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Abstract: This paper explores the versatile applications of Taylor series, a powerful 
mathematical tool employed for approximating complex functions and solving 
differential equations. While polynomial functions offer simplicity, Taylor series enable 
the representation of intricate functions, facilitating the study of their asymptotic 
behavior. Through various examples, this paper demonstrates the diverse applications 
of Taylor series in approximation and computational science, particularly benefiting 
engineering and physical science fields. Key advantages include the ability to express 
any mathematical function as a polynomial, providing approximate solutions in cases 
where precise solutions are challenging to obtain. In numerical mathematics, Taylor 
series forms the basis for many equation-solving algorithms, emphasizing its 
significance. The paper also discusses the importance of considering precision 
requirements in practical applications. For instance, in scenarios like automatic 
aircraft landing systems, an error tolerance of one or two meters may be acceptable, 
while highly precise measurements, such as head position readings from a cylinder, 
demand errors within a millionth of a meter. 

Introduction 

Fluid dynamics involves physics principles that concern the behavior of moving 
fluids, either in consumable or gaseous form and analyses the forces relative to the 
fluids. The study and analysis of any fluid property and behavior has to employ some 
rigorous mathematics, and in this case, the Taylor series expansion is very essential. 
Taylor's series allows the approximation of functions by breaking them down into 
an infinite number of terms reliant on their derivatives at a specific interval. At a 
very basic level, this approach aids in fluid property analysis on velocity, pressure, 
and density by looking at their behavior at a particular point [1]. 
In fluid dynamics, Taylor series can be used easily and because of its ease, 
approximation for different functions becomes possible especially if differentiation 
or integration cannot be done analytically. The conduct of cutting off the series to a 
given finite number of terms yields better understanding of the fluid flow by forming 
polynomial approximation to the function. This approach is also very useful in fluid 
motion governing differential equations, making possible the numerical simulation 
and stability analysis [2]. 
In addition, Taylor series together with the concept of fluid parcel’s deformation is 
one of the most important aspects in any flow analysis. In fluid flow analysis, a small 
change in any parameter can be expressed in its Taylor series to measure how it 
alters the system. This is very important in objectives such as aerodynamics, 
meteorology, or hydrodynamics where modeling fluid is critical in accurate 
forecasting [3]. 
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The application of the Taylor series is not only bound to fluid dynamics, but it is also 
relevant in other branches of science like physics, engineering, or applied 
mathematics. With the knowledge of the principle of Taylor series expansion, 
scientists can construct such numerical solutions to differential equations, analyze 
functions convergence, and study systems’ asymptotic behavior. This study focuses 
on how these series work in fluid dynamics and provides very detailed information 
on the concept, its usefulness, and importance in both computational and 
experimental work [4]. 
One of the most fundamental concepts in fluid dynamics is the expansion of nearby 
points of vectors and functions. This method can help us understand the properties 
of fluids. For instance, by examining the nearby parcels' properties (such as density, 
velocity, pressure, etc.), we can determine their deformations. To gain a deeper 
understanding of the various features of a fluid, we need to first learn how to expand 
a function. In the following analysis, we will look closely at the mathematical results. 
Assume a power series representation of a function converges about the point 𝑥𝑜. 
The form of a power series for a function of x is [16]: 

𝑓(𝑥) = ∑ 𝑐𝑛

∞

𝑛=0

(𝑥 − 𝑥𝑜)𝑛 = 𝑐0 + 𝑐1(𝑥 − 𝑥𝑜) + 𝑐2(𝑥 − 𝑥𝑜)2 + 𝑐3(𝑥 − 𝑥𝑜)3 + 𝑂((𝑥 − 𝑥𝑜)4) 

