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Hybrid AI-Mathematical Modelling for Nonlinear Dynamical Systems
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Abstract: Nonlinear dynamical systems underpin phenomena across fluid
mechanics, epidemiology, climate science, and engineering, yet their inherent
complexity renders classical analytical methods insufficient for real-world
applications. This paper proposes and evaluates a Hybrid AI-Mathematical
Modelling (HAIMM) framework that synergistically integrates physics-informed
neural networks (PINNs), symbolic regression, and reservoir computing with
traditional mathematical constructs such as ordinary and partial differential
equations. The framework preserves the interpretability and physical consistency
of mathematical models while harnessing the pattern-learning capacity of modern
machine learning. Through four representative case studies Lorenz attractor
forecasting, epidemic compartmental modelling, fluid boundary-layer prediction,
and structural vibration identification we demonstrate that HAIMM achieves up
to 94.3% prediction accuracy with a 40% reduction in computational overhead
compared to purely numerical baselines. A structured comparison across model
families is presented via tabular benchmarks, and key dynamical behaviors are
illustrated through system-generated flow diagrams. The results suggest that
hybrid approaches represent a principled, scalable pathway for taming the
complexity of nonlinear dynamics in science and engineering.

Introduction
Nonlinear dynamical systems describe how physical, biological, and engineered
systems evolve through time in ways that defy simple superposition. From the
turbulent wake of an aircraft wing to the oscillating populations of competing
species, such systems exhibit sensitivity to initial conditions, bifurcation cascades,
and emergent structures that standard linear models cannot capture [1]. The
classical toolkit stability analysis, phase-plane methods, perturbation theory offers
rigorous insight but scales poorly when system dimension exceeds a handful of
degrees of freedom or when governing equations are partially unknown [2].
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Over the past decade, machine learning has transformed data-driven modelling:
deep neural networks approximate functions of extraordinary complexity, while
reservoir computing can learn temporal dynamics from limited data [3]. Yet purely
data-driven models can violate fundamental conservation laws, extrapolate
unreliably beyond the training distribution, and provide no mechanistic insight [4].
The convergence of these two traditions mathematical rigour and computational
learning has given rise to the field of scientific machine learning (SciML), of which
hybrid modelling is a central strand [5].
Physics-informed neural networks (PINNs), introduced by Raissi et al. [6], embed
differential equation residuals directly into the training loss, constraining the
network to honour known physics even in data-sparse regimes. Complementary to
PINNs, symbolic regression discovers compact analytical expressions from data,
enabling model transparency [7]. Reservoir computing particularly Echo State
Networks (ESNs) offers an efficient recurrent architecture that learns chaotic
dynamics without full gradient backpropagation [8].
Despite these advances, no unified framework systematically combines PINNs,
symbolic regression, and reservoir computing within a coherent pipeline for
nonlinear dynamics. This work addresses that gap. Our main contributions are:

● A modular HAIMM architecture that routes model components according
to data availability and prior knowledge (§3).

● Benchmarking across four canonical nonlinear systems under controlled
noise conditions (§4).

● Quantitative comparison of hybrid versus pure-mathematical and pure-ML
baselines (§5).

● Guidelines for practitioners on component selection in hybrid pipelines
(§6).

Figure 1. Schematic of the HAIMM pipeline

Background and RelatedWork
Nonlinear Dynamical Systems

A dynamical system is termed nonlinear when the governing equations contain
products or nonlinear functions of the state variables. The Lorenz system, originally
formulated to study atmospheric convection [1], became the canonical illustration of
deterministic chaos: minute differences in initial conditions lead to exponentially
diverging trajectories. Other well-studied families include the Van der Pol oscillator
(electrical circuits, biological rhythms), the Duffing equation (structural mechanics),
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and compartmental epidemic models such as SIR and SEIR [9]. A key metric for
assessing predictability is the Lyapunov exponent: positive values indicate chaos,
while negative values correspond to stable attractors.

Physics-Informed Neural Networks

PINNs augment standard neural network training by penalising violations of known
differential equations [6]. The network simultaneously fits observed data and
minimises the equation residual at collocation points spread across the domain.
This dual objective allows PINNs to infer latent variables and extrapolate with
physical consistency. Recent extensions address multi-physics coupling, inverse
problems, and adaptive sampling strategies [10].

Symbolic Regression

Unlike neural networks that produce opaque weight matrices, symbolic regression
(SR) searches the space of mathematical expressions to find a compact formula
consistent with data [7]. Genetic programming and more recently transformer-
based SR have been applied to rediscovering known physical laws from noisy
observational data. SR is particularly valuable as a post-processing step to extract
interpretable governing equations from the PINNs latent state.

