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SOME PROPERTIES OF FUZZY COMPACT SPACES ON FUZZY IDEAL

HAssAN ABID AL HADI AHMED*

Abstract: The purpose of this paper is to investigate fuzzy I -compact spaces and
study their properties fuzzy compactness modulo a fuzzy ideal. Some of the
outcomes in fuzzy compact spaces have been undetermined by consequences in the
fuzzy T -compact spaces.

1.INTRODUCTION AND PRELIMINARIES

The idea of fuzzy set was proposed by Goguen [3]. Chang introduced the fuzzy
topological space [1]. A fuzzy ideal I on a fuzzy topological space (X , T) is a fuzzy
nonempty collection of fuzzy subsets of X which satisfies:

(i) pA < pl and uB < pA implies pB < pi (heredity)
(ii) pA < pl and pB < pl implies max {4, uB}< ul (fuzzy finite additivity).

“We denote a fuzzy topological space (X, ¥) with an fuzzy ideal T defined on X by
(X, %,1). An fuzzy ideal T is said to be fuzzy condense or a fuzzy boundary ideal if min
{u, ul}= {@}.” If pA < X, cl (A) will denote the fuzzy closure of A in (X, T). A fuzzy
subset A of a fuzzy space (X, %) is said to be fuzzy g-closed if pcl (A) < uU, whenever
uA < uU and uU < pi. Every fuzzy closed set is fuzzy g-closed but converse is not
true. If (X, %,1) is an fuzzy ideal space,(Y, &) is a fuzzy topological space and f: (X, %,1)
-—(Y, &) is a function, then f(1) = {f(11): T1 < T} is an fuzzy ideal of Y. If T is fuzzy ideal
of fuzzy subsets of X and Y is fuzzy subset of X, then Ty = {min {uY, ul1}: ul1 < pl} is
an fuzzy ideal of fuzzy subsets of Y [6]. In fuzzy ideal space (X, %,1), the collection
B(1,%) = {uU —pl1: pU < p#, pi1 < p1}is a fuzzy basis for a fuzzy topology ¥+ (1) finer
than . When no ambiguity is present, we denote (I, ¥) by B and %+ (1) by T*. Let
(X, ¥,1) be an fuzzy ideal space. Then Ax (I, % )= {u% < pX: min {yA, pU}> pIfor every
uU < pE(X)} where pE(%) = {uU < p#: ux < pU}. When there is no ambiguity, we will
write AxforA* (I,%) and call it the “fuzzy local function ofA”. “The fuzzy simplest
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ideals are {¢} and §(X) = {A: pA < pX}. Observe thatA= ({@}) = cl (A) and A= (P(X)}
=@ for every pA < pX.”

Note. uX > pA* if and only if min {(uU —pJ), A}= &, when uU < p#(%) and pj <T.
Lemma 1.1. Let (X, %, 1) be an fuzzy ideal space and let A be a fuzzy subset of X. Then:

() pA" = pcl(A) < ucl(d);
(ii) pA is fuzzy ©* -closed if and only if pA* < pA [4].

2. BASIC CONCEPTS OF FUZZY SET

Definition (2-1) [3]:- let X be a non — empty set a fuzzy set A in X is charocteriaer
by a membership function pA: ¥ - [0,1] and we can write this fuzzy set as.
A={(x,pAx):x € X, pA(x) < 1}

The collection of all fuzzy sets in X will be denoted by 1*, when I*= {A: A is fuzzy set in x}
Definition (2-2) [3]:- The support of a fuzzy set A is the set of all x € X such that
uA(x) > 0 and is denoted by S(A).

Definition (2-3): - A fuzzy point P} in x is a special fuzzy set with membership
function defined by P(y) = {(; ' gi ;3;

When o0 < r < 1,y is the support of P! (x).

Definition (2-4) [3]:- A fuzzy set A is said to be finite fuzzy set if S(A) is a finite set .
Remark (2-5) 1) A non —empty set x is a fuzzy set with membership ps(x) =1,V x €
X and x is called a crisp set.

2) A membership function pz(x) = 0, V x € X is called an empty set and denoted by @.
Definition (2-6) [3]:- Let P} be a fuzzy point and C be a fuzzy set in non- empty
set X. Then P! is said to be in C or C contains PF if uPf < uC(x) for all x € X and
denoted by x € S(C) [7].