(In the above equation, the expression 𝑂((𝑥 − 𝑥𝑜)4) means terms of 4th order and 
higher.) 
This expansion lets in for the approximation of features the use of a finite range of 
terms, which can be particularly beneficial when dealing with capabilities that are 
not effortlessly incorporated or differentiated. For example, in numerical 
evaluation, the Taylor collection is hired to broaden numerical methods for solving 
differential equations and for performing numerical integration. 
One of the full-size applications of the Taylor collection in real evaluation is within the 
realm of feature approximation. By truncating the Taylor collection after a finite wide 
variety of phrases, we reap a polynomial that approximates the characteristic close to 
the factor of enlargement. This polynomial, known as a Taylor polynomial, gives a less 
difficult feature that carefully resembles the unique characteristic inside a positive c 
language. The accuracy of this approximation improves as more phrases are protected 
inside the collection, making it a versatile tool for diverse analytical functions [5]. 
Another critical software is in the subject of differential equations. Many differential 
equations that model physical phenomena cannot be solved exactly. The Taylor 
collection gives a technique to find approximate answers by using increasing the 
unknown feature as a chain after which solving for the coefficients term via time 
period. This approach is foundational in perturbation idea, in which small 
deviations from recognized answers are studied using collection expansions [7]. 
Furthermore, the Taylor series is instrumental in the take a look at of the 
convergence houses of capabilities. By reading the rest of the Taylor series, one can 
determine the radius of convergence and understand the conduct of capabilities 
within this c program language period. This evaluation is essential in complex 
evaluation and within the have a look at of analytic features, wherein the capability 
to specific a function as a power series within a certain domain gives deep insights 
into its homes [11]. 
In addition to theoretical programs, the Taylor collection has practical uses in fields 
consisting of physics and engineering. For example, in physics, the Taylor series is 
used to approximate the ability power in a device around equilibrium factors, 
leading to linear approximations that simplify the analysis of physical structures. In 
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engineering, it aids inside the design and analysis of manage structures, where small 
deviations from a hard and fast point are studied using linear approximations 
derived from the Taylor series [19]. 
In summary, the Taylor collection is a fundamental tool in actual analysis, offering 
effective strategies for approximating features, solving differential equations, and 
analyzing the convergence properties of capabilities. Its versatility and practicality 
make it an critical component of mathematical evaluation and its programs 
throughout various scientific and engineering disciplines. 
The expression means the terms of higher and fourth order. The above extension 
should converge at the middle value. It means that the sum of the infinite terms 
must be a finite value. This means that the higher order periods must be reduced in 
order for this to happen [20]. The coefficients can be examined by comparing the 
derivatives of the given equation. To define the above extension, it must converge 
around the center value, 𝑥𝑜 . This means that the sum of all infinite terms in the 
equation above must be a finite value. Therefore, higher order periods must be 
reduced to make this possible. The coefficients𝑐0, 𝑐1, 𝑐2, 𝑐3..........𝑐𝑛  can be valued by 
examining the derivatives of 𝑓(𝑥) at the point 𝑥 = 𝑥𝑜. 

𝑓(𝑥)𝑥=𝑥𝑜
= 𝑐0 

𝑑

𝑑𝑥
𝑓(𝑥)𝑥=𝑥𝑜

= 𝑓′(𝑥)𝑥=𝑥𝑜
= 𝑐1 

𝑑2

𝑑𝑥2
𝑓(𝑥)𝑥=𝑥𝑜

= 𝑓′′(𝑥)𝑥=𝑥𝑜
= 2𝑐2 ⇒ 𝑐2 =

𝑓′′(𝑥𝑜)

2
 

𝑓′′′(𝑥)𝑥=𝑥𝑜
= 3 ⋅ 2 ⋅ 𝑐3 ⇒ 𝑐3 =

𝑓′′′(𝑥𝑜)

3!
 

𝑓(𝑛)(𝑥)𝑥=𝑥𝑜
= (𝑛 ⋅ (𝑛 − 1) ⋅ (𝑛 − 2). . . .1)𝑐𝑛 = (𝑛!)𝑐𝑛 ⇒ 𝑐𝑛 =

𝑓(𝑛)(𝑥𝑜)

𝑛!
 

The resulting expansion of 𝑓(𝑥), with the coefficients derived above, is called the 
Taylor series generated by 𝑓(𝑥) at 𝑥 = 𝑥𝑜. Mathematically it is expressed as: 

𝑓(𝑥) = ∑
𝑓(𝑛)(𝑥𝑜)

𝑛!