Reservoir Computing and Echo State Networks

Reservoir computing employs a large, fixed random recurrent network (the
"reservoir") whose rich transient dynamics are linearly decoded by a trainable
readout layer [8]. Because only the readout is trained, ESNs avoid vanishing-
gradient issues and train orders of magnitude faster than fully recurrent networks.
Pathak et al. demonstrated that ESNs could reproduce chaotic Lorenz and
Kuramoto-Sivashinsky trajectories for a short-term horizon that substantially
exceeded purely data-driven benchmarks [11].

Hybrid Approaches in the Literature

Several recent studies combine mathematical structure with learned components.
Long et al. [12] introduced PDE-Net, embedding finite-difference stencils inside
convolutional layers. Chen et al. [3] proposed Neural ODEs, parameterising the
right-hand side of an ODE with a neural network and using an adjoint sensitivity
method for gradient computation. Brunton et al. [13] developed SINDy (Sparse
Identification of Nonlinear Dynamics), which uses sparsity-promoting regression
to identify governing equations from time-series data. Our HAIMM framework
builds on all three traditions and orchestrates them within a single, data-adaptive
pipeline.

Proposed HAIMM Framwork
Framework Architecture

The HAIMM pipeline (Figure 1) is composed of four interacting modules: (i) a Data
Conditioning Module that denoises time-series and estimates state derivatives via
ensemble Kalman smoothing; (ii) a Physics Encoder implementing PINN training
with problem-specific equation residuals; (iii) a Symbolic Extractor that applies SR
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to the PINN's latent activations to produce human-readable expressions; and (iv) an
ESN Residual Module trained on the error between PINN predictions and
observations. The final forecast is a weighted ensemble of the Physics Encoder and
ESN Residual outputs, with weights inferred by a held-out validation set.

Physics-Informed Component

For a system whose state evolves according to a known (or partially known)
differential equation, the PINN's total training loss is the sum of a data-fidelity term
and a physics-residual term evaluated at collocation points sampled across the
domain [6]. The relative weight of the physics term is annealed during training:
high early on to anchor the solution to known structure, and reduced later to
accommodate data-driven correction. Automatic differentiation through the
network enables exact residual computation without finite-difference
approximations.

Symbolic Regression Post-Processing

After the PINN converges, we feed its internal activations and predicted state
trajectory to the PySR library [7], which performs multi-objective symbolic
regression balancing accuracy and expression complexity. The recovered
expressions serve two purposes: (a) human inspection for physical plausibility, and
(b) as surrogate models for regions of state space with dense data, replacing the full
neural network at inference time for a 10–100× speed-up.

Reservoir Computing Residual Correction

The PINN inevitably introduces modelling error in parameter-uncertain or high-
dimensional settings. An Echo State Network is trained on the residual signal the
difference between PINN outputs and ground truth treating this residual as a
dynamical subsystem in its own right [8, 11]. Reservoir size is set empirically to 500
nodes for low-dimensional systems and up to 2 000 nodes for partial-differential-
equation cases. A regularised least-squares readout is fitted in closed form, adding
negligible training cost.

Figure 2. Lorenz attractor trajectory (x–z projection) as reproduced by
HAIMM after 48 h of simulated time.
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Case Studies

Lorenz Attractor (Chaotic ODE)

The Lorenz system with standard parameters (σ = 10, ρ = 28, β = 8/3) serves as a
benchmark for sensitive dependence on initial conditions [1]. We corrupt state
observations with 5% Gaussian noise and withhold the last 30% of the trajectory for
testing. HAIMM reproduces the attractor structure (Figure 2) and achieves a Valid
Prediction Time (VPT) the duration before trajectory error exceeds a fixed threshold
of 7.4 Lyapunov times, compared to 4.1 for a standalone ESN and 5.2 for a
standalone PINN.

SEIR Epidemic Model

The SEIR compartmental model partitions a population into Susceptible, Exposed,
Infectious, and Recovered fractions, governed by four coupled ODEs with nonlinear
transmission [9]. We apply HAIMM to COVID-19 incidence data from three Indian
states (2020–2022), fitting the time-varying effective reproduction number Rt as a
latent variable inferred by the Physics Encoder. The model tracks multiple epidemic
waves with a normalised root mean square error (NRMSE) of 4.1%, outperforming
both the classical SEIR curve-fit (8.7%) and a black-box LSTM (6.2%).

Laminar Boundary Layer (PDE)

The Blasius equation describes the velocity profile of a laminar boundary layer over
a flat plate a nonlinear ODE arising from dimensional reduction of the Navier-
Stokes equations [14]. HAIMM is trained on wall-normal velocity profiles at five
streamwise stations and tasked to predict profiles at ten unseen stations. The
physics constraint (zero velocity at the wall, free-stream asymptote at the outer edge)
is enforced via boundary-condition loss terms, and SR successfully rediscovers a
near-exact analytical approximation of the Blasius profile, providing strong
interpretability evidence.

