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EXACT SOLUTIONS OF NONLINEAR COMPLEX PARTIAL
DIFFERENTIAL EQUATIONS VIA TWO-DIMENSIONAL
DIFFERENTIAL TRANSFORM METHOD

AMAL KHALAF HAYDAR?, RADHI A. ZABOON?, SHATHA S. ALHILY?

Abstract: This article introduces some results about two-dimensional differential
transform for nonlinear complex functions and their derivatives which are needed
in this paper to find exact solutions for nonlinear complex partial differential
equations using two-dimensional differential transform method.

1. INTRODUCTION

There are many nonlinear phenomena that are important in applied science and
engineering, including fluid motion, plasma therapy, rigid mechanics, and many
others. This shows how partial differential equations control the models' potential
in applications. Determining exact or approximate solutions to these forms of
equations has received a lot of focus in recent studies. Understanding all analytical
and numerical methods for solving nonlinear partial differential equations is
therefore becoming increasingly substantial.

There are many methods that used for solving linear or nonlinear partial differential
equations such as the Adomian decomposition method [1, 2, 17-20, 28], the
variational iteration method [33, 34], the homotopy perturbation method [29], the
reduced differential transform method [21, 22, 24, 31], the double integral
transform known as DLST [3, 4, 12]. In addition, some researchers have merged an
integral transform with other techniques in order to solve many nonlinear
differential equations [5, 8, 11, 15, 16, 23, 26].

Two-dimensional transform method, which Chen and Ho proposed in 1999, is a useful
tool for solving both linear and nonlinear partial differential equations [25], and it was
widely used by several researchers such as, [6, 7, 10, 14, 30]. In 2021, Duz used the Elzaki
transform method to solve an nth order complex partial differential equation with
constant coefficients [9]. Also, in order to determine whether the solutions to some
difficult second order nonlinear differential equations are topological spheres, Mckay
studied the relationship between the topological aspect and differential equations in 2006
[27]. Fang and Sun introduced the stability concept and the comparison principle of
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complex-valued autonomous systems [13]. Sun et al. have found sufficient conditions for
nonlinear ordinary differential equation solutions to exist in some spaces [32]. In the
present study, we are interested in solving nonlinear complex partial differential
equations analytically using the two-dimensional differential transform method.

This paper is organized as follows, Section 2 consists of the basic definitions and theorems.
Section 3 includes results about two-dimensional differential transform of a product of
complex functions and derivatives. Section 4 uses the two-dimensional differential
transform of a product of complex functions to find exact solutions to some nonlinear
complex partial differential equations. Section 5 is conclusions.

2. BAsic DEFINITIONS AND CONCEPTS

In this section, we state the basic definitions and theorems that we needed in this
work.

Definition 2.1. [25] Two-dimensional differential transform of a function f(x,y) is
defined as follows:
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wheref(x, y) is the original function and F(p, ¢) is the transformed function.
Definition 2.2. [25] Differential inverse transform of F(p, q) is defined as follows:
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In fact from equations (2.1) and (2 2) we obtain
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The above equation implies that the concept of two-dimensional differential
transform is derived from the two-dimensional Taylor series expansion.
Theorem 2.1. [25] If f(x,y) = u(x,y) £ v(x,y) then F(p,q) = U(p,q) £ V(p,q).
Theorem 2.2. [25] If f(x,y) = Au(x,y) then F(p, q) = AU(p, q), where 1 is a constant.
Theorem 2.3.[25] If f(x,y) = L&

axTays
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Theorem 2.4.[25] If f(x,y) = u(x,y)v(x,y) then
P q

F(p.q) = ZZ U(r,q—s)V(p —r,s).
Theorem 2.5.[25]If f(x,y) = xmry_rf)ﬁfen F(p,q) = 86(p —m,q—n).
Theorem 2.6. [9] Let w=w(z) be a complex valued function with complex
variables. Then
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3. TWO-DIMENSIONAL DIFFERENTIAL TRANSFORM FOR NONLINEAR COMPLEX
FUNCTIONS