Definition (2-7) [3]:- Let A and B by fuzzy sets of a universal set X then

1) A< Bifand only if pz(x) < pg(x), Vx € X

2) A = Bifand onlyif pz(x) = pg(x) forallx € X

3) A€ is the complement of a fuzzy set A with membership function pzc = 1—Az(x)
4) C = Au Bif and only if pz(x) = max { pz(x), us(x)}, v x € X

5) D = An B if and only if p5(x) = min {pz(x), ug(x)}, Vx € X

6) More generally, for a family of fuzzy sets {A,: a € A where A is the any index set}
the union C = Uy, Aa and the intersection D = Ne) Aa and defined respectively by
He(x) = supgen {Ha(x); X EX }

us(x) = ElfaEAjHA(X)§ X€EX} L _ o
Note. uX > pA* if and only if min {(uU —pJ), A }= @, when pU < pE(X) and yJ <L
Lemma 1.1. Let (X, %, 1) be an fuzzy ideal space and let A be a fuzzy subset of X. Then:
(i)  pA* = pcl(A) < pc(A);

(iv) uA is fuzzy ¥+ -closed if and only if pA* < pA.
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3. Fuzzy I-COMPACT SPACES

Definition 3.1. A fuzzy subset A of a fuzzy space (X, ,1) is said to be fuzzy T -
compact or fuzzy compact modulo T if for every cover {U,: pA < pA} of by fuzzy open
sets of X, there exist a fuzzy finite subset A*of A such that pA- max {U;: pA < pA*} <
1. The fuzzy space (X, ,1) is said to be fuzzy T -compact if X is fuzzy I -compact. If
(X, %) is a fuzzy space with an fuzzy ideal T = {¢}, then (X, ¥) is fuzzy compact if and
only if (X, %) is fuzzy compact modulo 1.

Theorem3.1. Every fuzzy g-closed subset of fuzzy T -compact space is fuzzy I-
compact.

Proof. Let A be § - closed subset of (X, %,1). Let {U,: pA < pA} be an fuzzy open cover
of A. Since A is fuzzy § - closed, pA < U uU, implies pcl(A) < upT,. Now max {U,: pi <
uA}, {uX- pci(A)} is fuzzy open cover of X, which is fuzzy I -compact, therefore there
exists fuzzy finite subset A*of A such that either pX- (max {max {U,: pA < pA*} {uX-
ucl(®)})} < Tor pX- max {U;: pA < pA*} < T either min {(uX- (max {max {U,: pA <
ug*}, {ui: ua(@ })},i u'A}~=> uﬁ: max {U;\:JJ\ < uﬁ*j < T~0r miNn {{uf:(— {max {~ﬁ;\: pA <
A}, {uA} < pA-{U,: pA < pA*} < I = pA- max {U,: pA < uA*} < 1. Hence A is fuzzy
I-compact. From theorem 2.1 we have the following [5].

Corollary 3.1. Every fuzzy closed subset of fuzzy I -compact space is fuzzy I-compact.
Corollary 3.2. If A is fuzzy T -compact in X and B an fuzzy open set contained in A.
Then pA- uB is fuzzy I-compact.

Corollary 3.3. If F is fuzzy closed and K is fuzzy I-compact subset of X. Then min
{uF, uK}is fuzzy I- compact.

Theorem3.2. Every fuzzy I-compact subset of a fuzzy Hausdroff ideal space is
fuzzy 7 * - closed.

Proof. Let A be fuzzy I-compact subset of fuzzy Hausdroff ideal space (X, %, ). Let uX >
uA then p& < pX- pA. For each py < pA, there exist neighbourhoods Uy and ¥, of % and
§ respectively such that min {uUy , uV, }= @. Note that px > pci(V, ). Now {u¥, : py’ <
uA} is a fuzzy  -open cover of A which is fuzzy T -compact, therefore there exists a fuzzy
finite subset A of A such that pA — max {uV, : pj < pA*}< T. Now px > pcl(V, ) for each
yimplies pg > pU;, < pA*cl(Vy) = ucl(ul, < pA*V,). Let uU = pX - pcl(uly, < pA'V,)
and let pj=pA - pcl(ul, < pAV,)<pA - pl, < pA'V, = T1 where Tt <T Then
nU - < p (%) and min {(u0 —pf ), pA} =@ implying thereby that p% > pA*. Hence
HA* < A, so A is fuzzy pi*-closed.

Theorem3.3. Continuous image of fuzzy I-compact space is fuzzy I-compact [2].
Proof. Let f: uX— uY be any continuous map, where (X, %,1) is fuzzy I-compact. Let
{U,: uA < pA} be an fuzzy open covering of the fuzzy set f(X) by fuzzy sets openin Y.
Since f is continuous, the collection {uf~* (U,): pA < pA}} is an fuzzy open covering
of X. Given that X is fuzzy I-compact, there exists a fuzzy finite subset A* of A such
that pX- max {[ pf~* (TU,): pA < pA* ]} <1 Now, f (uX- max {[ pf~* (T,): pA <
uA* 1} < f(1). We know pf(X) —pf (max {[ pf=* (T,): pA < pA*1}) < f(uX- max {[ pf~*
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(T): pA < pA*1}). This implies pf(X) —pf (max {[ pf~* (T,): pA < pA* D)< £(D), since
f(I) is an fuzzy ideal of Y. As pf(X) —max {[ pU;: pA < pA*]} < pf(X) —pf (max {[ pf—*
(T): pA < pA*1}, so pf(X) —max {[ pU,: pA < pA*]} < (1) implying thereby that fuzzy
continuous image of fuzzy I-compact space is fuzzy I -compact.

