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ON *MP-CLEAN ELEMENT & MP-CLEAN RING*

Mohammed Dawood Salman'*, Wissam Abbas Husseinz2, Ali Kadhim Yaqoob3

Abstract: Impose that C is unitary ring in this work paper we define another
generalization of clean ring name mp-clean ring and show the connection between
this concept and another clean rings (p-clean, m-clean, mj-clean). Where C is mp-
clean ring if all elements in C are mp-clean elements. some examples and properties
of mp-clean ring gives, and we define another element say mp-clean element.

Introduction

The concept clean ring given by Chen and Cui [2] and Nicholson [7] where T is clean
ring if there exist unit element in U(C) *U(C) refer to the set of all unit element in T*
and idempotent element in E(C) where E(C)={ve€ C,e? = €} then Cis the sum of (unit
& idempotent). U(C) = {vve C,3k € Ts.tv.k = k.v = 1} . Also Mohammed, et al. [6]
introduced another concept is *p-clean ring* where C is *p -clean ring* if all elements
in C cis p-clean i.e. c=¢ +p for some ¢ in E(C) and p in P(C) *P(C) is the set of all pure
element P(C)={vp e CT3qe Ts.tp =p.q}. Ashrafi and Nasibi [1] gives another
generalization name r-clean element and r-clean ring’ where for all ¢ in C there exist e
in E(C) and ¥ in reg(C) such that c=e+r then c is r-clean element so that C is called r-
clean ring if all elements in T is r-clean element. * reg(C) is the set of all regular
element®. also Purkait, et al. [8], and Vijayanand and Selvaraj [10], define *m-clean
element and m-clean ring* where c is called *m-clean® element if c=¢ +v for some v in
U(C) and €™ = «e,s.t m > 2 is positive integer number so that T is called m-clean ring
if all elements in T is m-clean element. Esfandiar, et al. [5] and Ulucak and Kor [9]
gives *mj-clean element and*mj-clean* ring* where c in C is *mj-clean element* if
c=e+r for some r in rad(C) and €™ = €,s.tm = 2 is positive integer number Also

D’Anna, et al. [4] give another generalization name amalgamated ring CTx$ A =
{@ ¢ (F)+a,reT, a € A} such that §: T > M homeomorphisem and A be an ideal of M.
Now we introduce *mp-clean element and mp-clean ring*.

mp-clean ring

Impose ¢ in C and {® =j,s.tm > 2 is positive integer number, then c is mp-clean
element If u=j +p for some p in P(T) and j is *m-potent element* in C.
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Definition
C name mp-clean ring if all elements in C are mp-clean element.
Examples

1. The ring (Zs, +s, 3) is mp-clean ring since Zs has *m- potent elements —{6 13}
is *mp- clean element* L
2. The ring (Zs, +s, e) is mp-clean ring since Zs has * m- potent elements —{0 1 3,4}
clean element*
3. (Z,+,.)is *mp-clean®.
4. If all element in C are m-potent element, then T is *mp- clean ring*.
a b c

5. The matrix M;(z3) is mp-clean, let u= Id e f| belong to the matrix M; then there

0 0 1 0 0 1
a—1
every element in M; is pure element hence p= [ d e-— 1
j i h-1

1 0 O 1 0 O a b c
exist identity matrix j= [0 1 0] such that [d e ] [0 1 Ol [ l so that
f

in M; is pure

element.
1 0 O
Now we must show that en=ein M3, since |0 0 0| = in M; so that em =e for all positive
0 0 O
integer number m> 2 then we can written

u=p+e

a—1 C 1 0 O

d e l [ e— 1 f +lO 0 Ol so that » is *mp-clean® then M3 (z3)
h—1]

is *mp- clean

Proposition 2.3

impose C is *clean ring* then it is *mp-clean ring* for all m > 2 is positive integer
number but the converse is not true.

