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EXACT SOLUTIONS OF NONLINEAR COMPLEX PARTIAL 

DIFFERENTIAL EQUATIONS VIA TWO-DIMENSIONAL 

DIFFERENTIAL TRANSFORM METHOD 

Abstract: This article introduces some results about two-dimensional differential 
transform for nonlinear complex functions and their derivatives which are needed 
in this paper to find exact solutions for nonlinear complex partial differential 
equations using two-dimensional differential transform method. 

There are many nonlinear phenomena that are important in applied science and 
engineering, including fluid motion, plasma therapy, rigid mechanics, and many 
others. This shows how partial differential equations control the models' potential 
in applications. Determining exact or approximate solutions to these forms of 
equations has received a lot of focus in recent studies. Understanding all analytical 
and numerical methods for solving nonlinear partial differential equations is 
therefore becoming increasingly substantial. 
There are many methods that used for solving linear or nonlinear partial differential 
equations such as the Adomian decomposition method [1, 2, 17-20, 28], the 
variational iteration method [33, 34], the homotopy perturbation method [29], the 
reduced differential transform method [21, 22, 24, 31], the double integral 
transform known as DLST [3, 4, 12]. In addition, some researchers have merged an 
integral transform with other techniques in order to solve many nonlinear 
differential equations [5, 8, 11, 15, 16, 23, 26]. 
Two-dimensional transform method, which Chen and Ho proposed in 1999, is a useful 
tool for solving both linear and nonlinear partial differential equations [25], and it was 
widely used by several researchers such as, [6, 7, 10, 14, 30]. In 2021, Duz used the Elzaki 
transform method to solve an nth order complex partial differential equation with 
constant coefficients [9]. Also, in order to determine whether the solutions to some 
difficult second order nonlinear differential equations are topological spheres, Mckay 
studied the relationship between the topological aspect and differential equations in 2006 
[27]. Fang and Sun introduced the stability concept and the comparison principle of 
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complex-valued autonomous systems [13]. Sun et al. have found sufficient conditions for 
nonlinear ordinary differential equation solutions to exist in some spaces [32]. In the 
present study, we are interested in solving nonlinear complex partial differential 
equations analytically using the two-dimensional differential transform method. 
This paper is organized as follows, Section 2 consists of the basic definitions and theorems. 
Section 3 includes results about two-dimensional differential transform of a product of 
complex functions and derivatives. Section 4 uses the two-dimensional differential

 
transform of a product of complex functions to find exact solutions to some nonlinear 
complex partial differential equations.  Section 5 is conclusions. 

In this section, we state the basic definitions and theorems that we needed in this 
work. 
Definition 2.1. [25] Two-dimensional differential transform of a function 𝑓(𝑥, 𝑦) is 
defined as follows: 

𝐹(𝑝, 𝑞) =
1

𝑝! 𝑞!

𝜕𝑝+𝑞𝑓(𝑥, 𝑦)

𝜕𝑥𝑝𝜕𝑦𝑞
|

𝑥=0,𝑦=0

 (2.1) 

where𝑓(𝑥, 𝑦) is the original function and 𝐹(𝑝, 𝑞) is the transformed function. 
Definition 2.2. [25] Differential inverse transform of 𝐹(𝑝, 𝑞) is defined as follows: 

𝒇(𝒙, 𝒚) = ∑ ∑ 𝑭(𝒑, 𝒒)𝒙𝒑𝒚𝒒

∞

𝒒=𝟎

∞

𝒑=𝟎

 (2.2) 

In fact from equations (2.1) and (2.2), we obtain 

𝒇(𝒙, 𝒚) = ∑ ∑
𝟏

𝒑! 𝒒!

𝝏𝒑+𝒒𝒇(𝒙, 𝒚)

𝝏𝒙𝒑𝝏𝒚𝒒 |
𝒙=𝟎,𝒚=𝟎

𝒙𝒑𝒚𝒒

∞

𝒒=𝟎

∞

𝒑=𝟎

 

The above equation implies that the concept of two-dimensional differential 
transform is derived from the two-dimensional Taylor series expansion. 
Theorem 2.1. [25] If 𝑓(𝑥, 𝑦) = 𝑢(𝑥, 𝑦) ± 𝑣(𝑥, 𝑦) then 𝐹(𝑝, 𝑞) = 𝑈(𝑝, 𝑞) ± 𝑉(𝑝, 𝑞). 
Theorem  2.2. [25] If 𝑓(𝑥, 𝑦) = 𝜆𝑢(𝑥, 𝑦) then 𝐹(𝑝, 𝑞) = 𝜆𝑈(𝑝, 𝑞), where 𝜆 is a constant. 