Theorem3.4. Let (X, %,1) be any fuzzy ideal space and let A be a fuzzy subset of X
such that for each fuzzy open set U containing A there is fuzzy I -compact set B
withpA < pB < pU. Then A'is fuzzy I-compact.

Proof. Let {U,: uX < pA} be a fuzzy T,-open cover of A where uU, = min {uV,, A}
such that V,is fuzzy open inX. By the given condition, there exists an fuzzyT -
compact subset B of X such that pA < pB < upV,. Then min {uV,, pB: pA < pA}is a
fuzzy ¥ -open cover of B. As B is fuzzy I-compact, there exists a fuzzy finite subset
A* of A such that pB — max {min {uV,, uB: pX < pA*}}< Ii. Let pB — max {min {uVj,
uB: pA < pA*}} = min {ui1, uB}. Here min {ul1, uB} < plg, where pl1< pl. Since pB =
max {max {min {uV,, uB: pX < pA*}}, min {pi1, uB}}. Then min {uB, pA}=min {max
{max {min {uV,, uB: pA < pA*}}}, min {pl1, pB }}, pA}. = pA = max {max {min {uV,,
UB, pA: pA < pA*}}}, min {pl1, pB, pA}}. = pA = max {max {min {4V, pA: pi <
pA*}}}, min {pi1, pA }}. = pA — max {min {uV,, pA: pA < pA*}} = min {ul1, pA} < pl,
implying thereby that A is fuzzy 1 -compact.

Corollary 3.4. If every fuzzy open subset of X is fuzzy I-compact, then every fuzzy
subset of X contained in fuzzy open subset is fuzzy I -compact.

Theorem3.5. If A and B are fuzzy I- compact in fuzzy ideal space (X, %,1), then max
{uA, uB} is fuzzy I- compact in X .

Proof. Let {U,: pA < pA} be an fuzzy open cover of max {pA, uB} in X Then
{U,: yX < pA} is an fuzzy open cover of A and B. Given A and B are fuzzy I-
compact, there exists pl1, pi2< T and fuzzy finite subset A* and A1 of A such that
uA — max {p0,;: pA < pA*}=T11 and pB — max {uU,, : pAk < pA1}=T12. pA = max
{max {uUy;: pAI < pA*}, il } and puB = max {max {uU,,: pAk < pA1}, pi2}. Now,
max {pA, uB}=max {max {max {uU,;: pA < pA*} max {uU;,: pAk < pA1}, max
{ul1, ui2}. max {pA, pB}=max {max {uU;;, nU}: pAI < pA*, u}\k < uAl}} max
{ui1,ui2}. This implies max {pA, puB}=max {max {uU,;, uU }: pA1 < pA*, pAk <
uA1}}, ui} where max {pi1, ui2} = pi(max {4, uB} — max {max {uU;;, uUy, }: p1 <
uA*, pAk < pA1}} < ul implying thereby that is fuzzy I-compact in X.

Corollary 3.5. Fuzzy Finite union of fuzzy I-compact space X is fuzzy I-compact.
Theorem3.6. The following are equivalent for a space (X, ,1)

(a) X, %,1) is fuzzy I-compact.

(b) (X, ¥, 1) is fuzzy I-compact.

(¢) For any family {uF,: pA < pA} of fuzzy closed sets of X such that min {uF,: yX <
uA} = @, there exists a fuzzy finite subset A* of A such that min {uF,: pA < pA*}< pl.
Proof. (a) = (b) Let {U,: pA < pA} be a fuzzy ¥* -open cover of X such that uU, =
uVA — uEA, where VA fuzzy open in X and pEX < pl. Now {V,: pA < pA} is an fuzzy
open cover of X and hence there exists a fuzzy finite subset A* of A such that pX-
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max {V,: pA < pA*} < 1. This implies that pX- max {U,: pA < pA*} < (max {pX— max
{V,: uA < pA*}), max {E,: pA < uA*} < 1. Therefore, (X, *, 1) is fuzzy I-compact.

(b) = (a) It follows from T < T*.

(a) = (c) Let {F,: pA < pA} be a family of fuzzy closed sets of X such that min
{Fa: pd = Hx}f e N o )

Then {uX — pF,: pA < pA} is an fuzzy open cover of X. By (a) since (X, %,1) is fuzzy I-
compact, there exists a fuzzy finite subset A* of A such that pX— max {pX — uF,: yA <
uA*}< 1. This implies that min {F,: pA < pA*} < 1.

(c) = (a) Let{U,: pA < uA} be an fuzzy open cover of X, then {pX —uU,: pA < pA}isa
fuzzy collection of fuzzy closed sets and min {uX —pU,: pA < pA} =@. Hence there
exists a fuzzy finite subset A* of A such that min {pX —pU,: pA < pA*}< 1. This
implies that pX —max {U,: pA < pA*} < 1. This shows (X, %,1) is fuzzy I-compact.
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