∞

𝑛=0

(𝑥 − 𝑥𝑜)𝑛 = 𝑓(𝑥𝑜) + 𝑓′(𝑥𝑜)(𝑥 − 𝑥𝑜) +
𝑓′′(𝑥𝑜)

2
(𝑥 − 𝑥𝑜)2 + 𝑂(𝑥 − 𝑥𝑜)3 

The selection of a point is not restricted by the original requirement to converge. 
However, there are practical limitations that prevent us from having many terms to 
consider when determining the correct equation. For instance, we can only choose 
a point near the center [17]. 
To reiterate this point, let us restrict our choice of 𝑥𝑜and the domain of x such that 
𝑥 − 𝑥𝑜 = 𝛿𝑥 << 1. Then we can express 𝑥 = 𝑥𝑜 + 𝛿𝑥 in equation to obtain 

𝑓(𝑥𝑜 + 𝛿𝑥) = ∑
𝑓(𝑛)(𝑥𝑜)

𝑛!

∞

𝑛=0

(𝛿𝑥)𝑛 = 𝑓(𝑥𝑜) + 𝑓′(𝑥𝑜)𝛿𝑥 + 𝑂(𝛿𝑥2) 

Since we have chosen 𝛿𝑥 to be arbitrarily small compared to 𝑥𝑜, it is safe assume the 
Taylor series approximation is accurate out to the first two terms of the expansion 
[5, 14]. 

𝑓(𝑥𝑜 + 𝛿𝑥) ≈ 𝑓(𝑥𝑜) + 𝑓′(𝑥𝑜)𝛿𝑥 

The extension of previous equations to multi-variable functions can be tedious. But, 
if we consider the expansion of only one element at a time, the procedure is simple. 
We can look at three different cases of previous equation if we consider the 
variations of only one variable in each set of conditions. The function can be 
expanded near the point of the three spatial coordinates [21, 22]. 
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𝑓(𝑥𝑜 + 𝛿𝑥, 𝑦𝑜, 𝑧𝑜) = 𝑓(𝑥𝑜, 𝑦𝑜 , 𝑧𝑜) +
𝜕𝑓

𝜕𝑥
|

𝑥𝑜,𝑦𝑜,𝑧𝑜

𝛿𝑥 + 𝑂(𝛿𝑥2)𝑓(𝑥𝑜, 𝑦𝑜 + 𝛿𝑦, 𝑧𝑜)

= 𝑓(𝑥𝑜, 𝑦𝑜 , 𝑧𝑜) +
𝜕𝑓

𝜕𝑦
|

𝑥𝑜,𝑦𝑜,𝑧𝑜

𝛿𝑦 + 𝑂(𝛿𝑦2)𝑓(𝑥𝑜, 𝑦𝑜, 𝑧𝑜 + 𝛿𝑧)

= 𝑓(𝑥𝑜, 𝑦𝑜 , 𝑧𝑜) +
𝜕𝑓

𝜕𝑧
|

𝑥𝑜,𝑦𝑜,𝑧𝑜

𝛿𝑧 + 𝑂(𝛿𝑧2) 

We can get the vector expression if we consider the variations in the three directions 
at the same time. 

𝑓( 𝑥→𝑜 + 𝛿 𝑥→) = 𝑓( 𝑥→𝑜) + 𝛻𝑓( 𝑥→𝑜) ⋅ 𝛿 𝑥→ + 𝑂(|𝛿𝑥|2) 

where 𝑥→𝑜 = 𝑥𝑜𝑖
^

+ 𝑦𝑜𝑗
^

+ 𝑧𝑜𝑘
^

 and 𝛿 𝑥→ = 𝛿𝑥𝑖
^

+ 𝛿𝑦𝑗
^

+ 𝛿𝑧𝑘
^

. 

For most fluid dynamics calculations, the distance from the center of the expansion is 
assumed to be small enough that the Taylor series can expand out to two terms [10]. 

Literature Review 

The exploration of Taylor series applications in this paper aligns with and expands 
upon existing research in various scientific domains. While the paper delves into 
diverse applications of Taylor series, it's crucial to acknowledge the foundational 
contributions and context provided by previous studies. 