Proof: Impose that T is * clean ring* so if # in T then »= v + ‘¢ s.t there exist v €U(T) & e
€E(C) to show that T is *mp-clean ring* we must prove all elements in T is mp-clean i.e.
n=+¢ +p for some peP(C) € is m-potent element in C so we should prove that e is m-potent
and u=p. Now since e €E(C) so that e2=e then clearly e is m-potent Ym > 2 is positive
integer number, now since v €U(C) so there exist w in T such that v. w=w. v=1. since 1€C
so that v=v.1 therefore ve P(T) so v=p hence T is *mp - clean ring*.

For conversely it is not success (Z, +,.) is *mp-clean* but not clean.

Proposition 2.4
Spouse that C is * P-clean* then C is *mp-clean* for all m > 2 is positive integer number

Proof: Impose that T is *P- clean ring* so all element is written as x=p +¢ for some p
€P(C) & € €E(C) to show that T is *mp-clean ring* we must prove all elements in C is
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mp-clean i.e. »=j +p for some peP(C) and j is *m-potent element* in T so we should
prove that e is *m —potent* and. Now since € €E(C) so that e2=e Vm > 2 is positive
integer number then clearly e is *m-potent* hence C is *mp — clean ring*.

Proposition 2.5

Assume that Cis * m -clean* then C is *mp-clean* for all m > 2 is positive integer number
proof: Impose that T is *m- clean ring* so if # in T then ®¥=v +e for some v €U(T) &
e2=e Vm = 2 is positive integer number, e is m-potent for all m > 2 is positive integer
number to show that T is *mp-clean ring* we must prove all elements in T is mp-clean
i.e. u=e +p for some peP(C) e is m-potent element in C so we should prove that v=p.
Now since v €U(T) so there exist w in T such that v. w=w. v=1. since 1€CT so that v=v.1
therefore ve P(C) so v=p hence T is *mp - clean ring*.

Corollary

If C is * mj-clean* then T is *mp-clean* for all m > 2 is positive integer number

Proof: Impose that T is *mj- clean ring* if # in C then »=j +e s.t there exist j erad(C)
and em=e Vm > 2 is positive integer number, e is *m —potent* since every *mj -clean
ring* is * m -clean ring* therefore prove clearly by proposition.2.5

Proposition 2.7

If §: T — T'be epimorphism mapping and T is *mp-clean ring* for all m > 2 is positive
integer number then C'*mp-clean ring*.

Proof: Impose that T is *mj - clean ring* and let ®'€ T'so 3x€ C,s.t, § (1) = w’.since T
is *mj- clean ring* so there exist p in P(C) and em=+¢ Vm > 2 is positive integer number,
e is m-potent. so ¥'=¢ (e+p) =¢ (e) + ¢ (p), now § (em)=[§ (e)]m because em=we Vm > 2
is positive integer number, e is m-potent so f(em) is m-potent.

Now we prove ¢ (p) in P(C) since peP(C) so there exist b in C such that p=pb hence
¢ ()= ¢ pb)=¢ (p) ¢ b) therefore § (b) is pure element so that C'*mp-clean ring*.

Proposition 2.8

Assume that ¢:C— M homeomorphism mapping and A an ideal of M and then If
amalgamated ring C x¢ A is *uniquely mp-clean ring* then C and ¢ (C) + A is *mp-clean
ring (uniquely) *for all m > 2 is positive integer number.

Proof: Impose that amalgamated ring(BI) T x? A is *mp-clean ring* and let p +e=b +F such
that p, b in P(C) and e, F are m-potent in C then (p, § (p))+(e, (¢ (€)= (b, ¢ (b))+(F, (¥ (F))
but (p, § (p)) and (b, ¢ (b)) are pure in T x$ A and (e, (¢ (e)), (F, (¢ (F)) are m-potent in
C ¥ Asince (p, ¢ (p))=(b, ¢ (b)) and (e, (¢ (€))=(F, (¢ (F)) so p=b is pure in C and e=F is
m-potent in C thus C is *mp-clean ring* for all m > 2 is positive integer number.

Now since T x?# A is *mp-clean ring* and its a homeomorphism whit C and § (T) + A so
that T and ¢ (C) + A are *mp-clean ring*.