Theorem  2.3. [25]  If 𝑓(𝑥, 𝑦) =
𝜕𝑟+𝑠𝑢(𝑥,𝑦)

𝜕𝑥𝑟𝜕𝑦𝑠
 

then 
𝐹(𝑝, 𝑞) = (𝑝 + 1)(𝑝 + 2) ⋯ (𝑝 + 𝑟)(𝑞 + 1)(𝑞 + 2) ⋯ (𝑞 + 𝑠)𝑈(𝑝 + 𝑟, 𝑞 + 𝑠).

 
Theorem  2.4. [25] If 𝑓(𝑥, 𝑦) = 𝑢(𝑥, 𝑦)𝑣(𝑥, 𝑦) then 

𝐹(𝑝, 𝑞) = ∑ ∑ 𝑈(𝑟, 𝑞 − 𝑠)𝑉(𝑝 − 𝑟, 𝑠).

𝑞

𝑠=0

𝑝

𝑟=0

 

Theorem  2.5. [25] If 𝑓(𝑥, 𝑦) = 𝑥𝑚𝑦𝑛 then 𝐹(𝑝, 𝑞) = 𝛿(𝑝 − 𝑚, 𝑞 − 𝑛). 
Theorem 2.6. [9] Let 𝒘 = 𝒘(𝒛) be a complex valued function with complex 
variables. Then 

𝟏 −
𝝏𝒏𝒘

𝝏𝒛𝒏 =
𝟏

𝟐𝒏 ∑(−𝒊)𝒌

𝒏

𝒌=𝟎

( 𝒌
𝒏)

𝝏𝒏𝒘

𝝏𝒙𝒏−𝒌𝝏𝒚𝒌 

𝟐 −
𝝏𝒏+𝒓𝒘

𝝏𝒛𝒏𝝏𝒛̄𝒓 =
𝟏

𝟐𝒏+𝒓 ∑ ∑(−𝒊)𝒉𝒊𝒌( 𝒉
𝒏)

𝒓

𝒌=𝟎

𝒏

𝒉=𝟎

( 𝒌
𝒓)

𝝏𝒏+𝒓𝒘

𝝏𝒙𝒏+𝒓−(𝒉+𝒌)𝝏𝒚𝒉+𝒌 

𝟑 −
𝝏𝒏𝒘

𝝏𝒛̄𝒏 =
𝟏

𝟐𝒏 ∑ 𝒊𝒌

𝒏

𝒌=𝟎

( 𝒌
𝒏)

𝝏𝒏𝒘

𝝏𝒙𝒏−𝒌𝝏𝒚𝒌 

In this section, we present certain results regarding two-dimensional differential 



 

 

transform of a product of two complex functions of the form  𝑤(𝑧, 𝑧̄) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦),
 

which is required in this paper for the solution of complex partial differential 
equations that are nonlinear. 
Theorem 3.1. Let 𝑤1(𝑧, 𝑧̄) = 𝑢1(𝑥, 𝑦) + 𝑖𝑣1(𝑥, 𝑦), 𝑤2(𝑧, 𝑧̄) = 𝑢2(𝑥, 𝑦) + 𝑖𝑣2(𝑥, 𝑦). If 𝑓(𝑧, 𝑧̄) =

𝑤1(𝑧, 𝑧̄)𝑤2(𝑧, 𝑧̄),
 

then 𝐹(𝑝, 𝑞) = ∑ ∑ 𝑊1(𝑟, 𝑞 − 𝑠)𝑊2(𝑝 − 𝑟, 𝑠),
𝑞
𝑠=0

𝑝
𝑟=0

 

where 𝑊𝑖(𝑝, 𝑞) is two-
dimensional differential transform of 𝑤𝑖(𝑧, 𝑧̄), 𝑖 = 1,2. 
Proof. We have: 

𝑓(𝑧, 𝑧̄) = 𝑤1(𝑧, 𝑧̄)𝑤2(𝑧, 𝑧̄) 
= (𝑢1(𝑥, 𝑦) + 𝑖𝑣1(𝑥, 𝑦))(𝑢2(𝑥, 𝑦) + 𝑖𝑣2(𝑥, 𝑦)) 

= 𝑢1(𝑥, 𝑦)𝑢2(𝑥, 𝑦) − 𝑣1(𝑥, 𝑦)𝑣2(𝑥, 𝑦) + 𝑖𝑢1(𝑥, 𝑦)𝑣2(𝑥, 𝑦) + 𝑖𝑣1(𝑥, 𝑦)𝑢2(𝑥, 𝑦).