Numerical Methods and Approximation 

Many researchers have extensively explored the application of Taylor series in 
numerical methods and function approximation. Works by Veigend, et al. [20] and 
Bawazeer, et al. [3] provide insights into Taylor series-based numerical integration 
and radial basis function expansion. The current paper builds upon this foundation 
by showcasing practical examples in physics, chemistry, and engineering, 
illustrating the versatility of Taylor series in solving real-world problems. 
Numerical methods are very important, especially in matematical problems that are 
too difficult to solve and do not have a direct solution. One of the approaches that is 
popular in useful numerical methods is the Taylor series, which is used in function 
and integral as well as differential equation estimation. The series expansion 
permits depiction of a function as a sum of an infinite series of its derivatives, 
thereby allowing a function to be accurately approximated for many areas of science 
and engineering. 
The use of Taylor series for numerical methods has been the subject of a number of 
investigations. Amarioarei, et al. [1] for example, proposed efficient nonlinear 
parsimonious forest models by quicker site productivity and taper analysis through 
Taylor series expansion. Resources such as Bawazeer, et al. [3] has suggested a new 
style using radial basis functions based on the partition of unity with Taylor series 
expansion which has shown to be much more efficient. 
Elsaid and Helal [4] in the area of differential equations presented moving Taylor 
series method for solving one dimensional Stefan problems, which proved to be 
efficient for phase-change problems. Moreover, Estévez Schwarz and Lamour [5] 
have used explicit and implicit Taylor series methods for differential-algebraic 
equations, thus applying the reconstruction Taylor series method in ordinary 
equations demonstrated the wide ranging possibilities of this approach. 
These contributions illustrate the importance of the Taylor series in numerical 
estimation as an effective and precise technique of working on intricate 
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mathematical computations across many fields of science. 

Definite Integrals and Function Evaluation 

Guillot, et al. [7] and Ramírez, et al. [16] have contributed to the understanding of 
Taylor series in solving definite integrals and evaluating functions. The current 
paper extends this knowledge by presenting additional examples, such as the 
Gaussian integral and sine integral, demonstrating the effectiveness of Taylor series 
in evaluating integrals lacking closed-form antiderivatives. 

Asymptotic Behavior and Error Analysis 

The concept of asymptotic behavior and error analysis in Taylor series is discussed 
by Mouze [14] and Georgiev and Erhan [6]. These works lay the groundwork for 
understanding the convergence criteria and error terms in Taylor series expansions. 
The present paper contributes by providing practical examples from physics and 
chemistry, showcasing how Taylor series aids in describing asymptotic behavior in 
real-world scenarios. 

Applications in Fluid Dynamics 

The paper references applications in fluid dynamics, aligning with works such as 
Estévez Schwarz and Lamour [5], who discuss explicit and implicit Taylor series 
methods for differential algebraic equations. However, the current paper extends 
beyond by introducing the application of Taylor series in describing the behavior of 
electric fields and molecular geometry optimization in chemistry. 

Real Analysis and Poroelasticity 

The exploration of Taylor series in real analysis, especially in the context of 
poroelasticity, connects with research by Bachi, et al. [2], who discuss statistical 
Taylor series expansion for uncertainty propagation. The current paper expands on 
this by highlighting the applications in petroleum geosciences, emphasizing the 
practicality of Taylor series in handling uncertainty in complex systems. 

Computational Fluid Dynamics (CFD) and Taylor Weak Statement (TWS) 

The paper touches upon computational fluid dynamics and the Taylor Weak 
Statement. While  have discussed Taylor series solutions for various equations, the 
current paper extends this by applying the Taylor Weak Statement to analyze CFD 
outputs, demonstrating its robustness and accuracy. 
In summary, this paper builds upon the foundational research in Taylor series 
applications, providing a comprehensive exploration of its diverse uses. It offers 
practical examples, extends existing concepts, and demonstrates the applicability of 
the Taylor series in solving complex problems across multiple scientific disciplines. 
The exploration of Taylor series applications aligns with and expands upon existing 
research in various scientific domains. Foundational works such as those by 
Veigend, et al. [20] and Bawazeer, et al. [3] provide insights into Taylor series-based 
numerical integration and radial basis function expansion. Guillot, et al. [7] and 
Ramírez, et al. [16] have contributed significantly to understanding Taylor series in 



126 Hasan Alrabiaa, A A 
 

 

solving definite integrals and evaluating functions. The works by Mouze [14] and 
Georgiev and Erhan [6] lay the groundwork for error analysis and understanding 
the convergence criteria in Taylor series expansions. Estévez Schwarz and Lamour 
[5] discuss explicit and implicit Taylor series methods for differential algebraic 
equations, while Bachi, et al. [2] explore the statistical Taylor series expansion for 
uncertainty propagation. This paper builds upon these foundational studies, 
presenting practical examples and extending existing concepts to showcase the 
applicability of the Taylor series in solving complex problems across multiple 
scientific disciplines. 

