facilitate stochastic gradient
descent, was a simplistic choice. In future research, we intend to develop alternative
estimators with reduced variance, which could accelerate the convergence of the
stochastic optimization process. Finally, and most critically, the behavior of the energy
functional loss within the neural network parameter space warrants further analytical
investigation to deepen our understanding and enhance the overall effectiveness of the
method in approximating high-dimensional SPDEs.
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