 

By Theorem 2.4, we get: 

𝐹(𝑝, 𝑞) = ∑ ∑ 𝑈1(𝑟, 𝑞 − 𝑠)𝑈2(𝑝 − 𝑟, 𝑠)

𝑞

𝑠=0

𝑝

𝑟=0

− ∑ ∑ 𝑉1(𝑟, 𝑞 − 𝑠)𝑉2(𝑝 − 𝑟, 𝑠)

𝑞

𝑠=0

𝑝

𝑟=0

+ 𝑖 ∑ ∑ 𝑈1(𝑟, 𝑞 − 𝑠)𝑉2(𝑝 − 𝑟, 𝑠)

𝑞

𝑠=0

𝑝

𝑟=0

+ 𝑖 ∑ ∑ 𝑉1(𝑟, 𝑞 − 𝑠)𝑈2(𝑝 − 𝑟, 𝑠

𝑞

𝑠=0

𝑝

𝑟=0

).

 
Then 

𝐹(𝑝, 𝑞) = ∑ ∑[𝑈1(𝑟, 𝑞 − 𝑠)𝑈2(𝑝 − 𝑟, 𝑠)

𝑞

𝑠=0

𝑝

𝑟=0

− 𝑉1(𝑟, 𝑞 − 𝑠)𝑉2(𝑝 − 𝑟, 𝑠) + 𝑖𝑈1(𝑟, 𝑞 − 𝑠)𝑉2(𝑝 − 𝑟, 𝑠) + 𝑖𝑉1(𝑟, 𝑞 − 𝑠)𝑈2(𝑝 − 𝑟, 𝑠)] 

= ∑ ∑[𝑈1(𝑟, 𝑞 − 𝑠) + 𝑖𝑉1(𝑟, 𝑞 − 𝑠)][𝑈2(𝑝 − 𝑟, 𝑠) + 𝑖𝑉2(𝑝 − 𝑟, 𝑠)]

𝑞

𝑠=0

𝑝

𝑟=0

= ∑ ∑ 𝑊1(𝑟, 𝑞 − 𝑠)𝑊2(𝑝 − 𝑟, 𝑠)

𝑞

𝑠=0

𝑝

𝑟=0

 

Remark 3.1. In Theorem 3.1, 𝐹(𝑝, 𝑞) can be written also as: 

1. 𝐹(𝑝, 𝑞) = ∑ ∑ 𝑊1(𝑝 − 𝑟, 𝑠)𝑊2(𝑟, 𝑞 − 𝑠)

𝑞

𝑠=0

𝑝

𝑟=0

 

or 

2. 𝐹(𝑝, 𝑞) = ∑ ∑ 𝑊1(𝑟, 𝑠)𝑊2(𝑝 − 𝑟, 𝑞 − 𝑠).

𝑞

𝑠=0

𝑝

𝑟=0
 

The proofs are similar to proof of Theorem 3.1.
 

Concluding Remarks 3.1.  From Theorem 3.1, we can get: 
1. If 𝑓(𝑧, 𝑧̄) = 𝑤2(𝑧, 𝑧̄), then 𝐹(𝑝, 𝑞) = ∑ ∑ 𝑊

𝑞
𝑠=0

𝑝
𝑟=0 (𝑟, 𝑞 − 𝑠)𝑊(𝑝 − 𝑟, 𝑠).

 2. If 𝑓(𝑧, 𝑧̄) = (
𝜕𝑤(𝑧,𝑧̄)

𝜕𝑧
)2, then 

𝐹(𝑝, 𝑞) =
1

4
∑ ∑[(𝑟 + 1)(𝑝 − 𝑟 + 1)𝑊

𝑞

𝑠=0

𝑝

𝑟=0

(𝑟 + 1, 𝑞 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠) − 𝑖(𝑟 + 1)(𝑠 + 1)𝑊(𝑟 + 1, 𝑞

− 𝑠)𝑊(𝑝 − 𝑟, 𝑠 + 1) − 𝑖(𝑞 − 𝑠 + 1)(𝑝 − 𝑟 + 1)𝑊(𝑟, 𝑞 − 𝑠 + 1)𝑊(𝑝 − 𝑟 + 1, 𝑠) − (𝑞
− 𝑠 + 1)(𝑠 + 1)𝑊(𝑟, 𝑞 − 𝑠 + 1)𝑊(𝑝 − 𝑟, 𝑠 + 1)].