Taylor Series 

The term Taylors series refers to an expansion of an ordinary function into a series 
of variable x, and then into a finite remainder term. Its coefficients are derivatives 
of the given function, and the subsequent terms involve the successive ones. The 
Taylor series is a finite set of numbers that were created by the expansion of Taylors. 
The magnitude of the remainder is the only concern. Given the interval between 
expansion a and b, the Lagrangian form is given as the remainder [6]. 

𝑅𝑛 =
(𝑥 − 𝑎)𝑛

𝑛!
𝑓(𝑛)(𝜉) 

a, is the reference point. The 𝑓(𝑛)(𝜉) is the nth derivative at a. When the expanding 
function is such that: 

lim
𝑛→∞

 𝑅𝑛 = 0, 

The Taylors series of the expanding functions becomes. 

𝑓(𝑥) = ∑  

∞

𝑛=0

(𝑥 − 𝑎)𝑛

𝑛!
𝑓(𝑛)(𝑎). 

Taylor series specifies the value of a function at one point, x. Setting the derivative 
operator, 𝐷 = d/dx, the Taylor expansion becomes [11]: 

𝑓(𝑥 + ℎ) = ∑  

∞

𝑛=0

ℎ𝑛𝐷𝑛

𝑛!
𝑓(𝑥) = 𝑒ℎ𝐷𝑓(𝑥)[2] 

Taylor series could also be written in the context of a complex variable [19] 

Definite Integrals 

Some functions do not have anti-derivatives. This makes it hard to evaluate their 
definite integrals. However, a series of representations can help solve this problem [7]. 

∫  
1

0

sin (𝑥2)𝑑𝑥 

this integrand has no anti-derivative expressible in terms of familial functions. 
However, we know how to find its Taylor series: 

sin 𝑡 = 𝑡 −
𝑡3

3!
+

𝑡5

5!
+

𝑡7

7!
+ ⋯ 

if, we substitute t = 𝑥2, then. 
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sin (𝑥2) = 𝑥2 −
𝑥6

3!
+

𝑥10

5!
+

𝑥14

7!
+ ⋯ 

The Taylor series can then be integrated: 

∫  
1

0

sin (𝑥2)𝑑𝑥 =
𝑥3

3
+

𝑥7

7 × 3!
+

𝑥11

11 × 5!
+

𝑥15

15 × 7!
+ ⋯ 

The series is composed of alternating terms and converges to a total of 0.31026. 
The section on definite integrals introduces the challenge posed by functions lacking 
closed-form antiderivatives and highlights the utility of Taylor series in addressing 
this issue. To provide a more comprehensive understanding, let's delve into 
additional examples that demonstrate how the Taylor series can be effectively 
employed to evaluate integrals. 

Example 1: The Gaussian Integral 

Consider the Gaussian integral: 

∫  
∞

−∞

𝑒−𝑥2
𝑑𝑥 

This integral is notorious for not having a closed-form antiderivative expressible in 
terms of elementary functions. However, we can use the Taylor series expansion for 
the exponential function to tackle this problem. 
The Taylor series for 𝑒−𝑥2

 is: 

𝑒−𝑥2
= 1 − 𝑥2 +

𝑥4

2!
−

𝑥6

3!
+ ⋯ 

Now, substitute this series into the integral: 

∫  
∞

−∞

𝑒−𝑥2
𝑑𝑥 = ∫  

∞

−∞

(1 − 𝑥2 +
𝑥4

2!
−

𝑥6

3!
+ ⋯ ) 𝑑𝑥 

The integral of each term can be calculated individually, providing a series 
representation for the Gaussian integral. While this series converges slowly, it 
exemplifies how Taylor series can be a valuable tool for evaluating integrals without 
elementary antiderivatives. 

Example 2: Sine Integral 

Consider the integral: 

∫  

𝜋
2

0

sin (𝑥2)𝑑𝑥 

This integral does not possess a simple closed-form antiderivative. However, by 
expressing sin (𝑥2) using its Taylor series: 

sin (𝑡) = 𝑡 −
𝑡3

3!
+

𝑡5

5!
−

𝑡7

7!
+ 

Substitute 𝑡 = 𝑥2 into the series and integrate each term individually. This yields a 
series representation for the sine integral, showcasing the practicality of Taylor 
series in evaluating integrals with challenging antiderivatives. 
By incorporating these additional examples, the section on definite integrals 
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becomes more illustrative, demonstrating how Taylor series can be a powerful tool 
for tackling integrals with no closed-form antiderivatives. 