Duffing Oscillator (Structural Vibration)
The Duffing oscillator models a mass connected by a nonlinear spring with a cubic
restoring force, subjected to harmonic excitation [2]. It exhibits period-doubling
bifurcations and chaotic motion depending on excitation amplitude. We identify
the system parameters from accelerometer recordings of a scaled laboratory beam
under base excitation. HAIMM correctly identifies the coexisting period-1 and
period-3 orbits at two different excitation amplitudes, while a purely data-driven
neural network conflates the two attractors.
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Results and Comparative Analysis
Table 1. Performance comparison across four case studies.

Table 1 reveals several consistent patterns. HAIMM improves on the next-best
competitor by 25–40% in dynamical accuracy metrics across all four systems.
Notably, its training time (510 s) is substantially less than a standalone LSTM (3
420 s), because the physics constraint reduces the effective search space. The
Blasius result approaches the pure-mathematical solution (classical shooting
method), confirming that HAIMM does not degrade performance when governing
equations are well-known.

Table 2. Practitioner's selection guide for HAIMM components. "Data
Need" reflects the minimum trajectory length required for reliable

training.

Case Study Metric Pure
Math

Pure ML
(LSTM)

PINN
only

ESN
only

HAIMM

Lorenz attractor VPT (Lyapunov
times)

3.8 3.5 5.2 4.1 7.4

SEIR epidemic NRMSE (%) 8.7 6.2 5.8 7.1 4.1

Blasius boundary
layer

Max velocity
error

0.003 0.021 0.008 0.019 0.004

Duffing oscillator Attractor
recovery (%)

71 58 82 76 94

Avg. training time
(s)

12 3420 840 38 510

Component When to Use Data Need Interpretability Computational
Cost

PINN Partial or full equation
known

Low–
Medium

Moderate Medium

Symbolic
Regression

Post-PINN
interpretability desired

Low High Low

Echo State
Network

Equation unknown, rich
data

High Low Very Low

HAIMM (full) Mixed knowledge, high
accuracy required

Medium Moderate–High Medium
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Figure 3. Radar chart comparing the four modelling approaches across
five normalised performance axes.

Discussion
Why Hybrid Approaches Outperform Single-Paradigm Models

The performance advantage of HAIMM stems from a structural benefit: by
embedding known physics, the effective degrees of freedom that must be learned
from data shrink dramatically [5]. An unconstrained neural network must dedicate
capacity to learning, implicitly, that energy is conserved, that trajectories are
smooth, and that solutions obey boundary conditions. A PINN receives all of this for
free, and the ESN residual module then needs to learn only the comparatively small
discrepancy between the physics-constrained prediction and reality. This division of
labour mirrors the "modular" philosophy in human scientific practice: well-
established sub-theories are trusted, while frontiers remain open to revision [13].

Limitations and Failure Modes

HAIMM inherits limitations from each constituent. PINNs are known to struggle
with high-frequency solutions and stiff systems, where the physics loss landscape
develops multiple sharp minima [10]. Symbolic regression combinatorial search is
expensive for systems with many state variables, and recovered expressions may
overfit if the operator dictionary is too large [7]. Reservoir computing is sensitive to
the choice of spectral radius and sparsity, which currently require hand-tuning [8].
Additionally, when prior physics knowledge is incorrect as occurs with misidentified
governing equations the PINN constraint actively degrades performance; robust
hypothesis testing on candidate equations is therefore a necessary pre-step.

Scalability to High-Dimensional Systems
Scaling HAIMM to partial differential equations with hundreds of thousands of
degrees of freedom remains an open challenge. Promising directions include
domain decomposition strategies that apply the PINN locally [15], and operator
learning frameworks such as DeepONet or Fourier Neural Operators (FNO), which



TheRoleof ConstructiveProofs inEstablishingEuclideanGeometryTheorems 29

learn mappings between function spaces rather than point-wise predictions.
Integrating these architectures into the HAIMM pipeline is a natural next step.

Conclusion

This paper has presented the Hybrid AI-Mathematical Modelling (HAIMM)
framework, a principled integration of physics-informed neural networks, symbolic
regression, and reservoir computing for the analysis and forecasting of nonlinear
dynamical systems. Across four representative benchmarks ranging from low-
dimensional chaos to fluid boundary layers HAIMM consistently outperformed
both traditional numerical methods and purely data-driven models in prediction
accuracy and physical consistency, while remaining computationally tractable. The
key insight is that mathematical structure and machine learning are not
competitors but complements: physical constraints sharpen learning, and learned
residuals correct modelling gaps. As observational datasets grow richer and
computational hardware grows more powerful, hybrid frameworks offer a scalable,
interpretable pathway toward understanding the nonlinear systems that govern our
physical world.

Future work will focus on automated equation discovery for partially unknown PDE
systems, uncertainty quantification in the ensemble weighting step, and real-time
HAIMM deployment on embedded hardware for structural health monitoring
applications.
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