 
3. If 𝑓(𝑧, 𝑧̄) = (

𝜕𝑤(𝑧,𝑧̄)

𝜕𝑧̄
)2 then 

𝐹(𝑝, 𝑞) =
1

4
∑ ∑[(𝑟 + 1)(𝑝 − 𝑟 + 1)𝑊

𝑞

𝑠=0

𝑝

𝑟=0

(𝑟 + 1, 𝑞 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠) + 𝑖(𝑟 + 1) (𝑠 + 1)𝑊(𝑟 + 1, 𝑞

− 𝑠)𝑊(𝑝 − 𝑟, 𝑠 + 1) + 𝑖(𝑞 − 𝑠 + 1)(𝑝 − 𝑟 + 1)𝑊(𝑟, 𝑞 − 𝑠 + 1)𝑊(𝑝 − 𝑟 + 1, 𝑠) − (𝑞
− 𝑠 + 1)(𝑠 + 1)𝑊(𝑟, 𝑞 − 𝑠 + 1)𝑊(𝑝 − 𝑟, 𝑠 + 1)].

 
4. If 𝑓(𝑧, 𝑧̄) = 𝑤(𝑧, 𝑧̄)𝑤𝑧̄(𝑧, 𝑧̄) then 

𝐹(𝑝, 𝑞) =
1

2
∑ ∑[(𝑝 − 𝑟 + 1)𝑊

𝑞

𝑠=0

𝑝

𝑟=0

(𝑝 − 𝑟 + 1, 𝑠)𝑊(𝑟, 𝑞 − 𝑠) + 𝑖(𝑠 + 1)𝑊(𝑝 − 𝑟, 𝑠 + 1)𝑊(𝑟, 𝑞 − 𝑠)].

 

 

In this section, we shall use the results in the previous section to obtain analytical 
solutions of two complex nonlinear partial differential equations via the two-
dimensional differential transform method. 
Example 4.1. Consider the nonlinear complex IVP: 



 

 

𝜕2𝑤

𝜕𝑧2
+ (

𝜕𝑤

𝜕𝑧
)2 − 4𝑧̄2

𝜕𝑤

𝜕𝑧̄
= 2𝑧̄, (4.1) 

𝑤(𝑥, 0) = 𝑥3 (4.2) 
𝜕𝑤

𝜕𝑦
(𝑥, 0) = 𝑖𝑥2 (4.3) 

Taking two-dimensional differential transform to both sides of equation (4.1) and 
using Theorem 2.6, Concluding Remarks 3.1 and Theorem 3.1, we obtian: 

𝑊(𝑝, 𝑞 + 2) =
1

(𝑞 + 1)(𝑞 + 2)
[−8

(−𝑖)𝑞(𝑝 + 𝑞)!

𝑝! 𝑞!
𝛿(𝑝 + 𝑞 − 1) + (𝑝 + 1)(𝑝 + 2)𝑊(𝑝 + 2, 𝑞)

− 2𝑖(𝑝 + 1)(𝑞 + 1)𝑊(𝑝 + 1, 𝑞 + 1) + ∑ ∑{(𝑟 + 1)

𝑞

𝑠=0

𝑝

𝑟=0

(𝑝 − 𝑟 + 1)𝑊(𝑟

+ 1, 𝑞 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠) − 𝑖(𝑟 + 1)(𝑠 + 1)𝑊(𝑟 + 1, 𝑞 − 𝑠)𝑊(𝑝 − 𝑟, 𝑠
+ 1) − 𝑖(𝑞 − 𝑠 + 1) (𝑝 − 𝑟 + 1)𝑊(𝑟, 𝑞 − 𝑠 + 1)𝑊(𝑝 − 𝑟 + 1, 𝑠) − (𝑞 − 𝑠
+ 1)(𝑠 + 1)𝑊(𝑟, 𝑞 − 𝑠 + 1) 𝑊(𝑝 − 𝑟, 𝑠 + 1)}

− 8 ∑ ∑
(−𝑖)𝑞−𝑠(𝑟 + 𝑞 − 𝑠)!

𝑟! (𝑞 − 𝑠)!
𝛿(𝑟 + 𝑞 − 𝑠 − 2){(𝑝 − 𝑟 + 1)

𝑞

𝑠=0

𝑝

𝑟=0

𝑊(𝑝 − 𝑟

+ 1, 𝑠) + 𝑖(𝑠 + 1)𝑊(𝑝 − 𝑟, 𝑠 + 1)}], 𝑝, 𝑞 = 0,1, 

(4.4) 

where 

𝛿(𝑟 + 𝑞 − 𝑠 − 2) = {
1,   if  𝑟 + 𝑞 − 𝑠 = 2
0,  if  𝑟 + 𝑞 − 𝑠 ≠ 2

,

  

𝛿(𝑝 + 𝑞 − 1) = {
1,   if  𝑝 + 𝑞 = 1,
0,  if  𝑝 + 𝑞 ≠ 1

.
 