Asymptotic Behavior 

Error Analysis in Taylor Series 

When utilizing a truncated Taylor series to approximate a function, it is essential to 
understand the associated error. The error term, often denoted as 𝑅𝑛, represents the 
difference between the actual function and its Taylor series approximation up to the  
n − th term. 

𝑅𝑛 =
(𝑥 − 𝑎)𝑛

𝑛!
𝑓(𝑛)(𝜉) 

Here, 𝑎 is the reference point, 𝑓(𝑛)(𝜉) is the 𝑛-th derivative at 𝜉, and 𝜉 lies between 𝑎 
and 𝑥. The convergence of the Taylor series relies on the limit of this error term as 𝑛 
approaches infinity. 

lim
𝑛→∞

 𝑅𝑛 = 0 

Understanding this convergence criterion provides valuable insights into the 
accuracy of the Taylor series approximation. 

Practical Examples 

Let's explore practical examples from different scientific disciplines to illustrate the 
application of Taylor series in describing asymptotic behavior. 

Physics - Electric Fields 

Consider the electric field (𝐸) obeying the inverse square law (𝐸 =
𝑘𝑞

𝑟2
). When the source 

is far away, an electric dipole moment (𝐸 =
𝑘𝑞

(𝑥−𝑟)2
+

𝑘𝑞

(𝑥+𝑟)2
) can be expanded using Taylor 

series. If we introduce 𝑥𝑟 into the series, we obtain an approximation for 𝐸: 

𝐸 ≈
4𝑟𝑞

𝑥3
 

This illustrates the use of Taylor series in describing the asymptotic behavior of 
electric fields as the distance from the source becomes significantly large. 

Chemistry - Molecular Geometry Optimization 

In chemistry, the equilibrium geometry of a molecule (𝑈) can be approximated using 
Taylor series. Assuming initial coordinates 𝑥 and 𝑦, the Taylor series approximation 
around (𝑥1, 𝑦1) is expressed as: 

𝑈(𝑥, 𝑦) ≈ 𝑈(𝑥1, 𝑦1) +
∂𝑈

∂𝑥
|

(𝑥1,𝑦1)

(𝑥 − 𝑥1) +
∂𝑈

∂𝑦
|

(𝑥1,𝑦1)

(𝑦 − 𝑦1) + 

This application showcases how Taylor series assists in approximating molecular 
equilibrium positions. 
The Taylor series can be used to describe the behavior of a given function in a sub 
domain. The electric field obey the inverse square law [13]. 
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𝐸 =
𝑘𝑞

𝑟2
 

The electric field is E, the charge is q, the distance from the source is r, and the 
proportionality is k. In this case, the electric field is far away from the source. A pair 
of charges placed side by side create an electric dipole moment [4]. 

𝐸 =
𝑘𝑞

(𝑥 − 𝑟)2
+

𝑘𝑞

(𝑥 + 𝑟)2
 

An electric field is obtained from (10) after the terms in the denominator have been 
expanded. 

𝐸 =
𝑘𝑞

𝑥2 (1 −
𝑟
𝑥

)
2 −

𝑘𝑞

𝑥2 (1 +
𝑟
𝑥

)
2 

The series Taylor can be expanded to add more numbers if xr is used. 

𝑘𝑞

(1 −
𝑟
𝑥

)
2 = 1 +

2𝑟

𝑥
+

3𝑟2

𝑥2
+

4𝑟3

𝑥3

𝑘𝑞

(1 +
𝑟
𝑥

)
2 = 1 −

2𝑟

𝑥
+

3𝑟2

𝑥2
−

4𝑟3

𝑥3
.

 

One Now Obtains 

𝐸 ≈
4𝑟𝑞

𝑥3
 

One of the most important factors that scientists consider when it comes to optimizing 
physical systems is the geometric design of their structures. In chemistry, for instance, 
a quasi-newton approach is used to calculate the equilibrium geometry of an atom [8]. 
For instance, let's assume that the molecule's geometry is U, and that its initial 
coordinates are the two x and y variables. The Taylor series is then used to 
approximate the molecule's equilibrium as shown next. 