Corollary

If amalgamated ring T x? j is *m-clean* then § (C) + jis *mp-clean® for all m > 2 is
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positive integer number.
Proof: Since C x? jis * m-clean ring* then ¢ (C) + j is *m-clean ring* by [5, proposition
3.2] so ¢ (O) +jis *mp-clean* it is clearly by proposition.2.5.

Proposition 2.10

Impose that C is *mp-clean* then C/A is *mp-clean* where A any ideal in C.

Proof: We must prove that x +A= (p +4) + (e +4) is *mp-clean element * for some
pure element (p + 4) in C /A, (e + 4) is m-potent in C /A.

Now since T is *mp-clean ring* then #=p +e in T is *mp-clean* for some p €P(C) and
em=<e Vm > 2 is positive integer number, e is m-potent. Since p €P(T) there exist bin C
s.tp=p b hence p +A=p b+A=(p+A) (b+A4) so p+A is pure in C/A. now since em=¢ then
we must show (e +A)m=¢ +A. so by hypothesis if m=2 then (e + A)(e + A)=e. €
+A=e2+A=¢ +A because e2=+¢, if m=3 then (e +4)(e +A)(e +A)=(e2+A) (e +A)=¢e3+A
but e3=+¢ then (e +A)3=+¢ +A therefore by the same way for all m > 2 is positive integer
number then (‘e +A)m=+¢ +A so0 e +A is m-potent in C/A hence C/A is mp.

Proposition 2.11

Let § :C— M be a homeomorphism mapping and A an ideal of M and let I, = ¢ ' (A) and
C/I1, are unique *mp-clean ring®. then T x¢ A is * mp-clean ring* < T and ¢ (C) + A are
*mp-clean ring*.

Proof: Impose that T x$ A is *mp-clean ring* so prove clearly by proposition.2.8 then
Cand § (C) + A are *mp-clean ring*.

Conversely impose that C and ¢ (C) + A are *mp-clean ring* to prove that T x¢ A is *mp-
clean ring* we must show that for every (x, § () + a) there exist (p, § (p) + a; + a}) is
pure and (e, § () + a,+aj) is m-potent , then (», ¢ (0) + a) =(p, § (p) + a; + a}) +(e,
¢ () + a,+a}) now since T is mp-clean then u=p +e for some p in P(C) and e is m-potent
in C, since ¢ (C) + A is *mp-clean ring* then ¢ (v) + a=¢ (b) + a; + § (F) + a, for some
¢ (F) + a, is m-potent in (¢ (C) + A) and ¢ (b) + a, is pure in P(¢ (C) + A) and since
¢ () =¢((b)+a,and ¢ (F) = ¢ (F) + a, are elements in P(¢ (C) + A/A) and m-potent
in (¢ (C) + A/A) sothat ¢ (n) = ¢ (p) + § () by proposition.5.1in D'Anna and Fontana
[3], hence T/I, = ¢ (CT) + A/A so that T/I, = ¢ (C) + A/A it is *uniquely mp-clean ring*
therefore ¢ (p) = ¢ (b) and § (e) = § (F) so that (i, § (0) + a) =p, § (p) + a; + a}) +(e,
¢ (e) + ay+a)) since (e, § (€) + a,+a}) = § () + a, is m-potent in T x¥ A now just
prove (p, § (p) + a; + a}) in P(C x¢ A) since ( § (p) + a; + a}) is P(§ (T) + A) so there
exist ¢ (k) + a, such that (¢ (p) +a; +a))=(¢ (R) +a; +a}) (¢ (k) +ao) ie. ¢ (p) =
¢ (P)$ (k) = ¢ (p) § (k) so that (p, § (») + a; +a7) =(p,§ (@) + a5 +a}) (k$ (K) + ap)
so(® ¢ [@ +a; +a))inP(C 9 A) therefore T x? A is *mp-clean ring*.