By the conditions (4.2) and (4.3), we can get: 
𝑊(3,0) = 1

 

 

and 𝑊(𝑝, 0) = 0, for 𝑝 ≠ 3, (4.5) 

and 
𝑊(2,1) = 𝑖

  

and 𝑊(𝑝, 1) = 0
 
for 𝑝 ≠ 2,  (4.6) 

respectively. 
If we put 𝑞 = 0 in equation (4.4), we get: 

𝑊(𝑝, 2) =
1

2
[−8𝛿(𝑝 − 1) + (𝑝 + 1)(𝑝 + 2)𝑊(𝑝 + 2, 0) − 2𝑖(𝑝 + 1)𝑊(𝑝 + 1,1)+ ∑{(𝑟 + 1)

𝑝

𝑟=0

(𝑝 − 𝑟

+ 1)𝑊(𝑟 + 1,0)𝑊(𝑝 − 𝑟 + 1,0) − 𝑖(𝑟 + 1)𝑊(𝑟 + 1,0)𝑊(𝑝 − 𝑟, 1) − 𝑖(𝑝 − 𝑟
+ 1)𝑊(𝑟, 1)𝑊(𝑝 − 𝑟 + 1,0) − 𝑊(𝑟, 1)𝑊(𝑝 − 𝑟, 1)}

− 8 ∑ 𝛿(𝑟 − 2){(𝑝 − 𝑟 + 1)𝑊(𝑝 − 𝑟 + 1, 0)

𝑝

𝑟=0

+ 𝑖𝑊(𝑝 − 𝑟, 1)}], 𝑝, 𝑞 = 0,1,2, … 

which gives: 
𝑊(1,2) = 1

 

and 𝑊(𝑝, 2) = 0

 

for 𝑝 ≠ 1.    (4.7) 

If we put 𝑞 = 1
 
in equation (4.4), we get:

 

𝑊(𝑝, 3) =
1

6
[8𝑖(𝑝 + 1)𝛿(𝑝) + (𝑝 + 1)(𝑝 + 2)𝑊(𝑝 + 2, 1) − 4𝑖(𝑝 + 1)𝑊(𝑝 + 1, + ∑ ∑ {(𝑟 + 1)1

𝑠=0
𝑝
𝑟=0 (𝑝 −

𝑟 + 1)𝑊(𝑟 + 1, 1 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠) − 𝑖(𝑟 + 1)(𝑠 + 1)𝑊(𝑟 + 1, 1 − 𝑠)𝑊(𝑝 − 𝑟, 𝑠 + 1) − 𝑖(2 − 𝑠)(𝑝 − 𝑟 +

1)𝑊(𝑟, 2 − 𝑠)𝑊(𝑝 − 𝑟 1, 𝑠) − (2 − 𝑠)(𝑠 + 1)𝑊(𝑟, 2 − 𝑠)𝑊(𝑝 − 𝑟, 𝑠 + 1)} − 8 ∑ ∑
(−𝑖)1−𝑠(𝑟+1−𝑠)!

𝑟!(1−𝑠)!

1
𝑠=0

𝑝
𝑟=0  𝛿(𝑟 −

1 − 𝑠){(𝑝 − 𝑟 + 1)𝑊(𝑝 − 𝑟 + 1, 𝑠) + 𝑖(𝑠 + 1)𝑊(𝑝 − 𝑟, 𝑠 + 1)}], 𝑝 = 0,1,2  
which gives:

 

𝑊(0,3) = 𝑖

  

and 𝑊(𝑝, 3) = 0for 𝑝 ≠ 0. (4.8) 

Similarly, if we put  𝑞 ≥ 2
 
in (4.4), we can get: 

𝑊(𝑝, 𝑞) = 0
 
for 𝑞 ≥ 4, 𝑝 = 0,1,2,  (4.9) 

Therefore, using Definition 2.2 and values of 𝑊(𝑝, 𝑞) in equations (4.5) -(4.9), the 
exact solution of the complex IVP (4.1) -(4.3) is: 