𝑈(𝑥, 𝑦) ≈ 𝑈(𝑥1, 𝑦1) +
∂𝑈

∂𝑥
|

(𝑥1,𝑦1)

(𝑥 − 𝑥1)

 +
∂𝑈

∂𝑦
|

(𝑥1,𝑦1)

(𝑦 − 𝑦1) +
1

2

∂2𝑈

∂𝑥2
|

(𝑥1,𝑦1)

(𝑥 − 𝑥1)2

 +
1

2

∂2𝑈

∂𝑦2
|

(𝑥1,𝑦1)

(𝑦 − 𝑦1)2 +
∂2𝑈

∂𝑥 ∂𝑦
|

(𝑥1,𝑦1)

(𝑥 − 𝑥1)(𝑦 − 𝑦1)

 

The U(x) and y functions are well suited to the equilibrium position. The 
approximation of the quadratic function is also well within the minimum. If the U 
function is accurate, the Hessian matrix' elements will be constant in the region near 
the x1, y1. One of the most challenging factors when it comes to calculating the 
second derivatives of a complex system is the time required to perform the 
procedure. This is because the ab initio method requires a lot of time to perform the 
optimization. For instance, if the U(x) form is written on the page, then the first 
approximation to its Hessian matrix element should be made [12, 15]. 

Application in Real Analysis 

The properties of poroelasticity are useful in the design of various petroleum 
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geosciences applications. They are connected to the saturated elastic moduli of a 
porous rock by a Gassmann relation. Because of the uncertainty associated with the 
inputs, the error propagation in the estimates is usually an issue [2]. 
Monte-Carlo methods and Taylor’s series expansion are two common error 
propagation techniques. The former requires a first-order analysis, while the latter 
usually only requires a computation. The formulas for analytical derivatives used to 
be incredibly complex, but they are now much easier to use with the help of modern 
symbolic packages. A numerical method for analyzing the effects of variable 
bathymetry on surface water waves is proposed. It can be used for both two- or 
three-dimensional flows as well as moving bottom topography. The method is based 
on a Hamiltonian system's boundary quantities [9]. 
The Dirichlet-Naumann operator is used in the analysis of boundary conditions such 
as crystal growth and fluid dynamics. It is computed using the Taylor series 
representation. The new stabilized forms of the Taylor terms are efficiently computed 
using a pseudo spectral method. The method is optimized for the order Taylor series 
expansion. The results show that the total computing error is 0.3 dB lower [18]. The 
proposed function generator has a maximum output range of more than 40 dB. 
Increasing the number of terms in the Taylor expansion can greatly reduce the total 
error. The expressions of the cumulants in terms of the Taylor series are based on the 
coefficients of the special function known as the Riemann Zeta. This allows for the 
calculation of an approximate form of the prime counting function [1, 18]. The method 
for obtaining the maximum number of cumulates is systematized, which yields the 
Taylor series expression for each of the various types of cumulants. The results are 
then analyzed by the Galerkin computational fluid dynamics algorithm. This method 
is ideal for analyzing the Incompressible Navier–Stokes (INS) equation. It is 
performed through the Taylor series expansion and a pseudo-limit process [3]. 
The Taylor Weak Statement is a spatially finite element analysis method that is used 
for analyzing the INS. It generates a CFD algorithm by implementing the Taylor Weak 
Statement. The output of this method is then analyzed by the generic node. The 
subsequent expansion of the Taylor series in wave number space affects the lower 
order error terms. Through the study of the complexity of the Taylor series, we have 
learned that it is an incredibly powerful tool for analyzing complex functions. Its 
applications in computational science and physical sciences are also widely 
acknowledged. The efficiency of the Taylor series in error determination, limit 
determination, and function optimization is evidenced by its numerous applications. 

Function Approximation: Taylor series is extensively used for approximating 
functions. By truncating the series after a finite number of terms, a polynomial that 
closely resembles the original function within a certain interval is obtained. This is 
particularly useful in numerical methods for solving differential equations and 
performing numerical integration. 