In this section, we present certain results regarding two-dimensional differential
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transform of a product of two complex functions of the form w(z 2) = u(x, y) + iv(x, y),
which is required in this paper for the solution of complex partial differential
equations that are nonlinear.
Theorem 3.1, Let wi(z2) = u (x,y) +ivi(x,y), wa(2, 2) = up(x,5) + ivy(x, 7). If f(z,z) =
wi(z,2)w,(z2), then Fp,q) =3 T, Wi(r,q—s)W,(p—r,5), where W(p,q) is two-
dimensional differential transform of w;,(z,2),i = 1,2.
Proof. We have:
f(z,2) = w,y(z,2)w,(z,2)
= (W (x, y) + v, (6, ) (U (%, y) + iv,(x, )
=uy (0, YU, (%, ) — v (6, )V (%, ) + iu (6, Y)v (3, y) + v (6, y)ua (6, ).
By Theorem 2.4, we get:
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Remark 3.1. In Theorem 3.1, F(p, ) can be written also as:
p q

LEG@) = ) Y Wi =r,5)Wy(q - 5)
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or
p
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The proofs are similar to proof of Theorem 3.1.
Concluding Remarks 3.1. From Theorem 3.1, we can get:
1. If f(z2) =w?(z 2), then F(p,q) = X2_, L, W (r,q — s)W(p —1,5).
2.1f f(z,2) = (222, then
P q
F(p,q) = %Z [r+D@-r+DW(ET+1Lgq-—s)Wp—-r+1s)—ir+D(+1DWr+1,q
r=05=_os)W(p -rs+1)—-i(q—-s+Dpp-r+DH)Wr,q—-s+DOWp-r+1,s)—(q
—s+DE+ W g-s+HW(p-rs+ ]
3.1f f(z.2) = 222 then
P q

1
F(p,q) = ZZZ[(?’ +Dp-r+ D)W er+1lq—s)Wp-r+1s)+i(r+1) (s+1DWr+1,q
= s=g sSWp-rs+D)+i(qg—s+Dp-r+1DHWr,q—s+DW(p-r+1,s)—(q
s+ DG+ DOW(r,q—s+DW(p—-r,s+1)].
4. If f(z,2) = w(z, 2)w;(z 2) then
P 4

1
F(p,q) = EZZKP DWW (@ —r+ LW, g —s) +i(s + DW(p —1,5 + DW(r,q — 5)].

r=0 5s=0

4. SOLVING NONLINEAR COMPLEX PARTIAL DIFFERENTIAL EQUATIONS BY TWO-
DIMENSIONAL DIFFERENTIAL TRANSFORM METHOD

In this section, we shall use the results in the previous section to obtain analytical
solutions of two complex nonlinear partial differential equations via the two-
dimensional differential transform method.

Example 4.1. Consider the nonlinear complex IVP:



EXACT SOLUTIONS OF NONLINEAR COMPLEX PARTIAL DIFFERENTIAL EQUATIONS VIA TWO-DIMENSIONAL 68
DIFFERENTIAL TRANSFORM METHOD

0’w  ow 0

2N 4522 = 95 4.1
372 + (62) 4z 27 2z, (4.1)
aw(x, 0) =x3 (4.2)
w
EN (x,0) = ix? (4.3)

Taking two-dimensional differential transform to both sides of equation (4.1) and
using Theorem 2.6, Concluding Remarks 3.1 and Theorem 3.1, we obtian:
=D+ 9!

1
W(p.q+2)=(q+1)(q+2)[—8 ] Sp+tq—-D+@+D@+2)WH+249)

14 q
2N+ D+ DWp+1,q+1)+ ZZ{(r F D)@ -r+ W

+1,q—-s)WEp-—-r+1,s)—i(r+ 1)(rs:-(:-slzs)W(r+ 1L,q—s)Wp-r,s (4.4)
+D)—-i(q-s+D)@-r+DOWr,q—s+DWp-r+1,s)—(q—s '
+ DG+ DOWEr,g—s+ D) W(p—r,s+1)}

D

q
(DT +q—9)!
_8;;W‘W+q —s=D{p-r+DWp-r
L)+ +DWE -r,s+ DILpg =01,

where
(1, ifr+gq—s=2 (1, ifptqg=1,

6(r+q—s—2)—{0' ifr+q—s=+2’ 5(p+q—1)—{0' ifp+q=+1"
By the conditions (4.2) and (4.3), we can get:

W(3,0) =1 and W(p,0) = 0, forp # 3, (4.5)
and

W21)=i and W(p,1) = 0forp # 2, (4.6)
respectively.
If we put ¢ = 0 in equation (4.4), we get:

P
1
W(p,2) = E[—86(p - D+@+DE+2)Wp+20)-2i(p+DWpEp+1,1)+ Z{(r +D)@p-r

+DWE+1L,0)W(p —r+1,0) —i(r + DW(E + 1L,0O0Wp -1, Do i(p—r
+DOWEr, DOWE—-—r+1,0)-Wr DHDWp—-r,1)}
4

~8) 86 =D -+ DW= +1,0)+ W =1, DIp,q =012, .
which gives: -
W(1,2) =1land W(p,2) = 0forp # 1. 4.7)
If we put ¢ = 1 in equation (4.4), we get:

W(p,3) = 2[8i(p + DE@) + (0 + D@+ WP +2,1) — 4i(p+ DW(P +1, + X0 Tiof G + D (p -
r+DOWer+1L1-s)Wp—-r+1s)—ir+DGE+DWr+1L,1-s)Wp-rs+1)—-i2-s)(p—r+
DW(,2 = WP —71,5) = 2= 5)(s + DW(,2 = HW(p =75 + D} = BE) Thoo "= 5 —

1-s){p—r+D)Wp-r+1Ls)+i(s+DWp-rs+1},p=012
which gives:

W(0,3) =i and W(p, 3) = Oforp # 0. (4.8)
Similarly, if we put g = 2 in (4.4), we can get:
W(p,q) =0forq=4,p=012, (4.9)

Therefore, using Definition 2.2 and values of W (p, q) in equations (4.5) -(4.9), the
exact solution of the complex IVP (4.1) -(4.3) is:

w(z,z) = z Z W (p, Q)xPy? =W (0,0) + W (1,0)x + W (2,0)x% + W (3,0)x3 + W (4,0)x* + - +[W(0,1) + W(1,1)x
=0q=0
e +WRDx2+ WGB3+ W@ Dxt + - Jy +[W(0,2) + W(1,2)x + W(2,2)x? + W(3,2)x>
+ W(4,2)x* + - Jy? +[W(0,3) + W(1,3)x + W(2,3)x% + W(3,3)x3 + W(4,3)x* + -]y :
=x3 +iyx? + y?x + iy® = z%z.
Example 4.2. Consider the nonlinear complex IVP:
*w ow

ﬁ+w5—8w = ze*?, (4.10)
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w(x, 0) = xe?*, (4.11)
ow
EN (x,0) = 2ixe* — ie?*, (4.12)
’w ) )
6_yz(x' 0) = —4xe** + 4e*. (4.13)

Taking two-dimensional differential transform to both sides of equation (4.10) and
using Theorem 2.6, Concluding Remarks 3.1 and Theorem 3.1, we obtain:
—i i‘l4p+‘l (p — q)
@rD@+2G+3 - gl
—+DE+2D)E+IWE+3,9+3ip+ D@ +2) @+ DWp +2,49
+1) : 3Igp + D@+ D(@+2)W(p +1,q +2)+64W(p, q) (4.14)

—422{(;9 —r+DWer,q—sWp—-r+1,s)+i(s+1)W(r,q

— ) W(p—r,5+ DY), p.q =01
By the initial conditions (4.11), (4.12) and (4.13), we get:
p-1

W(p,q+3)=

2°p
W(p,0)=——,p=012 (4.15)
i2P(p—1
W(p1) = %.p =012, (4.16)
and
2P(-p+2)
Wp2)=———"r=012 (4.17)
respectively.