𝑤(𝑧, 𝑧̄) = ∑ ∑ 𝑊(𝑝, 𝑞)𝑥𝑝𝑦𝑞

∞

𝑞=0

∞

𝑝=0

=𝑊(0,0) + 𝑊(1,0)𝑥 + 𝑊(2,0)𝑥2 + 𝑊(3,0)𝑥3 + 𝑊(4,0)𝑥4 + ⋯ +[𝑊(0,1) + 𝑊(1,1)𝑥

+ 𝑊(2,1)𝑥2 + 𝑊(3,1)𝑥3 + 𝑊(4,1)𝑥4 + ⋯ ]𝑦 +[𝑊(0,2) + 𝑊(1,2)𝑥 + 𝑊(2,2)𝑥2 + 𝑊(3,2)𝑥3

+ 𝑊(4,2)𝑥4 + ⋯ ]𝑦2 +[𝑊(0,3) + 𝑊(1,3)𝑥 + 𝑊(2,3)𝑥2 + 𝑊(3,3)𝑥3 + 𝑊(4,3)𝑥4 + ⋯ ]𝑦3 ⋮
= 𝑥3 + 𝑖𝑦𝑥2 + 𝑦2𝑥 + 𝑖𝑦3 = 𝑧2𝑧̄.

 
Example 4.2. Consider the nonlinear complex IVP: 

𝜕3𝑤

𝜕𝑧3
+ 𝑤

𝜕𝑤

𝜕𝑧̄
− 8𝑤 = 𝑧̄𝑒4𝑧, (4.10) 



 

 

𝑤(𝑥, 0) = 𝑥𝑒2𝑥, (4.11) 
𝜕𝑤

𝜕𝑦
(𝑥, 0) = 2𝑖𝑥𝑒2𝑥 − 𝑖𝑒2𝑥 , (4.12) 

𝜕2𝑤

𝜕𝑦2
(𝑥, 0) = −4𝑥𝑒2𝑥 + 4𝑒2𝑥. (4.13) 

Taking two-dimensional differential transform to both sides of equation (4.10) and 
using Theorem 2.6, Concluding Remarks 3.1 and Theorem 3.1, we obtain: 

𝑊(𝑝, 𝑞 + 3) =
−𝑖

(𝑞 + 1)(𝑞 + 2)(𝑞 + 3)
[2

𝑖𝑞4𝑝+𝑞(𝑝 − 𝑞)

𝑝! 𝑞!
− (𝑝 + 1)(𝑝 + 2)(𝑝 + 3)𝑊(𝑝 + 3, 𝑞)+3𝑖(𝑝 + 1)(𝑝 + 2)(𝑞 + 1)𝑊(𝑝 + 2, 𝑞
+ 1) + 3(𝑝 + 1)(𝑞 + 1)(𝑞 + 2)𝑊(𝑝 + 1, 𝑞 + 2)+64𝑊(𝑝, 𝑞)

− 4 ∑ ∑{(𝑝 − 𝑟 + 1)𝑊(𝑟, 𝑞 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠) + 𝑖

𝑞

𝑠=0

𝑝

𝑟=0

(𝑠 + 1)𝑊(𝑟, 𝑞

− 𝑠) 𝑊(𝑝 − 𝑟, 𝑠 + 1)}],  𝑝, 𝑞 = 0,1 

(4.14) 

By the initial conditions (4.11), (4.12) and (4.13), we get: 

𝑊(𝑝, 0) =
2𝑝−1𝑝

𝑝!
, 𝑝 = 0,1,2 (4.15) 

𝑊(𝑝, 1) =
𝑖2𝑝(𝑝 − 1)

𝑝!
, 𝑝 = 0,1,2, (4.16) 

and 

𝑊(𝑝, 2) =
2𝑝(−𝑝 + 2)

𝑝!
, 𝑝 = 0,1,2,  (4.17) 

respectively. 
If we put 𝑞 = 0 in equation (4.14), we get: 

𝑊(𝑝, 3) =
−𝑖

6
[2. 4𝑝𝑝

1

𝑝!
− (𝑝 + 1)(𝑝 + 2)(𝑝 + 3)𝑊(𝑝 + 3,0) + 3𝑖(𝑝 + 1)(𝑝 + 2)𝑊(𝑝 + 2,1)+6(𝑝 + 1)𝑊(𝑝

+ 1,2)+64𝑊(𝑝, 0) − 4 ∑{(𝑝 − 𝑟 + 1)𝑊(𝑟, 0)𝑊(𝑝 − 𝑟 + 1,0)

𝑝

𝑟=0

+ 𝑖𝑊(𝑟, 0)𝑊(𝑝 − 𝑟, 1)}], 𝑝 = 0,1, 

 

Using equations (4.15), (4.16) and (4.17), the above equation gives: 

𝑊(𝑝, 3) =
−𝑖2𝑝

3𝑝!
(2𝑝𝑝 + 2𝑝 − 6) +

2𝑖2𝑝

3
∑

𝑟

𝑟! (𝑝 − 𝑟)!