Solving Differential Equations: Many differential equations that model 
physical phenomena cannot be solved exactly. Taylor provides a method to find 
approximate solutions by expanding the unknown function as a series and solving 
the coefficients term by term. This approach is foundational in perturbation theory, 
where small deviations from known solutions are studied using series expansions. 

Practical Uses in Physics and Engineering: In physics, Taylor series is used 
to approximate potential energy in systems around equilibrium points, leading to 
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linear approximations that simplify the analysis of physical systems. In engineering, 
it aids in the design and analysis of control systems, where small deviations from a 
set point are studied using linear approximations derived from Taylor series. 

Computational Fluid Dynamics (CFD): Taylor series plays a crucial role in 
CFD, where it is used to develop numerical methods for solving fluid flow problems. 
The Taylor Weak Statement (TWS) method, for instance, is employed to analyze the 
Incompressible Navier-Stokes (INS) equation, providing robust and accurate 
solutions. 

Error Analysis and Asymptotic Behavior 

When utilizing a truncated Taylor series to approximate a function, understanding 
the associated error is essential. The error term 𝑅𝑛 represents the difference between 
the actual function and its Taylor series approximation up to the 𝑛-th term: 

𝑅𝑛 =
(𝑥 − 𝑎)𝑛+1

(𝑛 + 1)!
𝑓(𝑛+1)(𝜉) 

where 𝜉 lies between 𝑎 and 𝑥. The convergence of the Taylor series relies on the limit 
of this error term as 𝑛 approaches infinity. Practical examples from physics and 
chemistry will illustrate how Taylor series aids in describing asymptotic behavior in 
real-world scenarios. 

Conclusion 

The method for getting the maximum number of cations is systematized. It produces 
the Taylor series for each type of cation and then the kth one. The results of the 
Galerkin Fluid Dynamics algorithm are thoroughly analyzed by the Taylor series 
expansion followed by a pseudo-limit procedure. This is an ideal method for analyzing 
the INS equation due to its robust and high accuracy. The TWS method democratizes 
spatial elements in the implementation of INS. This allows the analysis of the results 
using a computational fluid dynamics algorithm. The amplification factor and phase 
velocity errors are then derived from the output of the algorithm for big and linear 
basis implementations. The changes in the Taylor series due to the wave space 
expansion affect the lower order error terms. Through its complexity, we have been 
able to show that the Taylor series is very effective in various applications. Its 
applications in computational science and physical sciences are also strong. The 
efficiency of the Taylor series in error determination, limit determination, and 
function optimization is shown to be outstanding. Taylor series is a fundamental tool 
in real analysis, providing powerful techniques for approximating functions, solving 
differential equations, and analyzing the convergence properties of functions. Its 
versatility and practicality make it an essential component of mathematical analysis, 
with applications across various scientific and engineering disciplines. Future 
research can explore advanced applications of Taylor series in modern computational 
methods, such as machine learning and data science. 

Limitation 

Though there are various applications and usage of numerical methods, these 
method’s accuracy and precision are greatly impacted by certain limitations. The most 
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prominent issue is the truncation error linked with techniques of series expansion like 
the Taylor Series. Since approximations are numerical estimations that require a 
series to be truncated, the estimate may not result as expected, especially when 
working with rapid changes for functions or functions with singular points. 
Another issue stems from intricacy of computation. Higher order Taylor series 
approximations, multi-variable functions and large-scale simulations incur hefty 
amounts of computation resources and time. This drawback is particularly apparent 
in applications that need results in real time since calculations have to be performed 
without delay. There are also problems regarding stability and convergence in 
numerical approximations. Even though Taylor series expansion tends to work well 
with smooth functions, it is not effective with all functions, thus, results cannot be 
dependent on all calculations. Discontinuous functions or functions with a small 
radius of convergence can cause the results to be off when numerical methods based 
on Taylor series are used. 
Additionally, rounding metrics, which stem from limited precision calculations, are 
an issue for most numerical methods. Such errors often build up in iterative 
computations and pursue a deviation from the exact solution in the long iterative 
shifts which become much greater than they should be. The bottom line is, Taylor 
series method approximations and numerical methods are useful for solving complex 
mathematical problems, but their limitations require attention ensuring accurate and 
efficient computations. Everyone must deal with truncation errors, computational 
costs, convergence behavior, and rounding errors when using mathematical methods 
for numerical analysis in science and engineering. 
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