If we put ¢ = 0 in equation (4.14), we get:
—i 1
W(p,3) = gl [2-4”105 —@+DE+2)@E+IWE+3,0)+3i+ D +2)Wp +2D+6(p + DW(p

P
+1,2)+64W(p,0) — 42{(;} —r+ D)W, 0Wp—r+1,0)

+iW (T, OWp-—r, 1)}r].=; =01,
Using equations (4.15), (4.16) and (4.17), the above equation gives:

i . p
W(p,3) =_3l—;!p(2pp+2p—6) +¥Zm (4.18)
which gives: . - _
W(0,3) = 2i,W(1,3) = %, w(2,3) = %, (4.19)
If we put ¢ = 1 in equation (4.14), we get:
W(p,4) = 2_—‘::[81'% —(+DE+2)P+3)Wp+31)+6i(p+ 1D+ 2)W(p +2,2)+18(p

P o1
+DW(p +1,3)+64W(p,1) — 42 Z{(p -r+DWr1-s)Wp—r+1,5)+i(s
7=0 5=0

+DWr1-s)Wp—-rs+1D},p=0,1,
Using (4.15) -(4.17) and (4.19) with achieving some calculations, the above equation
becomes:

W(p, 4 2 2.2Pp—4.2P + 4 1+zi;22+ +p+1 (4.20)
(€ )—3p!(—- p—4 p—1) 3T:OT!(P—T+1)!(r pr+p+1), .
p=012,
which gives:
-8 48 -4
w(0,4) = T w(14) = —ar w(24) = 5 (4.21)

If we put ¢ = 2 in equation (4..14), we get:
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W(p,5) = [ 4p+2 (Pp_)_ P+DEP+2)p+3)WE+32)+9%(@+1({E+2)W(+2,3)+36(p

+ DW(p +1,4)+64W(p,2) — 42 Z{(p - r+DWE,2—-s)Wp—-r+1,s)+i(s
FDOWE2— W —7s+ Dy = 0,1,
Using equations (4.15) - (4.17), (4.19) and (4.21) with achieving some calculations,
the above equation becomes:

—2i2
- 14 -
W(p,5) = 15'(6p +17p + 26 — 8.2Pp — 20.2P) — 3ozr|(p+2_ o1
—8pr +68pr—12p+16r — 4012 +68r—8 2P7T (p3r — 3p?r?
+ 3p? r+3pr —6pr? + 2pr —r* 4+ 3r3 — 2r?)}

121’ ZZ o1
rim! (p—r—m)"p

W(0,5) = —6 WS =—— W(Z 5)_i (4.23)

By using Definition 2.1 and the values of W (p, q) in equations (4.15) -(4.17), (4.19),

(4.21) and (4.23), we get:
w(z,2) = ZZ W(p, )xPy?

p=0q=0
+ [W(0,3) + W(1,3)x + W(2 3)x +W(3,3)x3 + - 1y*+[W(0,4) + W(1,4)x
+W(R24)x:+W(3,4)x3+ - Jy* +[W(0,5) + W(1,5)x + W(2,5)x? + W(3,5)x3
+...]y5+...

4 8 16 16 48 128
=x+2x? +5x +§x +Ex +- Ly+12xy+1?xy+l—xy+l?xy
) , 32 32 96 16
+-+ 2y +xy —Exy TR ty? —axy + 4 2iy3 +l§xy

48 4 16 16 4
4 _ Z,24 4 . 5 _ y5 —
TR L AT A T -

Therefore, the exact solution of the complex IVP (4.10)- (4.13) is:
@5 = 2xt+ 299 + (2 4 4 4 .\ (8 16 16 8 ,
w(z,2) = (x—iy) + 2x* + y)+(2x +12xy+ixy +Z1y>+(3lx +L?x y+z3| xy —iy)

16 48 32 32 48
+(

{16p?r — 4p?

(4.22)

which gives:

32
+l4 x2y% + - 3'y ix?yS —

jx tigy xy——xy +L—xy y“—ILy)
=x[1+2(x = iy)%(x +iy)? +— 5 (x +iy)® + ;(x +iy)t+ - —iy[1+2(x + iy) + %(x +iy)? +
%(x+iy)3+ %(x+iy)4+~--]=(x—iy)[1+2(x+iy)+%(x+iy)2+%(x+iy)3+%(x+iy)4+-~~]

4 8 16
=(x—iy)[1+2(x+iy) +5(x+iy)2 +§(x+iy)3 TG iy)*+ -]

— Z-ezz
5. CONCLUSIONS

Two-dimensional differential transform of a product two complex functions which
we have founded in this article can be used for finding two-dimensional differential
transform of a product for any finite number of complex functions by making a
specific selection of the complex functions. Then, we can use this product to solve
and to find exact solutions to a widely nonlinear complex partial differential
equations.
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