𝑝

𝑟=0

 (4.18) 

which gives: 

𝑊(0,3) = 2𝑖, 𝑊(1,3) =
16𝑖

3!
, 𝑊(2,3) =

32𝑖

4!
,  (4.19) 

If we put 𝑞 = 1 in equation (4.14), we get: 

𝑊(𝑝, 4) =
−𝑖

24
[8𝑖

4𝑝(𝑝 − 1)

𝑝!
− (𝑝 + 1)(𝑝 + 2)(𝑝 + 3)𝑊(𝑝 + 3,1) + 6𝑖(𝑝 + 1)(𝑝 + 2)𝑊(𝑝 + 2,2)+18(𝑝

+ 1)𝑊(𝑝 + 1,3)+64𝑊(𝑝, 1) − 4 ∑ ∑{(𝑝 − 𝑟 + 1)𝑊(𝑟, 1 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠)

1

𝑠=0

𝑝

𝑟=0

+ 𝑖(𝑠

+ 1)𝑊(𝑟, 1 − 𝑠)𝑊(𝑝 − 𝑟, 𝑠 + 1)}], 𝑝 = 0,1, 

Using (4.15) -(4.17) and (4.19) with achieving some calculations, the above equation 
becomes: 

𝑊(𝑝, 4) =
2𝑝

3𝑝!
(−2. 2𝑝𝑝 − 4. 2𝑝 + 4𝑝 − 1) +

2𝑝

3
∑

1

𝑟! (𝑝 − 𝑟 + 1)!

𝑝

𝑟=0

(2𝑟2 + 𝑝𝑟 + 𝑝 + 1), (4.20) 

𝑝 = 0,1,2,

 

which gives: 

𝑊(0,4) =
−8

3!
, 𝑊(1,4) = −

48

4!
, 𝑊(2,4) =

−4

3
, (4.21) 

If we put 𝑞 = 2 in equation (4.14), we get: 



 

 

𝑊(𝑝, 5) =
−𝑖

60
[−4𝑝+2

(𝑝 − 2)

𝑝!
− (𝑝 + 1)(𝑝 + 2)(𝑝 + 3)𝑊(𝑝 + 3,2) + 9𝑖(𝑝 + 1)(𝑝 + 2)𝑊(𝑝 + 2,3)+36(𝑝

+ 1)𝑊(𝑝 + 1,4)+64𝑊(𝑝, 2) − 4 ∑ ∑{(𝑝 − 𝑟 + 1)𝑊(𝑟, 2 − 𝑠)𝑊(𝑝 − 𝑟 + 1, 𝑠)

2

𝑠=0

𝑝

𝑟=0

+ 𝑖(𝑠

+ 1)𝑊(𝑟, 2 − 𝑠)𝑊(𝑝 − 𝑟, 𝑠 + 1)}], 𝑝 = 0,1, 
Using equations (4.15) - (4.17), (4.19) and (4.21) with achieving some calculations, 
the above equation becomes: 

𝑊(𝑝, 5) =
−2𝑖2𝑝

15𝑝!
(6𝑝2 + 17𝑝 + 26 − 8. 2𝑝𝑝 − 20. 2𝑝) −

𝑖2𝑝

30
∑

1

𝑟! (𝑝 + 2 − 𝑟)!

𝑝

𝑟=0

{16𝑝2𝑟 − 4𝑝2

− 8𝑝𝑟2 + 68𝑝𝑟 − 12𝑝 + 16𝑟3 − 40𝑟2 + 68𝑟 − 8 − 2𝑝−𝑟(𝑝3𝑟 − 3𝑝2𝑟2

+ 3𝑝2𝑟 + 3𝑝𝑟3 − 6𝑝𝑟2 + 2𝑝𝑟 − 𝑟4 + 3𝑟3 − 2𝑟2)}

−
𝑖2𝑝

15
 ∑ ∑

𝑚𝑟

𝑟! 𝑚! (𝑝 − 𝑟 − 𝑚)!