Lemma

Let ¢:C—~ M be a homeomorphism mapping and A an ideal of M and ¢ (C) + A/A is
*uniquely mp-clean ring*. Then C ¢ A is *mp -clean ring* & C and is *mp-clean ring*.
Proof: Impose that T x? A is *mp-clean ring* so prove clearly by proposition.2.8 then
C is*mp-clean ring*.
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Conversely: impose that T is *mp-clean ring* to prove that T x¢ A is *mp-clean ring*
since » in C and C is *mp-clean ring* then there exist p in p(C) and e is m-potent element

such that x=p +e, let (%, § () + a) belong to T x¥ A so by proposition.2.12 there exist
(p, ¢ (p) + a) is pure in T x? Aand (e, § (¢)) is m-potent in T x?¥ A, such that (x, § () +
A=, ¢ () + a)+(e, § (€)) so that T x?¢ A is *mp-clean ring*.

Proposition 2.13

If Cis *r-clean* then C is *mp-clean ring* for all m > 2 is positive integer number.
Proof: Since T is *r-clean ring* then for all ¢ in T there exist « in E(C) and ¥ in reg(C)
such that n=-++r we must show that r=p since r in reg(C) so there exist k in C such that
r=rkr take F=kr so that r=¢F then r in P(C) so r=p. hence T is *mp-clean ring* for all
m > 2 is positive integer number.

Remark

The conversely of proposition2.10 is not true for example: - (z, +,.) is not r-clean but its
mp-clean.

Proposition 2.15

If » is mp-clean in C then —x is *mp-clean® for each odd positive integer number m=> 3
Proof: Impose that » is mp in C then n=+¢ +p for some peP(C) e is m-potent element in
C now...-n=-(e)+(-p) we must prove -peP(C) and (-e)™ =-e is m-potent element in C for
all odd positive integer number m> 3, since peP(C) so there exist b in C s.t p=p b so -
p=-p b=(-p)b so -pEP(C) now since em =e then if m=3 then (-€)3=-e.-e.~e=-e3=-¢ also
if we take m=5 then (-e )5=-e.-e.-e.-e.~e=-e5=-¢ so that (-e)m =-e then e is m-potent
element in C all odd positive integer number m> 3 therefor —« is mp-clean.

Proposition 2.16

If » is mp-clean in T then 1 -» is mp for each positive integer number m> 2.

Proof: Impose that » is mp in C then n=¢+p for some peP(C) e is m-potent element in
C so 1-u=(1- €)+(-p) we should prove -peP(C) and (1-e)m =1-e is m-potent element in
C for all positive integer number m> 2, since peP(C) so there exist b in Csuch s.t p=p b
so -p=-p b=(-p)b so -REP(C) now since, if m=2 then (1-e)2 =1-2e+¢2 since e2=+¢ so (1-
e)2=1-¢ if m=3 then (1-e)3=(1-2e+¢€?2).(1-e)=(1-¢).(1-e)=1-e so that by the same way
(1-e)m =1-e is m-potent element in T for all positive integer number m> 2 therefore 1-
u is mp-clean.

Proposition 2.17

If Cibe a family of rings. Such that j=1... k Then T = C1 X::-X Tk is *mp-clean* & C; is
*mp-clean®.

Proof: Impose C = C; x---x Ck is *mp-clean* to prove that C; is *mp-clean*, let f: C— ;
be a mapping so by proposition.2.9 homeomorphism of *mp-clean* is *mp-clean* so
that Cjis *mp-clean*

Conversely: Suppose that C; is *mp-clean* to prove that Cis *mp-clean* we must show
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that for every n=u; in Cthere exist p=p; in P(C) and -e=+; is m-potent such that n=p +e
since C; is*mp-clean* then p=p; pure elements in C and e=+¢; is m-potent in C so that »
is *mp-clean® element therefore C is *mp-clean®.

Conclusion

In this paper we give some examples and properties of *mp-clean ring* and we study
the connection between *mp-clean ring* and another rings (clean ring , m-clean ring,
mj-clean ring , amalgamated ring and r-clean ring) such that clean ring, m-clean ring is
strong than *mp-clean ring* also show that m-clean is *mp-clean ring* also
amalgamated ring is *mp-clean ring* and prove that.
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