𝑝−𝑟

𝑚=0

𝑝

𝑟=0

, 𝑝 = 0,1, 

(4.22) 

which gives: 
𝑊(0,5) =

−16𝑖

4!
, 𝑊(1,5) =

−16𝑖

15
, 𝑊(2,5) =

−4𝑖

5
, (4.23) 

By using Definition 2.1 and the values of 𝑊(𝑝, 𝑞) in equations (4.15) -(4.17), (4.19), 
(4.21) and (4.23), we get:

 
𝑤(𝑧, 𝑧̄) = ∑ ∑ 𝑊(𝑝, 𝑞)𝑥𝑝𝑦𝑞

2

𝑞=0

∞

𝑝=0

+ [𝑊(0,3) + 𝑊(1,3)𝑥 + 𝑊(2,3)𝑥2 + 𝑊(3,3)𝑥3 + ⋯ ]𝑦3+[𝑊(0,4) + 𝑊(1,4)𝑥
+ 𝑊(2,4)𝑥2 + 𝑊(3,4)𝑥3 + ⋯ ]𝑦4 +[𝑊(0,5) + 𝑊(1,5)𝑥 + 𝑊(2,5)𝑥2 + 𝑊(3,5)𝑥3

+ ⋯ ]𝑦5 + ⋯

= 𝑥 + 2𝑥2 +
4

2!
𝑥3 +

8

3!
𝑥4 +

16

4!
𝑥5 + ⋯ − 𝑖𝑦 + 𝑖2𝑥2𝑦 + 𝑖

16

3!
𝑥3𝑦 + 𝑖

48

4!
𝑥4𝑦 + 𝑖

128

5!
𝑥5𝑦

+ ⋯ + 2𝑦2 +
4

2!
𝑥𝑦2 −

32

4!
𝑥3𝑦2 −

32

4!
𝑥4𝑦2 −

96

5!
𝑥5𝑦2 + ⋯ + 2𝑖𝑦3 + 𝑖

16

3!
𝑥𝑦3

+ 𝑖
32

4!
𝑥2𝑦3 + ⋯ −

8

3!
𝑦4 −

48

4!
𝑥𝑦4 −

4

3
𝑥2𝑦4 + ⋯ −

16

4!
𝑖𝑦5 −

16

15
𝑖𝑥𝑦5 −

4

5
𝑖𝑥2𝑦5 − 

Therefore, the exact solution of the complex IVP (4.10)- (4.13) is: 

𝑤(𝑧, 𝑧̄) = (𝑥 − 𝑖𝑦) + (2𝑥2 + 2𝑦2) + (
4

2!
𝑥3 + 𝑖

4

2!
𝑥2𝑦 +

4

2!
𝑥𝑦2 +

4

2!
𝑖𝑦3) + (

8

3!
𝑥4 + 𝑖

16

3!
𝑥3𝑦 + 𝑖

16

3!
𝑥𝑦3 −

8

3!
𝑦4)

+ (
16

4!
𝑥5 + 𝑖

48

4!
𝑥4𝑦 −

32

4!
𝑥3𝑦2 + 𝑖

32

4!
𝑥2𝑦3 −

48

4!
𝑥𝑦4 −

16

4!
𝑖𝑦5) + 

=x[1 + 2(𝑥 = 𝑖𝑦)
4

2!
(𝑥 + 𝑖𝑦)2 +

8

3!
(𝑥 + 𝑖𝑦)3 +

16

4!
(𝑥 + 𝑖𝑦)4 + ⋯ − 𝑖𝑦[1 + 2(𝑥 + 𝑖𝑦) +

4

2!
(𝑥 + 𝑖𝑦)2 +

 
8

3!
(𝑥 + 𝑖𝑦)3 +  

16

4!
(𝑥 + 𝑖𝑦)4 + ⋯ ] = (𝑥 − 𝑖𝑦)[1 + 2(𝑥 + 𝑖𝑦) +

4

2!
(𝑥 + 𝑖𝑦)2 +

8

3!
(𝑥 + 𝑖𝑦)3 +

16

4!
(𝑥 + 𝑖𝑦)4 + ⋯ ] 

= (𝑥 − 𝑖𝑦)[1 + 2(𝑥 + 𝑖𝑦) +
4

2!
(𝑥 + 𝑖𝑦)2 +

8

3!
(𝑥 + 𝑖𝑦)3 +

16

4!
(𝑥 + 𝑖𝑦)4 + ⋯ ] 

= 𝑧̄𝑒2𝑧

 

Two-dimensional differential transform of a product two complex functions which 
we have founded in this article can be used for finding two-dimensional differential 
transform of a product for any finite number of complex functions by making a 
specific selection of the complex functions. Then, we can use this product to solve 
and to find exact solutions to a widely nonlinear complex partial differential 
equations. 

The authors would like to thank Mustansiriyah University (www.uomustansiriyah.ed 
u.iq) Baghdad – Iraq for its support in the present work. 
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